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Abstract

Although the vast majority of real options models assume that investment
opportunities are permanently available, many real-world investment opportu-
nities are sporadic. Options to invest can suddenly become blacked-out, only
to be followed by a re-opening in the future. For example, the option to de-
velop real estate may open or close depending upon zoning and growth control
decisions, competitive entry, or input (labor or material) availability. Similar
factors influence complex R&D options. We term such randomly recurring in-
vestment opportunities as options on illiquid projects. We derive and analyze
a model of such illiquid options, and find that the potential for exercise op-
portunities to be shut down provides an incentive for early exercise while the
investment opportunity is open. We examine the conditions that impact the
liquidity discount. We also consider the case in which the degree of illiquidity is
endogenously determined, for instance by a regulator. The model is extended
to an equilibrium setting, and the notion of illiquidity is generalized to allow
for costly exercise during times of illiquidity.
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1 Introduction

The real options approach to analyzing investment under uncertainty has become part
of the mainstream literature of financial economics. The subject of real options now
typically comprises an entire chapter in corporate finance textbooks.! Essentially, the
real options approach posits that the opportunity to invest in a project is analogous
to an American call option on the investment opportunity. Once that analogy is
made, the vast and rigorous machinery of financial options theory is at the disposal
of real investment analysis. The real options approach is well summarized in Dixit
and Pindyck (1994).

A fundamental assumption underlying the nature of a real option is the time
over which the option may be exercised. In much of the real options literature,
it is assumed that the investment opportunity is permanently available for exercise
(analogous to a perpetual call option), and the firm simply chooses the optimal time
at which to invest.? However, there is also a more recent literature that assumes
the opposite extreme: when the investment opportunities present themselves, they
are now-or-never propositions.®> While both of these extremes may make sense for
characterizing some real-world investment opportunities, we argue that many realistic
investment opportunities are better modeled as randomly recurring, where the ability
to invest is itself stochastic and opportunities disappear and reappear over time.

In this paper we provide a model of randomly recurring real options, where in-
vestment opportunities are subject to shocks that limit a firm’s ability to exercise
potentially valuable growth options. This notion that there are times at which op-
tions can be exercised and times at which options cannot be exercised is analogous
to the notion of liquidity in asset markets. Perhaps the closest analogy to liquid-
ity comes from Longstaff (2005) in which he models illiquid assets as ones that are
subject to an open period (in which assets can be freely bought and sold) and a
blackout period (in which assets cannot be bought or sold). We shall often use
this illiquidity analogy in this paper to model the opening and closing of investment
opportunities, where instead of having illiquidity refer to the inability to purchase a
financial asset (at least without significant cost), here illiquidity refers to the inability
to invest in a real asset. In the model in this paper, the investment opportunity will
move stochastically back and forth through open and blackout periods, making the
forward-looking investment decision more complicated than either the perpetual or
now-or-never variants in the literature.?

IFor example, see Berk and DeMarzo (2007) and Brealey, Myers and Allen (2006).

2This pepetual investment opportnity assumption is seen in the seminal papers such as Brennan
and Schwartz (1985) and McDonald and Siegel (1986).

3For example, see Berk, Green and Naik (1999) and Bernardo, Chowdhry and Goyal (2006).
Note that while such an assumption makes the timing decision trivial (invest if and only if the
opportunity has a positive net present value), this literature is primarily focused on explaining the
time-series and cross-sectional properties of security returns.

4Dupuois and Wang (2002) provide a model of optimal stopping with random intervention times.



In order to highlight the importance of modeling the intermittent nature of real
options, consider the following two examples of well-known applications.

Example 1: Real Estate Development

A classic case of a real option is real estate investment. As in Titman (1985) and
Williams (1991), the development of real estate is analogous to a perpetual Ameri-
can call option on a building, where the exercise price is equal to the construction
cost. However, it is easy to identify several features of real estate markets that make
development opportunities illiquid. First, real estate development is a highly regu-
lated industry subject to the vagaries of local bureaucratic forces. Growth controls
can be tightened or loosened, the permitting process can become attenuated or more
costly, and building codes and zoning laws are subject to change. As the regulatory
environment moves from lax to strict, a promising development opportunity can be
taken away, forcing the developer to wait for the investment opportunity to reopen in
the future. Second, many real estate markets are quite competitive, and promising
investment opportunities can be suddenly preempted by rival developers. Models
of game theoretic competitive interplay in real options have been formally developed
by Williams (1993), Grenadier (1995, 2002) and others. However, in markets with
incomplete information and model uncertainty, the impact of the competitive envi-
ronment on exercise viability might best be modeled in a probablistic sense, as in
the present model. Third, the act of development involves technical and operational
complexities.  Thus, such factors as input availability (labor, materials, capital),
weather or natural disasters can make the investment opportunity subject to tempo-
rary blackout periods.

Example 2: Pharmaceutical Research and Development
Another well-known case of a real option is drug research and development (R&D).
Schwartz (2004) provides a careful description of the option-like characteristics of
R&D in the pharmaceutical industry. The development of a drug is a multi-stage
option, where the successful development of a drug may take ten or more years to
complete. The nature of the industry makes it clear that many of the development
opportunities (at various stages from initial R&D to product roll-out) are prone to
the uncertain arrival of blackout and reopening periods. First, the initial stages of
investment are characterized by significant technical uncertainty. Early research on
a potentially highly profitable drug can reach a technical bottleneck that precludes
the ability to invest in the next stage of research. However, the very nature of
technological progress can mean that such technical bottlenecks may be removed in
the future. Second, before a potentially profitable drug can be marketed, it must
receive Federal Drug Administration approval. Such approval is uncertain in both
outcome and duration. Finally, since drugs receive patent protection which ensure

In their model, the periods at which the option can be exercised are of infinitesimal dimension,
occuring at random points in time. This will be seen to be a special case of our more general model.



monopoly rights to market the drug until the patent expires, the outcome of a patent
race can determine whether the firm can exercise its option to market the drug.’

Just as illiquidity in financial asset markets significantly impacts economic out-
comes, so to does illiquidity in investing in real assets. In our basic model, a firm
holds an irreversible opportunity to invest in an asset with stochastic payoff X, by
paying the investment cost I. In this model, we make the additional assumption
that the project is illiquid, in that the investment option is not always exercisable.
In particular, we assume that there are two possible periods: an open period and a
black-out period. During the open period, the firm can freely exercise the option.
During the black-out period, the firm cannot exercise the option. We allow the open
and black-out periods to last for random durations of time. That is, when one is in an
open period, at a random point in time the market enters a black-out period. Simi-
larly, when one is in a black-out period, at a random point in time the market enters
an open period.> The interconnectedness of the option in these two states makes
the investment decisions more complicated than in the standard fully-liquid case, as
the valuation equations become interlinked. Nevertheless, closed-form solutions are
obtained.

As intuition would suggest, the intermittent nature of the investment opportunity
motivates firms to invest earlier than they would if the asset was fully liquid. This
result is not unlike the result of Grenadier (2002) who demonstrates that industry
competition compels firms to exercise their options sooner. However, here it is not
the fear of preemption by competitors that motivates early exercise, but fear of losing
the investment opportunity itself.

We find that the cost of illiquidity depends on the relative timing of the opening
and closing of the investment opportunity. We see that in some reasonable para-
meterizations illiquid options would be subject to a 20% discount relative to liquid
options, while in others they may be subject to only a trivial discount. Similarly,
the discount for illiquidity is greater in more volatile environments.

While in the basic model’s formulation we assume that the degree of illiquidity
is exogenous, in some cases a regulator or industry group might have some control
over the market’s liquidity. =~ We extend the model to a setting where the timing
of the closing and reopening of investment projects is set to maximize a planner’s
objective function. We look at a particular case in which the investment project has
a positive externality. Thus, by allowing for some amount of illiquidity, the planner
can accelerate investment in light of the positive externality.

The model is also extended to an equilibrium setting. In the basic model, a single
firm chooses the optimal time to invest under stochastic illiquidity. In an extension
to a perfectly competitive industry equilibrium setting, multiple firms contemplate

’For models of patent races, see Fudenberg, Gilbert, Stiglitz and Tirole (1983) and Lambrecht
(2000).

6Tn a later section we generalize the model to allow for exercise during the black-out period, but
at a potentially higher cost (although not infinite, as in the basic model).



entry into an industry, when entry is prone to periodic closings and reopenings. The
equilibrium entry strategies are derived and compared with that of the monopolist
setting. In equilibrium, firms will enter in incremental amounts when the market
is open, but may enter in discrete clusters when a profitable blacked-out market
suddenly opens.

To some extent, our model of investment illiquidity is somewhat extreme in that
a closed market provides no ability to invest at any price. Thus, we loosen this re-
striction by providing a more general model of illiquidity. In this generalized setting,
rather than ruling out exercise during the illiquid period, we allow the option to be
exercised, but at a potentially higher exercise price. As the illiquid exercise price ap-
proaches infinity, the resulting problem mimics the basic model of the paper. When
compared with the basic model, the generalized model produces the following impli-
cations. In an open market, with generalized liquidity, the investment is undertaken
later than in the basic model. The intuition is clear: since the generalized model
provides an opportunity to invest in the illiquid period (albeit at a higher cost), there
is less pressure to exercise early in fear of being entirely denied the investment oppor-
tunity. Second, in the generalized setting, the option may be exercised during the
illiquid period, but at a point later than the fully liquid trigger. This stands to reason
since in order to motive a firm to invest at a high cost and not wait until the market
becomes once again liquid, the opportunity must have substantial profitability.

The remainder of the paper is organized as follows. Section 2 describes the
underlying model and provides the solutions for the valuation and exercise strategy
for randomly recurring investment opportunities.. Section 3 considers four special
cases of the model in order to further intuition. Section 4 analyzes the implied
discount for illiquidity. Section 5 permits an endogenous specification of illiquidity,
and considers a planner’s solution for a market with positive investment externalities.
Section 6 considers the implications of our model in an equilibrium setting. Section
7 generalizes the model to permit investment during illiquid periods, and Section 8
concludes.

2 The Basic Model

2.1 Assumptions and Setup

Consider the setting for a standard irreversible investment problem. (See Brennan
and Schwartz, 1985; McDonald and Siegel, 1986; and Dixit and Pindyck, 1994.) A
risk-neutral firm possesses an opportunity to invest in a project. Let X denote the
payoff value process of the underlying project. Assume that the project payoff value
evolves as a geometric Brownian motion process:

dX(t) = aX(t)dt + o X (t)dz, (1)



where « is the instantaneous conditional expected percentage change in X per unit
time, o is the instantaneous conditional standard deviation per unit time, and dz is
the increment of a standard Wiener process. Investment at any time costs I. Thus,
the payoff from investment at time ¢ is then given by X (¢) — I.

In this model, we make the additional assumption that the project is illiquid, in
that the investment option is not always exercisable. In particular, we assume that
there are two possible periods: an open period and a black-out period. During the
open period, the firm can freely exercise the option. During the black-out period, the
firm cannot exercise the option. In a later section we generalize the model to allow
for exercise during the black-out period, but at a potentially higher cost.

We allow the open and black-out periods to last for random durations of time.
That is, when one is in an open period, at a random point in time the market enters
a black-out period. Similarly, when one is in a black-out period, at a random point
in time the market enters an open period. For simplicity, we assume that the length
of the open and black-out periods are exponentially distributed with parameters \;
and \g, respectively. Stated in another way, the conclusion of the open period is
modeled as a Poisson process with intensity A;, while the conclusion of the black-out
period is modeled as a Poisson process with intensity A;. By appropriately selecting
the parameterization of A\; and A9, we can account for a wide variety of illiquidity
settings.

2.2 The Fully Liquid Benchmark

In this subsection, we briefly consider the standard real options model in which the
underlying project is liquid and can always be freely exercised. Let F'(X) denote the
value of the investment option, and let X* denote the fully liquid exercise trigger.
Using standard arguments (i.e., Dixit and Pindyck, 1994), over the region prior to
exercise, F'(X) solves the differential equation:

1
0= 502)(21?" +aXF —rF, X < X*, (2)

subject to the boundary conditions:

F(X*) = X*—1, (3)
F(X7) = 1, (4)
F(0) = 0. (5)

The first boundary condition is the value-matching condition. It simply states that,
at the moment the option is exercised, the payoff is X* — I. The second boundary
condition is the smooth-pasting or high-contact condition. (See Merton, 1973, for a
discussion of the high-contact condition.) This condition ensures that the exercise
trigger is chosen so as to maximize the value of the option. The third boundary



condition reflects the fact that X = 0 is an absorbing barrier for the underlying
project value process.
The solutions for the option value and optimal exercise triggers are:

X \B * *
F(X) — ()" (X*=1) for X < X*,
(X) {X—I for X > X~ (6)
. B
X 71t (7)
where 3 = ~(oma) U(Qa_lgz) e

2.3 The Illiquid Case

Let V(X) denote the value of the investment option during an open period, and
W (X) denote the value of the investment option during a black-out period. Exercise
may only occur during the open period, and let X be the optimal investment trigger
at which the option is exercised. During the open period, V' (X)) solves the differential
equation

1 _
0= 502)(2\/” +aXV =V 4+ X(W-V), X<X (8)

Notice that upon the arrival of the black-out period, the value of the open option
switches to the value of the blacked-out option.”

Eq. (8) is solved subject to appropriate boundary conditions. These boundary
conditions are identical to those of the fully liquid benchmark in the previous section:

V(X) = X—1, (9)
V(X)) = 1, (10)
V() = o (11)

During the black-out period, there are two regions to consider. When the current
level of X is greater than or equal to the exercise trigger X, a jump to the open
period would result in the immediate exercise of the option. Conversely, when the
current level of X is less than the exercise trigger X, a jump to the open period would
not result in the immediate exercise of the option. We thus decompose the value
function W (X) into two parts:

Wy (X) for X > X,

W(X) = { Wi (X) for X < X. (12)

"See Dixit and Pindyck (1994), Chapter 4, Section 1.1 for a derivation of the equilibrium differ-
ential equation for mixed processes with both Poisson and diffusion components.



Wy (X) and Wi (X) satisty the following coupled differential equations:

1 _
0 = =X Wh+aXWy—rWy+M(X—-T-Wy), X>X, (13)

2
0 = %JQX2W£+aXW£—rWL—I—)\1 (V-Ww), X<X, (14)
subject to
Wu(X) = Wi(X), (15)
Wy(X) = Wi(X), (16)
W.(0) = 0, (17)
Wlf)gX is bounded as X — oo. (18)

The first two boundary conditions ensure that the value function W (X) is continu-
ously differentiable at X (see Dixit, 1993, Section 3.8). The third boundary condition
reflects the fact that zero is an absorbing barrier for X. The fourth boundary con-
dition is a “no bubbles” condition (see Dixit and Pindyck, 1994, Chapter 6).

Note that the cost of illiquidity comes from the fact that during the black-out
period, when X > X, the firm cannot exercise the option, no matter how high the
payoff becomes. In anticipation of this investment inefficiency during the black-out
period, the firm will distort its investment trigger during the open period.

2.4 Model Solution

We now solve the system of differential equations for V' (X) and W (X), along with the
optimal exercise trigger X. Note that the solution will be considerably more compli-
cated than that for the standard real options case, since their associated differential
equations will be interlinked.

The general solution for Wy is:

A1 A1

Wy(X) = A X5 X — I
1(X) ! +r+/\1—oz r+A

X >X, (19)

where

g, — —(a—10%) - \/(a — 502)2 +2(r + Ap)o? o

Note that we have eliminated the positive root as an exponent of X to satisfy bound-
ary condition (18).

When X < X, we have the coupled system of differential equations that jointly
determine V(X) and W (X):

1

0 — 502)(21/” +aXV' — (r+ X))V + Wy, (20)
1

0 = §a2x2wg +aXW, — (r+ M)W + M\ V. (21)

7



Conjecture that the value functions for V(X) and W (X) are given by

V(X) = BX"+Ci X", (22)
WL(X) = ByX'+ CoX", (23)

where the coefficients By, By, C1, Cs, and v > 0 and 7 > 0 are to be determined.
Note that we can safely drop any negative power terms because of the absorbing
barrier conditions, in that V(0) = W;(0) = 0. Without loss of generality, let v > 1.

Substituting the conjectured value functions (22) and (23) into (20) and (21) gives
the following system of four equations:

Kl (’)/) BQ + )\131 = 0, (24)
K2 (’)/) B1 + /\QBQ = 0, (26)
K2 (’I]) Cl + )\202 = 0, (27)
where
o2
Ki(z) = 72(2—1)—%042—(7"4—)\1), (28)
2
Ky(z) = %2(2— 1)+ az— (r+Aa). (29)

Conditions (24) through (27) jointly imply that v and 7 are the two positive roots
to the following polynomial equation:®

Kl(Z)KQ(Z) = )\1)\2. (30)

We thus have

— (o= Lo2) + —152)2 4 9pg2
(0~ 307 %( o)’ et o

—(a—10%) + \/(a — 1622 £ 2(r 4 Ay + Ag)o?
2

vy o= 2 > 7). (32)
o

Note that Ki(n) = —A; and Ki(y) = \s.

81t is simple to show that there are two positive roots and two negative roots to the polynomial
equation K1(2)Ka(z) = A1 2. Ki(z) = 0 at one negative value and one positive value. The same is
true for K5(z) = 0. Thus, the LHS equals zero at two negative values and two positive values. Also,
the LHS goes to positive infinity as z goes to both negative infinity and positive infinity. Finally,
the LHS, when evaluated at z = 0, equals (r + A1)(r + A2), which is greater than A\;As. Therefore,
there are two positive values and two negative values that satisfy this polynomial equation.



Therefore, after solving for the roots 1 and ~, we are then able to express Bs in
terms of Bj, and express (s in terms of (' as follows:

A1 A1
B, = ———_B,=-2LB, 33
2 K1<7) ! Ao ! ( )
C = -2 ¢ (34)
2 Ki(n) P

We now have four parameters to determine: A;, B;,Ci, and X. To do so, we
use the 4 boundary conditions (9), (10), (15), and (16).

Bl)zw7 + Can == X — _[’ (35)
fYBlX'Y + 7701X77 = X, (36)
)\1 Y \ v )\1 S )\1
“OBX+ 0 X" = A X% X _ I a7
Nt + O 1 +7“—|—)\1—0z IV (37)
A oy on 5y A _
7)\2B1X +nC X" = BAX +7"—|—)\1—04X. (38)
Solving yields:
¢ By n By —7 752—77]
X =1 - - 39
L"WL)\l Aoy —1 A Y—7 (39)
-1
X[l—n62_7_7—162_n+ By—1 ] | (40)
A Y= AMoy=n T+ M -«
. X(1- I X(y=1)—~I X I
Al — X*BQ _ﬁ ( 77)"‘77 + ('7 ) 7 . )\1 + )\1 (}41)
Ay Y= 7= rth—a T+ N
X(1 - I
B, — (1—mn)+ n )
(=X
X(y—1) -1
o — Xo-l-I
(v —m)X"

Intuition suggests that illiquidity induces earlier exercise. While the market is
open, fear of being locked out during a potential upcoming black-out period causes
the firm to invest earlier than it would if the investment project was fully liquid. The
following proposition states this more formally.

Proposition 1 For any \o > 0, X < X*.

Proof.  Consider equation (8) subject to boundary conditions (9) through (11).
Note that in this range, the value of the open option V' is greater than the value of
the blacked-out option W. Thus for positive Ay, differential equation (8) is like the
standard real options valuation equation (as denoted in equations (2) through (5)), but
with the addition of the fact that the option pays a “negative dividend” of Ao (W — V).
Thus, while holding the option, one is paying a negative dividend (relative to the fully
liquid case), creating an incentive to exercise sooner. Thus, X < X*. W



3 Special cases

In this section we look at four special cases, where we consider the corner solutions
with respect to the probability of the opening and closing of the market. This should
prove helpful in providing intuition for the model’s results. Specifically, here we see
the solutions for the limiting cases as the jump intensities approach zero or infinity.

Case I: Black-Out Period is Permanent (), = 0)

Consider an environment that is subject to a shock that would lead to the perma-
nent closure of the opportunity to invest in the project. One might think of being
preempted by a major competitor or the loss of a patent fight (which isn’t quite
permanent, but similar in its economic ramifications). In such cases, once an open
option is transformed into a blacked-out one, there is no possibility that the option
will ever again become open. Clearly, this threat of closure will exert a significant
pressure on the firm to exercise the option while it remains open.

While the current period is open, the agent shall essentially discount at a rate
with 7 + \y. Taking limits of X in equation (39) gives us:

-1
lim X = lim[l—l%_n} {—7_152_"1 (43)
M1—0 =0 [ ALy = Aty
gl
. 44
S—1 (44)

where 7y is the positive root with discount rate r + Ay (as A\ — 0).

This result is analogous to the well-known bond pricing result in which for a bond
subject to total default with a jump parameter of \,, the pricing formula substitutes
the term “r + \y” for the term “r” in the riskless formula.

Case II: Open Period is Permanent (\; = 0)

This case is basically the reverse of the previous one. Case 2 is one in which
the investment opportunity is currently closed, but awaits a shock that permanently
opens the investment opportunity. Such a setting might include a pharmaceutical
firm awaiting FDA approval to manufacture and market a drug, or a firm awaiting a
technological breakthrough that permits the introduction of a new product.

If a black-out period ever exists, then once the period becomes open it remains
open forever after. Thus, once one is in an open period (where the option may be
freely exercised), there is no possibility of the option ever becoming illiquid. Thus
trivially, the open option fits the standard real option model solved in Subsection 2.2,
where the optimal exercise trigger is X*.

Verifying our solution, we can take limits of X in equation (39) to give us:

-1
lim ¥ = lim7|—2P2=0] (L=nh=0 (45)
A2—0 A2—0 Ay —1 Ay Y—1
U g s
= 1= I =X" 4

10



Case III: Black—Out Period is Infinitesimal ()\; = o0)

Here we consider a setting in which the market may be blacked-out (in fact, for
any finite jump amplitude), but only for an infinitesimal interval. ~Thus we are
thinking here about markets in which closings are only for very short durations. For
example, one might think of real estate development where weather and scheduling
issues temporarily intervene. Obviously, as the duration of a black-out becomes
infinitesimal, with continuous sample paths of X', the option exercise setting converges
to that of the benchmark fully-liquid model. The solution should therefore conform
to the standard real options case.

To see this, note that v — oo as A\; — oo, and

—1
lim ¥ — hm]{_iﬁ2_7_lﬁ2—n} {1—7752—7_7—152—77 (47)
A1—00 M—oo | Ay Ay = A Y= Aoy
-1
_ hm[{—lﬁQ_v} ll_nﬁz_Vl (48)
Moo | Ay = A2 Y=
U B .
= 1= I = X" 4

Thus, Cases IT and III have equivalent exercise strategies.

Case IV: Open Period is Infinitesimal (\; = o0)

In this setting, opportunities to invest are fleeting. Thus at times that investment
opportunities present themselves, they are quickly lost. One might imagine a mar-
ket made up of many relatively similar competitors, who quickly take advantage of
investment opportunities, preempting others and denying them the benefits of invest-
ment. In this case, we consider the limiting case in which the open period becomes
a singleton (for each realized arrival of the Poisson shock). This is the special case
treated in Dupuis and Wang (2002). In this case, the only instances at which the
option may be exercised are those moments at which the jump occurs to briefly open
the market. The firm may either exercise immediately, or wait until future instants
at which the market briefly opens.

Note that with Ay — oo, v — oo0. Hence, we have

-1
lim X — lim( By _52_77> (_52_77+ By —1 ) I

A2—00 Aa—oo \ T+ A\; A A1 r+ A —a«
. r r— A -1
B )\ilinoo(n_T'—i‘)\162) (77_7“4‘)\1—0462_7'4—)\1—0[) !
~1
r r—«o
RN YA T S

r+ A\ AN —a

11



4 The Discount for Illiquidity

Consider the value discount due to the potential inability to exercise the option. An
exercisable option on an illiquid project (during the open period) has a value of V' (X),
while an option on a fully liquid project has a value of FI(X). V(X) and F(X) are
summarized in equations (6) and Section 2.4, respectively:

X \A * *
FIX) — ()" (X*=1) for X < X*, 1
(X) {X—I for X > X*. (51)
. BlX’Y—f—Can for X < X,
V(X)_{ X -1 for X > X. (52)

We recall from Proposition 1 that X < X*.

In this section we will focus on the discount for illiquidity for an option that is
open over the region X < X. That is, if one holds a currently exercisable option on
an illiquid project, how much is its price lowered relative to that of freely exercisable
option with all other terms the same? We define this discount for liquidity by:

X < X, (53)

where D(X) € [0,1]. Similarly, D(X) would be the price (as a percentage of the
fully liquid option price) that one would be willing to pay in order to make one’s
illiquid option fully liquid.

Figure 1 depicts the impact on the illiquidity discount D(X) as the jump inten-
sities A; and Ay vary, over the range of X. The top curve depicts the most illiquid
environment, where \; = 0.05 and Ay = 2.0. This means that on average, an open
market is blacked-out every six months, while a blacked-out market opens up every
20 years. For this illiquid environment, the illiquidity discount is around 20% for
most of the range of X, declining slightly as the option approaches its exercise trigger.
The middle curve depicts an intermediate illiquid environment, where A\; = 0.1 and
Ay = 1.0. This means that on average, an open market is blacked-out every twelve
months, while a blacked-out market opens up every 10 years. For this intermediate
environment, the illiquidity discount is around 10%. The bottom curve depicts the
most liquid environment, where A\; = 1.0 and Ay = 0.50. This means that on average,
an open market is blacked-out every two years, while a blacked-out market opens
up every twelve months. For this most liquid environment, there is virtually no
discount for illiquidity. Note that in all environments, the illiquidity discount falls
as X increases, since the illiquid option will be exercised immediately once X reaches
the exercise trigger.’

9Default parameter values for Figure 1 are o = 0.02, » = 0.04, 0 = 0.3, and I = 1.0.
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Figure 2 depicts the impact on the illiquidity discount D(X) as the market volatil-
ity varies. The top curve depicts the most volatile environment where o = 0.35, the
middle curve depicts the intermediate volatile environment where o = 0.20, and the
bottom curve depicts the least volatile environment where o = 0.05. Note that greater
volatility increases the discount to illiquidity. The intuition is relatively straightfor-
ward. As is well-known in the real options literature, there is a valuable option to
wait before exercising. This option to wait is more valuable, the greater the under-
lying volatility. However, with an illiquid project, the option to wait is curtailed, as
one is compelled to exercise early so as to avoid being shut out from a blacked-out
market. Thus, in markets with greater volatility, the discount for illiquidity is larger
as it detracts from fundamentally more valuable options to wait.!”

5 Endogenizing Liquidity

We now consider a setting in which one or both of the liquidity parameters A\; and
Ay are set endogenously.!’ Consider the setting of a regulatory entity that sets these
parameters so as to maximize some objective function. In particular, consider the
case in which investment provides a positive externality. Specifically, let the private
cost of investment be I, but the public cost of investment be I — 6, with 6 € (0, I).
Note that by introducing illiquidity, we have learned that investment is triggered
earlier. Thus, this is what the regulator will attempt to do by optimally choosing
the A\; and/or As.

For any pair of parameters \; and ), the firm will exercise at the trigger X
denoted in (39), where we make explicit the parameter dependence by writing it as
X (X1, A2). We assume that the value to the regulatory entity is equal to the payoff
of X(\1,\2) — (I —0), at the time of exercise.

Similar to the setup of the firm’s problem in Section 2, let the value functions for
the regulator be denoted by V(X; A1, Aa), Wi (X; A, ), and W, (X; Ap, \y), for the

values to the regulator when the market is open, closed with X > X, and closed with
X < X, respectively. These can be expressed as:

V(XML A) = Bi(A, M) X002 1 G, M) X7, (54)
. A\ )
Wa(X; A, A) = —)\—131(/\17 /\2)X7(’\1’A2) + C1(A1, M) X7, (55)
2
. R A A
WL(X;5 A0, ) = Ar(Ag, Ag) X200 + —X —(I—6). (56)

r+M—a T4\

0Default parameter values for Figure 2 are a = 0.02, 7 = 0.04, A; = 0.05, Ay = 2.0, and I = 1.0.

1Tt is also possible that regulation could take a non-random form, in which the opening and closing
of the market are chosen deterministically. However, in keeping with the stochastic setting of our
model, we assume that regulators only control the parameters governing the stochastic processes
that determine the timing of such events.
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The boundary conditions are:

VXL AL de) = XA, Ag) —(I—6), (57)

Wi (X(A1, A2); A, A2) = Wir(X (A1, A2); Ar, As), (58)
oWy oW,

aXH(X()\la)Q) AL, A2) aXL(X()\h)Q) A1, A2). (59)

Note these boundary conditions are identical to those in the basic model, with the
exception that the trigger is determined by the regulated firm, and thus does not
require a smooth-pasting condition for the regulator.

The solutions are:

. X )\ ’)\ —_v(A1,22)
Bi(Ar,hg) = (A1, A2) X (60)

[8200) =7\ A2)I 35+ B2(N) =

{)i_)\;a)\ﬂ (1= Bs(M) A — (= Bs(M))(r+ M —a)] +  (61)
I1—-46

A n(r+ A1) — 52()\1)7“]}, (62)

CilA, Ae) = X(A,A)7" [ (A, A2) — (I — 0) — Bi(A1, A2) X (A1, Ao)7A122) | (63)

Ai(M,Ng) = Bi(A1, A2)y(Ar, Ag) X (A1, Ag) Y122 (64)

Ba(M)X >\1,>\2 )P2(A0) {

01()\1, )\Z)UX()\la )\2) 7’—}—)\—104X()\1’ )\2)} (65)
| —

Let us consider a particular example to solve. Consider special case IV from
Section 3 in which the open period is always infinitesimal (A = oc0). Thus, the
regulator must choose A; (the intensity of market openings) so as to maximize its
current value function. Assume that the market is currently closed, and that X is
currently below the chosen trigger X ()\;, 00).

Thus, the regulator’s problem is:

I/\Ig}()(WL(X, A1, 00). (66)

Figure 3 displays the optimal choice of \; for varying degrees of positive external-
ities, 6. For a relatively small positive externality, § = 0.10, the optimal \; is 2.65,
implying that on average the market will be opened every 4.5 months. However,
for a larger positive externality, § = 0.50, the optimal \; is 0.16, implying that on
average the market will be opened every 6.25 years, or 75 months. This is in keeping
with our intuition, as the regulator will choose to make the market more illiquid in
order to motivate earlier investment with greater positive externalities.'?

12Default parameter values are r = 0.04, o = 0.02, ¢ = 0.3, I = 1.0, and X = 2.0.
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6 Perfectly Competitive Industry Equilibrium with
Illiquid Projects

Thus far in this article, firms have been modeled essentially as monopolists, ignoring
the impact of potential competitive investment on their own payoffs. In this section,
we extend to model of illiquid investment opportunities to the case of a perfectly
competitive equilibrium outcome for an industry with free entry. The competitive
equilibrium framework that we use is similar to that of Leahy (1993) and Dixit and
Pindyck (1994). The key contribution of this section is the extension of the equi-
librium to the case with illiquid investment projects.

Consider an industry comprised of a large number of identical firms. Each firm
has the option to irreversibly undertake a single investment by paying an up-front
investment cost of I at chosen time 7, at moments when the market is open and
not blacked-out. Investment is irreversible, in that exit from the industry is not
permitted. Upon investment, the project yields a stream of stochastic (profit) flow of
{p(s) : s > 7} forever.!® The industry is perfectly competitive, in that each unit of
output is small in comparison with industry supply, Q(¢). Thus, each entrepreneur
acts as a price taker. The equilibrium price is determined by the condition equating
industry supply and demand. Each entrepreneur takes as given the stochastic process
of price p. In the rational expectations equilibrium, this conjectured price process
will indeed be the market clearing price.

The price of a unit of output is given by the industry’s inverse demand curve

p(t) = 0(t) - D[Q)], (67)

where D'(QQ) < 0 and 6(t) is a multiplicative shock and is given by following the
geometric Brownian motion process:

dO(t) = af(t)dt + o0(t)dz. (68)

Over an interval of time in which no entry takes place, Q(-) is fixed, and thus the
price process p evolves as follows:

dp(t) = ap(t)dt + op(t)dz:. (69)

Given the multiplicative shock specification of the demand curve in (67), entry by
new firms causes the price process to have an upper reflecting barrier. Thus, in
this simple setting, each price taking entrepreneur will take the process (69) with an
upper reflecting barrier as given. In the rational expectations equilibrium, the entry
response by entrepreneurs who assume such a process will lead precisely to the supply
process that equates supply and demand.

13We assume no variable costs of production, and thus the process p represents cash flow process.
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Conjecture that the equilibrium entry will be at the trigger p.,, and thus in equi-
librium the price process will have an upper reflecting barrier at p.,. We will begin
by considering the value of an active firm (one that has already paid the entry cost
and is producing output) in an open market, ®(p), and in a blacked-out market, ¥(p).
By the standard argument, ®(p) satisfies the equilibrium differential equation:

1
5a2p?<1>” +ap® —r®+p+ (U —0) =0, p< Pey- (70)

The impact of the reflecting barrier necessitates the boundary condition!*:

P’ (peg) = 0. (71)

Now, consider the active firm when the market is blacked-out. There will be two
ranges of interest: one where the current price is above the entry threshold p., (and
thus there are firms that would like to enter but cannot), and one where the current
price is below the entry threshold p., (and thus there is no current desire for new
entry). Let the value of the active firm in the black-out period be denoted by ¥y (p),
and W, (p), for the two regions, respectively.

In the range in which p > p,,, if the market opens a discrete number of new firms
will enter causing the price to fall sufficiently to ensure that entrants have a zero net
present value from entry.

1
0= 502;02\1/’]; +ap¥Vy —rUy+p+ M (I —Ty), P> Dey (72)

Conversely, when p < p,,, if the market opens, no new entry will occur.

1
0= §J2p2\If'L' +ap¥ — UL +p+ M (P—TYL), D < Pey (73)

The additional boundary conditions are:

Uy (peq) = Y (peq)a (74)
\Ij}{ (Peq) = \IJ/L (Peq) (75)
D(peg) = 1. (76)

The first two boundary conditions ensure that the value of the active firm in a blacked-
out market is continuously differentiable at p.,. The third boundary condition ensures
the free-entry condition of new entry obtaining a zero net present value.

Note that we ensure that free entry causes zero profits to entrants in both entry
cases: when the market is open and p = p.,, and when the blacked-out market
suddenly opens when p > p.,. In an open market when p = p.,, the marginal
entrant receives the net present value of ®(p.,) — = 0. In a blacked-out market

14See Malliaris and Brock (1982, p. 200).
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that suddenly opens when p > p.,, the discrete cluster of entrants causes p to fall to
Deq> Where again the net present value is zero.
The solution is:

D(p) = bip? +ep’ + —— (77)
Uu(p) = —;—;blp” Fap’+ - £ ~ (78)
U(p) = a1p52+r+/€_a+rfAll, (79)
where:
Peg = (r—a)X, (80)
o= 2 Lo -] (31)
o = 2 bt (52)
a = Py l—i—:Blqu + Cpey + . _A;) P %I . (83)

Importantly, as has been demonstrated by Leahy (1993) and others, the exercise
trigger for a perfectly competitive industry equals the monopolist trigger. This is
clear as the value of the project at the equilibrium trigger is equal to 24 = X. The
intuition is that the reflecting barrier has two exactly opposing effects: it lowers the
value of the payoff from exercise (since the future cash flow is capped at the barrier),
while it also lowers the option value of waiting. Interestingly, this result survives
the extension to illiquid projects. However, unlikely the Leahy setting of perfect
liquidity, in this illiquid setting new entry may occur (in discrete jumps) at prices
above the equilibrium trigger level p.,, at those times when the market opens with
pent-up entry demand.

7 A More General Model of Illiquidity

In the basic model, when the market is blacked-out, the option cannot be exercised
at any price. One might view this as a fairly extreme form of illiquidity. In this
section, rather than ruling out exercise during the illiquid period, we allow the option
to be exercised, but at a potentially higher exercise price. Specifically, the option
can be exercised in the liquid period for I, and in the illiquid period for [ + K, with
K > 0. Note that if we let K — oo, we will be back to our initial model.

There will be two exercise triggers. In the liquid market, exercise will occur at
the trigger X, while in the illiquid market exercise will occur at the trigger X,, where
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X, < Xy, Let Q(X) denote the option value during the liquid period, and TI(X)
denote the option value during the illiquid period. €(X) must satisfy the following
differential equation:

1 _
0= 502X2§2"+04XQ’—7“Q+)\2 (MI-9Q), X<X; (84)
subject to
QX)) = X1 -1, (85)
(X)) = 1. (86)

The first boundary condition is the value-matching condition, while the second con-
dition is the smooth-pasting condition. In addition, we will ensure that (0) = 0.
Notice that a jump with intensity Ay shifts the value function from Q(X) to II(X).
As usual, the value function during the illiquid period, II(X), can be decomposed
into two regions: Il (X) when X > Xj, and II (X) when X < X;. During the
illiquid period, [T (X) and II;(X) must satisfy the following differential equations:

1 _ _
0 = =o®X2I0), +aXIly, —rllgp+ A (X — T —Ty), X1<X <X, (87)

2

0 = %02X2H,L, +aX) — Il + M\ (g — 1), X <X, (88)
subject to

My(Xy) = Xo—1-K, (89)

Iy(Xz) = 1, (90)

I (X1) = Ig(Xy), (91)

II7(X1) = I (Xy). (92)

The first two boundary conditions are the value-matching and smooth-pasting con-
ditions.  The second two boundary conditions ensure that II(X) is continuously
differentiable at X;.

The general solutions are:
QX)) = BX"+C X", (93)
A _
(X)) = —A—lle7 +Cy X", (94)
2

- _ A A
Iy(X) = A X2+ A, X7 X —
() ! o +7‘+)\1—04 T+ A

I, (95)

where

5, — —(a—ga)—\/(a—502) +2(r+)\1)a2<0’ (96)

> 1. (97)

Vyg =

o2
(0= 30%) + o= 30" 42 4 )2
o2
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We now have six equations and six unknowns (4;, Ay, By, C1, X1, X3):

BXT+GX) — X -1, (98)
VBiXT 40O X1 = X, (99)

A, XD 4 AyX0 4 H;ll_aXQ - Til)\ll _ X,-I-K, (100)
BoA1 X2 + vy A X Y2 + Hiﬁ){g = X, (101)
ALK + AR+ — ill X il)\ll _ _%Blfq LOXT (102)
By Ay X5 4 1y Ay X0 + Hjﬁxl _ _W%legmclxy. (103)

X, and X, may be solved for via the following two equation system:

X {@2_1)( r—a )X2+U2(Alfl—(rﬂl)(HK)ﬂ

7a—i_)\l_Oé 7"")\1
_ s |2 [(7—1)+§—;(n—1)}—(n(7—1)+§—;7(n—1)> M-
a ' — r+ A —«
—B2 77+'7 777 )\1+)\2
+ X721 |y T+A1 (104)
S s r—a _ MO —(r+ X))+ K)
X5 [<ﬁ2 1) <r+/\1—a)X2+ﬁ2< E
e 52[(7—1)+§—;(n—1)}—(n(7—1)+§—;v(n—1)>_A1(52_1)
a ! Y—=n r+A—a
= _ /\1 %77—’_7 ny )\1+/\2
v — = —— 105
+X, 1[52<7ﬂ+)\1 7_7])4r7_77 N (105)

The remaining parameters then satisfy:
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A, - X, |:(V2_1)(i)X2—{—V2()\1[_(7"+)\1)(I+K)):|(106)

va— By r+ A —a r+ M\

. 62(2_,,; [(62 . (%> P (/\1[ - (TTTQ (1 + K))}m?)
B, = X17T177 [—(n—1) X, +nl], (108)
C, = anﬂ (v — 1) Xy —~1]. (109)

The following proposition established the impact that the generalized notion of
illiquidity has on the timing of exercise.

Proposition 2 The generalized model of illiquidity implies that the liquid option is
exercised later than it is in the basic illiquidity model of Section 2, with X; > X. The
liquid option, however, is still exercised earlier than in the case of full liquidity, with
X, < X*. Finally, during the illiquid period, the option may now be exercised, but at
a trigger above the full-liquidity trigger, with Xo > X*. Thus, X < X; < X* < X,.

Proof. Consider equation (84) subject to boundary conditions (85) and (86). Note
that in this range, the value of the liquid option ) is greater than the value of the
illiquid option T1.  Thus for positive Ay, differential equation (84) is like the standard
real options valuation equation (as denoted in equation (2) and its associated boundary
conditions), but with the addition of the fact that the option pays a “negative dividend”
of o (IT = Q).  Thus, while holding the option, one is paying a negative dividend
(relative to the fully liquid case), creating an incentive to exercise sooner. Thus,
X1 < X*. Note however that this negative dividend of Xy (Il — Q) is smaller than
the negative dividend of Ao (W — V') embodied in differential equation (8) of the basic
wliquidity model, since the basic illiquidity model allows no exercise during the black-
out period, and thus the value of the blacked-out option is dominated by the value
of the illiquid option in this current extension. Thus, with a now smaller negative
dividend in the extended illiquidity model, there is less reason to defer exercise during
the liquid period, leading to X < X;. Finally, it is clear that as K — 0, X; and X,
both converge to X*. For any K > 0, all else held constant, the terms of the illiquid
option become more onerous, leading to later exercise. Hence, X, > X*. W

8 Conclusion

While the real options approach to modeling investment under uncertainty has proven
valuable in understanding the timing of investment decisions, the standard approach
is not suitable for analyzing situations in which investment opportunities are ran-
domly recurring. While it is commonly accepted that many financial securities are
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illiquid, it is even more clear that many real assets themselves are illiquid. Regula-
tory changes, technological bottlenecks, and competitive pressures make many real
world investment options sporadic . Thus, this article’s model should have many
potential applications.

The model demonstrates that the potential threat of investment opportunity
black-outs can have an impact on investment decisions while the option is open;
most notably, firms will find it optimal to speed up their investment in anticipation
of being locked out of the market in the future. As the article makes clear, the
magnitude of the illiquidity effect depends upon the nature of the relative timing of
the opening and closing of the investment opportunities, and the degree of the under-
lying uncertainty. Clearly, formulating an investment strategy that ignores potential
illiquidity in a randomly recurring investment environment will lead to suboptimal
investment timing.

The basic model of real options with illiquid projects is flexible enough to be
extended in several directions in this article. We allow for the endogenous setting
of the degree of illiquidity, as would be the case with a regulator. The model is also
extended to the case of equilibrium, where a mass of competitive firms choose when
to enter an industry, where entry opportunities are randomly recurring. The notion
of illiquidity is also generalized to allow for firms to invest during illiquid periods,
albeit at a higher cost.
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Figure 1: The Discount for Illiquidity in Different Liquidity Environments. This
graph plots the impact on the option discount for illiquidity as the jump intensities
(A1, A2) that determine the relative timing of the reopening and closing of the in-
vestment opportunity, respectively, vary. The top curve depicts the most illiquid
environment, the middle curve depicts an intermediate illiquid environment, and the
bottom curve depicts the least illiquid environment. We find that in these three
settings, the discount varies from about 20% to around 1%. The parameter values
are « = 0.02, r =0.04, 0 = 0.3, and I = 1.0.
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Figure 2: The Discount for Illiquidity in Different Volatility Environments. This
graph plots the impact on the option discount as the market volatility varies, over
the range of X. The top curve depicts the most volatile environment, the middle
curve depicts an intermediate volatile environment, and the bottom curve depicts the
least volatile environment. We find that greater volatility increases the discount for
illiquidity. The parameter values are @ = 0.02, r = 0.04, \; = 0.05, Ay = 2.0, and
I =1.0.
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Figure 3: The Endogenous Choice of Liquidity. This figure plots the optimal choice of
A1, the intensity of market reopenings, chosen by a central planner. Here, the central
planner chooses to increase market illiquidity in order to inspire earlier investment
to take advantage of a positive externality from investment. For a relatively small
positive externality, # = 0.10, the optimal \; is 2.65, implying that on average the
market will be opened every 4.5 months. However, for a larger positive externality,
6 = 0.50, the optimal \; is 0.16, implying that on average the market will be opened
every 6.25 years. Parameter values are r = 0.04, « = 0.02, ¢ = 0.3, I = 1.0, and
X =2.0.
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