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espite its well-known limitations, mean-

variance optimization is commonly used to

make long-term portfolio allocation deci-

sions. See Hakansson [1972, 1974}, Jorion
[1985, 1986, 1990], Michaud [1989], Broadie [1991],
and Best and Grauer [1991], for instance.

In this article we examine the implications of
using as Markowitz model inputs the weans, standard
deviadons, and correlations derived from short-term (or
short-horizon} asset class returns as opposed to long-term
(or long-horizon) assct class returns, More specifically, we
simulate long-term returns using a linear model that
allows stock, bond, and bill returns to be autocorrelated,
and then use these returns to form efficient pordolios.

Qur results indicate that for investors with mul-
tiple~year investment horizons sumrmary statistics based
upon short-tcrm (annual) returns can be grossly mis-
leading for making asset allocation decisions. In partic~
ular, the autocorrelation structure of asset class returns
strongly influences both the variance and the interclass
correlation of assets, and, as a consequence, changes the
composition of the efficient frontier.

Qur principal finding, therefore, is that investors
with long-term horizons should consider alternative
methods of estimating inputs to the mean-variance
model when making portfolic decisions.

METHODOLOGY

The mean-variance framework is a single-peri-
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od model in which returns are assumed to be normal-
ly distributed (see Markowitz [1952]). Under the
assumption that asset returns are serlally independent,
short-term returns {(such as apnual returns) can be used
to estimate the statistical characteristics of long-term
returns. That is, the annual variance of the nataral log
of one plus the annual asset return should be an unbi-
ased estimate of one-tenth the variance of the ten-year
log return.’!

This assumption, however, may not be valid for
stock returns (see Fama and French {1988} and Poterba
and Summers [1988], for instance). It is certainly not
true for bond and Treasury bill returns (see Hakansson
{1972]). Indeed, as we show, the latter exhibit an
extraordinary level of auwtocorrelation. Holton {1992]
also demonstrates the degree to which long-term
volatility may be misjudged by considering the uni-
formly compounded monthly variance to be ropresen-
tative of long-horizon risk.

Kandel and Stambaugh [1987] show that vector
autoregiession (VAR) can be used to capturc the cffect
of temporal dependencies in asset returns when making
long-horizon forecasts, The VAR is an econometric
method that generalizes antoregression to multiple data
series: It estimates the lagged relationship of a set of
variables (for instance, several asset classes). Campbell
and Shiller [1988}, Goetzmann and Jorion [1993],
Hodrick [1992], and Nelson and Kim [1993}, among
others, use VAR to simulate distributions of long-hori-
zon asset class returns for the purpose of testing the pre-
dictability of stock returns. )

In this article, we use the VAR technology
instead to simulate long-horizon inputs to the mean-
variance moadel. In a manner similar to Ibbotson and
Sinquefield [1976], we use short-term returns to boot-
strap empirical distributions of long-horizon asset class
returns.

The autocorrelation structures of short-term
asset class returns are explicitly incorporated into simu-
lations of long-horizon returns by modeling them using
vector autoregression in the following manner:

R AR, *E, (1
where 10, A, and & are matrixes. The columns of B are
time serics observations of log returns to the S&P 500,

Jong-term povernment bonds, and Treasury bills over
the penod 1926 through 1991, and the matrix A is the
estimate of the VAR coefficients.?
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The estimated coefficients and the errors, &,
from the VAR are used to generate simulated returns to
an investment in each asset class in the manner:

* o * AR
R = A"Rp + &

where RB = Ry. In other words, the initial value for
the bootstrap is the actual set of log returns for the four
series in 1926, and €, is the bootstrapped error vector,
drawn with replacement from the rows of the VAR
€ITOT Mmatrix.

By drawing the errors as a vector of four, one for
cach asset series, the contemporancous covariance
structure of the asset classes is preserved. For compari-
son, we also draw errors from a normal distribution,
whose means, vartances, and covariances match those
of the error matrix €. This semiparametric approach is
used to show the degree to which our results depend
upon the deviations of the model errors from normal.?

We do not take into considcration here uncer-
tainty about the parameters estimated in the vector
autoregression itself. Goetzmann and Jorion [1993] and
Jorion [1983] point out that this estimation uncertain-
ty represents an additional element of risk.

We perform this bootstrap procedure 1,000
times, creating 1,000 simulated ten-year return histo-
ries. The resulting joint distributions of stock, bond,
and bill log returns for the ten-year horizon are then
uged as inputs to the mean.variance framework, under
the constraint that investment weights in each asset class
are either zero or positive and add to 100%.

RESULTS

Exhibit 1 reports the coefficients estimated by
the VAR as well as by OLS regression. Stock returns are
not well-explained by past values of bonds and bills.
Bond returns are explained by past values of T-bill
returns, and, conversely, Tobill returns have a significant
relationship to bonds.

When the analysis 1s performed on the risk pre-
miums — that is, upon the stock returns minus the T-
bill returns and the bond returns minns che T-bill
returns — both the VAR and the regresdon results
show that no relationships exist. Thus, the intertempo-
ral dependencies that exist are clearly due to the time
series behavior of T-bill returns.

Exhibit 2 reports the means, standard deviations,
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EXHIBIT 1

Vector Autoregression Coefficients and OLS Coefficients for Stocks, Bonds, and T-Bills Estimated from the

Vertor Autoregression

VAR Coefficients for
Lagged Varable R _,

Regression Coefficients
for Lagged Vanable R _,

R, Stocks Bonds Bills Stocks Bonds Bills
Stocks 0.023 0.517 —0.063 0.023 0.517 -0.062
(0.128) (0.339) (0.815)
Bonds -0.028 0.032 0.882 ~0.030 0.032 0.905
(0.047) (0.123) (0.296)
Bills 0.013 —0.073 .963 0.021 —0.072 0.983
(0.006) (0.017) {0.041)
Tesrs on Equity Risk Premiums and Bond Risk Premiums
Stocks-Balls Bonds-Bills Stocks-Bills Bonds-Bills
Stocks-Bills 0.00 0.00 0.008 0.601
(0.127) {0.325)
Bonds-Bills 0.00 0.00 —-0.056 0.111
{0.050) {0.128)

MNotes: VAR and QLS esthiaates based wpon the times sexies of log tewnns w the S&F ladex, a portfolio of long-tein goversuent buids,
and Treasury bills of six-month maturity. Regression estimates are OLS coefficients and standard errors, using the row value as the depen-
dent variable and the set of column values as the independent design mattix.

and correlations of the simulated ten-year log returns
and the risk premiums, as well as estimates based upon
one-year time series returns under the assumption of
serial independence. The standard deviations of the
Treasury bills are increased significantly by the VAR
model: They have nearly the same voladlity as do long-
term government bonds. (This result is not due to the
fact that the riskless asset at the ten-year horizon is a
zero-coupon ten-year government bond. The govern-
ment bond portfolio maintains ies long-term duration
by rebalancing monthly, so nothing in the portfolio
rezches maturity in the renth year of the simulation.)

The simulations using normal exrors yield simi-
lar results, indicating that only a small pordon of the
increased volarility may be attributable to outlying
observations, or to deviations of the errors from nor-
mality. Further, with respect to the risk premiums, the
inpuus are not affected. Clearly, it is the secial correla-
tion of Treasury vields that is causing the long-horizon
inputs to differ from the short-horizon inputs.

Equally interesting ave the diffetences i the cot-
relation matrixes. While stocks have a slight negatve
contemporaneous correlation te T-bills, over the long
teers, Whein log returns appear to be slightly positively
correlated. This is not surprising, as most pricing mod-
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els predict that the riskless rate is a component of
expected stock returns.* On a short-horizon basis, vari-
ations in the equiry risk premivm dominate variations
due to the riskless rate, but on a long-horizon basis the
riskless component of returns manifests itself. When
the riskless return is subtracted our, the correlatdions are
unaffected.

Exhibits 3 and 4 show the composition of the
efficient fronder using the two different sers of inpurs:
short-horizon returns and long-horizon returns gener-
ated with the bootstrap methodology. Each portfolio
on the fronder assuines that the investor rebalances
annually to maintain fixed weights over the entire ten-
vear horizon. One result is that the bootstrapped inputs
have relatively little impact on the high-risk, high-
return portion of the frontier — the location of the all-
stack portfolio is virtually unchanged,

The major difference berween the two [rontiers
occurs for the minimum-variance portfolio. Inputs
generated by the bootstrap result in a minimum-vari-
ance portfolic composed of 50% bouds and 50% bills.
In contrast, inputs taken from the time series of short-
horizon returns resalt in a misimum-variance portfolio
of 10% bonds and 20% bills. Not only do the boot-
strapped inputs increase the minimum achievable risk,
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EXHIBIT 2

Annualized Statistical Inputs for Stocks, Bonds, and Bills Based upon VAR, Bootstrap of Long-Horizon Returns,

VAR Simulation with Normal Errors, and Short~-Horizon Summary Statistics for the Period 1926-1991

Standard

VAR Bootstrap Mean Deviation Stocks Bonds Bills
S&P Returns {.098 0.207 1.00

Long-Term Govemnment Bonds 0.043 0.061 0.34 1.00

Freasury Bill R eturng 0.036 0.060 0.19 .08 1.00
VAR Simulation with Normal Brrors Stocks Bonds Bills
S&P Returns 0.089 {1,186 1.00

Long-Term Government Bonds {.048 0.051 0.31 1.00

Treasury Bill Returns 0.036 0.056 0.12 17 1.00
Surmimary Statistics for Annual Log Retums Stocks Bonds Bills
S&P Returns 0.096 0.199 1.00

Long-Tenn Govermnment Bonds 0.044 0.077 0.14 1.00

Treasury Bill Retarms 0.036 0.032 .03 0.22 1.00
VAR Bootstrap Statistics for Risk Premiuwms ERP BRP

Equity Risk Premiums 0.059 0.210 1.00

Bond Risk Premiums 0.008 0.082 011 1.00

Summary Statistics for Annual Log Rask Premiums ERP BRP

Equity Risk Premiums 0.060 0.208 1.00

Bond Ridk Premiumns 0.008 0.081 0.19 1.00

Notes: All VAR, estimates and summary measures performed on logs of one plus the anmual retumns. VAR bootstrap procedures are described
in Equation (2). For purposes of comparison, anmualized returns are caleulated by dividing the decade retums by ten. Annualized standard

deviations are calculated by muitiplying decade standard deviations by the square root of 10. Hootstrap based upon 1,008 simulations,
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LONG-HORIZON INPUT FRONTIER
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EXHIBIT 4

SHORT-HORIZON INPUT FRONTIER
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but the slightly higher correlation across assets also
reduces the curvature of the frontier.

These tesults must be qualified by the fact that
the simulations are conditional upon point estimates of
the VAR coefficients, and the assumption of stationar-
ity of all underlying parameters. Purther, the period
1926-1991 is chosen for purposes of example, not for
purposes of making the best long-horizon forecast of
TeR-yedr asset returus. Investors wishing to use this
technique should consider further simulations that per-
turb the undetlying parameters: means, standard devia-
tions, correlations, and VAR coefficients.

CONCLUSION

Simulations of long~horizon returns clearly indi-
cate that mean-variance inputs based upon short-hori-
zon teturn statistics can lead to incorrect conclusions
regarding the composition of the minimum-variance
portfolio. This result complements other research
segarding the relationship between investment horizons
and deviations of returns from a random walk. For
instance, Lee [1990] and Butler and Domian {1991}
both demonstrate that stocks arc miorc attractive to
long-term investors when the time structure of returns
is taken into account.

In our research we find that the investment hori-
zon and the temporal structure of returns matter for the
opposite end of the efficient frontier as well. The time
series behavior of T-bills and bonds dramatically influ-
ences the composition of the minimume-variance port-
folio and efhcient portfolios close to it. In general,
Treasury bills are more volatile and are more highly
correlated with other assets once their time series
behavior is taken into account. As components of long-
term returns to stocke and bonds, they also influence
the interrelationships among other assets.

The significance of these results for investors
depends in large measure upon their portfolio choice
criterion. Qur results, however, clearly suggest that
caution should be exercised when using nominal asset
clags returns as inputs to the Markowitz model.

In particular, if investors select portfolios on the
basis of real expected returns, or on the basis of the
mean and variance of the risk premivm over Treasury
bills, Treasury bills will constitute a major proportion of
the minimum-variance portfolio. Similatly, if investors
aptimize aver the mean and variance of the difference
between assets and liabilities, the minimum-variance
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portfolio might be dedicated to assets matching the cash
flows of liabilities.

This approach is predicated on the assumption
that investors can accurately identify both their invest-
ment horizon and the timing of future cash needs. In
the absence of such knowledge, there is no riskless
asset, and, consequently, the Markowitz model cannot
be applied with precision. When investor preferences
are expressed over the mean and variance of portfolio
wealth for a multiple-period horizon, even though the
horizon is uncertain, the time series behavior of returns
becomes critical for the prediction of the variances and
the correlation matrix to be used as inputs to the
Markowitz model.
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'n discrete time, that is, In(1 + ¥}, where r is the total annu-
al retum for thar asset in time . In fact the ratio of the annual varance
te the mnlfiyear variance has been used as 2 general test of serial depen-
dence by Poterba and Summers [1988] among others,

¥The VAR coefficients are estimated using the S-PLUS sta-
tistical package. For a description of the estimation algorithm, see Box
and Jenkins [1976]. The VAR allows for as many lags 25 one might
want, although we find that the first lag captures virtually alt the tem-
poral structure. This s determined by applying the Akatke information
eriterion (ALC), which chooses the lag k that balances the reduction in
error variance achieved by including additional lags against the loss of
information as a function of the degrees of freedom.

*This semiparametric approach also allows for estimating
parameters for the VAR and the error matrix using different time peri-
ods, This 13 wcful for modcling changing variances as in Huodiick
[1992], and for investigating the performance of asset classes for which
only a short time period of returns may be obtained.

“Ibbotson and Sinquefield [1976] break returns into com-
ponents that include dhe real rate and die risk premiums for stocks
and bonds, in order to make their bootstrap consistent with asset
pricing models and the assumption that equity risk premiums follow
random walks.
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