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Recent empirical evidence that forward exchange rates are biased predictors of,fu:ure spot rates 
can also be interpreted as evidence against the hypothesis of a 9on&tt risk premium. 
Consequently, reconciliation of this evidence with-~~~ ____. _ n;+nt internztionai capital markets requires 
the existence of time-varying risk premia. This paper modifies Kouri’s (1977) asset pricing model 
to allow time-varying e&z&d returns on assets, aliminates the assumption of a. risk-free real 
asset and derives the characteristics of the risk premia in the forward market as well as the 
equilibrium yield relationships among the equities and riskless nominal bonds of all countries. 

1. Introduction 

The advent of flexible exchange rates in the 1970s was the impetus for 
considerable research into the efficiency of the market for foreign exchange. 
As a theoretical proposition, the existence of risk premia which would 
prevent forward exchange rates from being unbiased predictors of future spot 
rates was derived in numerous ways.’ Nevertheless, the empirical literature of 
as late as .‘1978 provided evidence only that forward rates were relatively 
poor predictors of future spot rates, not that they were biased.2 More recent 
empirical research by Geweke and Feige (1979) and Hansen and Hodrick 
(1980a) among others, has provided comparatively strong evidence that 
forward rates are biased predictors of future spot rates. The nature of the 
bias is that information which is readily available to the market when the 
forward rate is set significantly improves the forecast of the future spot rate. 
There is also considerable evidence in these papers against the hypothesis 
that a constant risk premium is the source of the bias, Consequently, if the 

‘Early theoretical discussions of the relationship between forward rates and expected future 
spot rates include Feldstcin (1968) and Siegel (1972). More recent work includes Solnik (1974), 
Grauer, Litxenberger and Stehle (1976), Kouci (1977). Stockman (1978), Fama and Farber 
(1979), Frankel (1979), Roll and Solnik (1979), and Stulx (198Oa, b). 

2See Levich (1979) for a survey of the empirical literature addressing the relationship of 
-forward rates to future spot rates and other issues in fore:ign exchange market etTiciency. 

0022-1996/8 l/ OOOO4WO/$O2.75 0 1981 North-Holland 



514 R.J. Hodrick, International asset pricing 

empirical evidence is to be consistent with market efficiency, time-varying 
risk premia must separate forward rates from expected future spot rates. 

The purpose of this paper is to investigate the modifications to an existing 
theoretical model that one must consider if time-varying risk premia are to 
be taken seriously. This is necessary because, on the one hand, most 
theoretical models are two-period maximization problems which are 
consequently poorly equipped to di.scuss the nature of time-varying risk 
premia while, on the other hand, Kouri’s (19’77) model investigates 
international asset pricing in a stationary environment with infinitely-lived 
agents, constant expected rates of return on all assets, and constant risk 
premia. The following analysis modifies the Kouri model to allow for 
signilicant intertemporal variation in the expected rates of return on assets. It 
also generalizes the model to allow for uncertain rates of inflation in all 
countries elifinating the unrealistic assumpticn of the existence of a riskless 
real asset. The resulting asset pricing relationships indicate the possible 
nature of the time-varying risk premia separating the forward premium from 
the expected rate of depreciation of the exchange rate as well as the nature of 
the relationships between expected rates of return on a variety of other 
assets. 

The building blocks of the model are discussed in section 2. Inveqtors in 
many countries choose their consumption and their optimal holdings of 
money, riskless nominal holds of each country, and equities whase real 
returns are uncertain. Optimal portfolio proportions are derived in section 3. 
These are used to derive the equilibrium yield relationships among assets in 
section 4 and to determine the nature of the time-varying risk premia in the 
forward market. 
discussion of the 
premia. 

2. The model 

Section 5 provides some concluding remarks and a 
implications of the paper for empirical analysis of risk 

In this section the basic model of Kouri (1977) is mod&d to allow for 
significant intertemporal variation in the expected rates of return on assets 
and to eliminate the assumption of the existence of a riskless real asset. The 
model is essentially an extension of the analyses of Merton (1973), Breeden 
(1979), and Richard (1979) to an international environment3 

The model is partial equilibrium in the sense that unspecified stochastic 
state variables are postulated to drive the dynamic movement of the world 
economy. This’simplitication allows for a tractable analysis of the problem 
while presenting dil&ulties in empirical implementation of the theory. These 
issues are discussed in the conclusion of the paper. 

‘St& (198Oa) has extended ‘the Breeden made1 to an international environment wibh traded 
and nontraded goods. 
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Let there be K state variables, S(r), which provide the fundamental 
dynamic relations of the model. The dynamic movement of the state 
variables is characterized by the stochastic differential equations 

where R, 

dS(t)= R,S(t)dt + Z5 dy, (1) 

is a K x K matrix of constants with negative eigenvalues, and & is 
a K x K diagonal matrix with the constant standard deviations a: on the 
diagonals.’ The term dy is a Kd:mensional vector of Weiner processes where 
piidt is the constant instantaneous correlation coelkient ktween dYi and 

dYi. 
Assume that there are N countries in the world. Let there be one common 

real output of these countries, and let the N-dimensional vector of domestic 
currency prices of the output evolve through time according to 

dP F = R,S(r)dr + C’dz 

where R, is an N x K matrix of constants, and Z: is an N x N Gkgonal 
matrix with the constant standard deviations dP on the diagonal. The term 
dz is an N-dimensional vector of Weiner processes where ,IijC;t is the 

(2) 

instantaneous constant correlation coeffkient betwecr~ dri and dzj, and <,dt 
is the instantaneous constant correlation between dZi and dJ>. 

If we assume that there are no impediments to trade. the single good in 

the mod21 must sell at the same price in any currency. As a result of traded 
goods arbitrage, the exchange rate of currency I for currency j must be given 

bY 

Eaj = Pi/Pi 

and the dynamics of the exchange rate can be determined from the stochastic 
processes in (2) and It&s Lemma. 

Assume that the residents of any country can borrow or lend in any 
currency at a riskless instantaneorts nominal interest rate. Let t3, be the price 
of the discount bill so that the r:ltcs of rrtrlrn on the rli bills arc given by 

d&i3 = R,S(r )dr, 

where R, is an N x K matrix of constants. 

4Throughout the paper the covariance matrices arc assumed to be constant and 
dependent on the state variables. This simplifies the presentation and results in 
relationships that are potentially empirically tractable. 

JIE E 

(4) 

therefore not 
asset pricing 
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Agents in the model can also hold the equities of the various countries. 
Assume that there are N,%N equities in the world. Then, with only capita1 
gains as a source of return, the vector of real rates of return is given by the 
percentage change in the real price of the equities: 

dQ 
Q= R,S(t)dr + &do, (5) 

where R, is an N, x K matrix of constants, and 2& is an N, x N, diagonal 
matrix of constants with the standard deviations 0: on the diagonal. The 
term du is an N,-dimensional vector of Weiner processes where viidt is the 
constant instantaneous correlation coeffkient between dUi and duj, @ii is the 
constant instantaneous correlation coeffkient between dyi and do,, and [ii is 
the constant instantaneous correlation coefficient between dZi and dUj. 

The final asset which agents in the mode1 hold is fiat money. There are 
assumed to be N fiat monies in existence, and each money is assumed to 
have a zero nominal rate of return. The stochastic properties of the real rate 
of return on money will therefore be identical to the stochastic properties of 
the real rate of return on the nominal bills. Since in this case money would 
not be held unless it possessed some nonpecuniary convenience yield, it is 
assume that real balances of country j money, M,/Pj, yield utility to agents 
of country j. ’ In this case residents of country j will hold the money of 
country j and no other monies. 

Real wealth for the representative resident of country j consists of the real 
values of his money holdings, his bill holdings, and his equity holdings. Let 
G be the number of units of the discount bill of country i held by the 
residents of country j, and, similarly, let Kj be defined as the holdings of the 
ith equity by the residents of j. Real wealth is therefore 

If g is the share of J% real wealth invested in the ith -bill for i#j and the 
share invested in the jth bill and the share in real balances, mi, when i = j, 
and d is the share of 1% real wealth invested in the ith equity, then 

I=.: 1 g+ ‘E 41. 
i= 1 i=l 

SIdeadly one would like to examine the issues discussed in this paper in a model which 
captures the important microeconomic features of a world in which countries use different fiat 
monies and economic agents are motivated to buy and sell the currencies in an organized 
forward market. Kareken and Wallace (1981) have investigated multiple fiat money models in 
an overlapping-generations framework. That approach allows monies to be perfect substitutes in 
some cases while the approach taken in this paper ignores problems of currency substitution 
entirely. 
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A similar wealth constraint exists for the other N- 1 countries. 
The accumulation of real wealth occurs when the real capital gains on 

assets which are assumed to be the only sources of income for the investor 
exceed his instantaneous real consumption, Cj: 

The real rates of return 
the use of It&s Lemma: 

on bills in (8) can be obtained from (2) and (4) with 

d(Bt/J’i ) 
(Bi/Pi 1 

=[(Rb-R$(f)+(bb)2jdr-$,d~i, i=l,...,N. (9) 

In order to simplify notation, let Ri=RbS(t), ri= (RL-Rb)$(t)+ (a;)‘, and Mi 
=RiS(t). This allows (8) to be rewritten in vector notation as 

where ti, qj, r, and ar 
respectively. 

The representative 

1 Wj-C’dt, 
1 

are the column vectors with elements @, qf, ri’ and OliT 

individual of country j is assumed to maximize the 
-expectation of the infinite discounted value of an instantaneous utility 
function which depends on consumption and his holdings of real balances. 
Let 6 be the discount rate of individuals which is assumed to be constant 
and equal across all countries. The expectation is taken conditional on the 
values of the state variables and the stock of real wealth. The consumer’s 
problem is therefore 

-df Uj(Cj(t), mi Wj)dt 1 (11) 

subject to (7), (lo), and the c rnstraints that consumption and holdings of real 
balances are non-negative for all time.6 

Let p(W’(t), S(t)) represent the value function, i.e. the solution to (11) for 
given levels of real wealth and the state variables. Merton demonstrates that 
the optimal choices of consumption and the portfolio shares must satisfy the 

61 assume that the instantaneous utiiity function is suficientl~~ concave to guarantee an 
internal solution. 
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following Bellman equation: 

0= max 
I 

@(ci, m’Wj) -svj 
rci m? b? qi 

+ vi,[W’(-miRj+b”r+q”a)-Cj] 

The new terms introduced here are Vi and V’,,, the first and second partial 
derivatives of the value function with respect to real wealth; Vi,,, a vector of 
second partial derivatives of the value function with respect to real wealth 
and the K state variables; s2, the covariance matrix of the N inflation rates; 
f, the covariance matrix of the N inflation rates with the N, equity returns; 
0, the covariance matrix of the N, equity returns; anti @b and Gq, the 
covariance matrices of inflation rates and equity returns with the K state 
variables. The symbol 1 is an (N + N,)-dimensional vector of ones. 

The first-order conditions are: 

u’,- vj,=o, (13) 

uj ,-V~Rj=O, (14) 

v’,a + vjHTw wq - r bi + oqq + Gq vi,, - aj/w’ = 0, (16) 

1 - (I.+’ ; q”)l = 0, (17) 

where Ui and Uj, represent the partial derivatives of the instantaneous utility 
function with respect to consumption and real balances. These conditions 
(13)-(17) are also sufficient for an optimum because of the assumed strict 
concavity of the utility function. 

3. The optimal portfolio 

This section uses the results in (13)-( 17) to derive the consumer-investor’s 
optimal consumption and portfolio shares. From (13) and (14) we obtain the 
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standard result that 

579 

U’,/U{ = Rj, (18) 

which indicates that the marginal rate of substitution of real balances for 
consumption equals the nominal interest rate. Here, contrary to Kouri, the 
nominal interest rate can fluctuate through time and the marginal utility of 
consumption will be affected by variables other than the wealth of the 
individual. As the state variables fluctuate, investment opportunities change, 
and the desirability of consumption holding real wealth constant fluctuates. 
The finding that the demand for real balances depends only on desired 
consumption and the nominal interest rate remains an implication of this 
model. This is true, as in Kouri’s model, because the rate of return on real 
balances has the same stochastic properties as the rate of return on the real 
bill holdings for the same currency. Hence, agents are concerned only with 
the aggregate of the two. As Kouri notes, residents of country j always 
perfectly hedge their holdings of money by borrowing an equal amount in 
local currency. What is different about this model is that the nominal interest 
rate and the anticipated rates of return on all assets can fluctuate through 
time and the proportions of wealth invested in these other assets depend on 
the covariances of the rates of return among themselves as in Kouri but also 
on the covariances of asset returns with the state vari;+bles as in Merton, 
Richard, and Breeden. 

The optimal portfolio shares are found by solving (15) and (16) 
simultaneously: 

where 

AJ= ?% the Arrow-Pratt measure of relative risk aversion, 
Viw W 

a K-dimensional vector, 

(19) 

the covariance matrix of all asset returns. 
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If the rates of return on the assets were all uncorrelat~ed with the state 
variables and a risk-free real bill was available, (19) would reduce to Kouri’s 
(17.1) and (17.2). When these terms are nonzero, the portfolio demands differ 
and the resulting asset pricing relationships are no longer as simple. 

4. Equilibrium yield relationships among assets 

In this section an intertemporal, international asset pricing model is 
presented. The details of the derivation are provided in the appendix since it 
follows straightforwardly but with some modifications from Richard (1979). 

Since all assets in the model are risky in real terms, there is no risk-free 
ass,et which can be used in the asset pricing relationships. Instead, extending 
Black (1972) to an intertemporal environment, the expected rates of return 
on assets are priced relative to the expected rate of return on the zero beta 
portfolio which in this case is that minimtm varianl:e portfolio which is 
uncorrelated with the rate of return on the world market porfolio and the K 
state variables. Let the expected rate of return on this portfolio be rr,. 

It is clear from (19) that agents will care about the covariance of the rates 
of return on assets with changes in the K state variables of the model. These 
influences zre captured in the asset pricing relationship by fmding portfolio:; 
with shares yk that replicate the covariance structure of all assets with the 
kth state variable. Let the expected real rate of return on this portfolii> be 
tl,,k. With a,,, defined to be the expected real rate of return on the world 
market portfolio, the intertemporal, international asset pricing model for an 
arbitrary asset is 

where /I? and the j?rs are regression coefficients that could be recovered from 
a regressio,l of (ari-r,) on the (K + 1) expected real rates of return on the 
right-hand-side of (20). 

Eq. (20) states that the expected real rate of return on an asset is equal to 
the expected real rate of return on the portfolio of assets that has zero 
correlation with the world market portfolio and with the state variables plus 
terms that compensate for the systematic risk induced by correlation of the 
rate of return of the asset with the market portfolio and the state variable 
portfolios. 

Although the expected real rate of return on any asset is equal across 
countries, the expected real rate of return on a bill denominated in currency i 
generally will be different frolm the expected real rate of return on a bill 
denominated in currency j. From (20), the difference in the expected real 



R.J. Hodrick, International usset pricing 581 

rates of return on two bills denominated in different currencies is 

Since the rates of inflation in the two countries generally have different 
covariances with the rate of return on the market portfolio and with the K 
state variable portfolios, the expected real rates of return will differ. 

From (21) we can derive the relationships between any two nominal 
interest rates or between the forward premium and the expected rate of 
depreciatian of an exchange rate for two currencies. 

Using the definitions of the expected real interest rates, the differential 
expected real rate’of return on the bills of two countries is 

Since the exchange rate of country i money for country j money is Eij 
-Pi/Pi, the rate of change of the exchange rate can be found from Ito’s 
Lemma: 

(23) 

Using (23) and the processes detined in (2) the expected rate of change of the 
exchange rate is 

(24) 

Substituting (24) and (22) into (21) gives 

(25) 

‘In (24) notice that the expected rate of depreciation of the exchange rate is not simply the 
expected inflation differential. Similarly, in (22) the expected real return on a nominal bond is 
not the nominal interest rate minus the expected rate of inflation. The ditl’erences arise because 
in an explicitiy stochastic model the expected real rate of return on a nominal asset is its 
nominal rate of return minus the expected rate of change in the purchasing power of the money 
which is l/P. From It& Lemma, 

W/Pj) ZP, 
-=- -- 
(VP,) c ) P, 

4_(42_ 

Consequently, holding the expected rate of intlation and the covariances of all processes 
constant, an increase in the variance of the price level increases the expected real rate of return 
on all nominal assets denominated in that currency and decreases the expected rate of 
depreciation of the currency. 
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The: left-hand side of (25) is the nominal interest differential which can vary 
through time contrary to Kouri’s (Z9) while eij represents the time-varying 
expected rate of depreciation of currency i relative to currency j. 

In the absence of transactions costs, the nominal interest rate differentiitl 
equals the forward premium. 8 Thus, from (23, the forward premium equals 
the expected rate of depreciation o!l the currency plus a time-varying risk 
premium. This risk premium arises because of the systematic risk associated 
with investing in the nominal assets of different countries. These systemattc 
risks will be significant if the inflation rates of the countries are correlated 
with either the real rate of return on the world market portfolio or the 
stochastic movement in the fundamental state variables of the system. ln 
Kouri’s model. the deviation of the forward premium from the expected rate 
of depreciation of the exchange rate was a constant since expected real rates 
of return were constant. In this model expected real rates of return can vary, 
but an additonal term arises in the asset pricing relationship for each state 
variable that is added to the model. 

5. cooclusions 

In this paper an international capital asset pricing model with time-varying 
expected rates of return and time-varying risk premia has been developed. 
The essential insight of the model is that the systematic risk of an asset is 
related to the covariance of its rate of return with the rate of return on the 
world market portfolio and its covariance with the state variables of the 
system that drive the stochastic rates of return of all assets. It is clear that 
extensions of this model to full general equilibrium are necessary if we are to 
understand the true nature of the relationship since only in such a model will 
the state variables be revealed. A.t an aggregate level it is possible to 
speculate that shocks to aggregate demand from the government sectoF End 
to aggregate supply from weather and technological change in each country 
are candidates for state variables. Another possibility might be the 
probability of war which certainly fluctuates and affects portfolio choice 
across countries and assets. The number of state variables may therefore be 
quite large. 

One possible solution to this dimensionality problem was proposed by 
Breeden (1979) who demonstrated how to collapse Merton’s (1973) model 
into a single beta framework. At a point in time the expected rate of return 
on an asset in the Breeden model is equal to the risk-free rate plus a 
‘consumption beta’ times the deviation of the risk-free rate of return from 
the expected rate of return on an asset that is perfec,tly correlated with 

8No forward market is explicitly introduced since borrowing domestic money, purchasing 
foreign currency, and lending the foreign currency is equivalent to buying the foreign currency in 
the forward marker ignoring transactions costs. 
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the percentage change in aggregate consumption. The consumption beta is the 
covariance of the rate of return on the asset with the percentage change in 

aggregate consumption divided by the variance of the percentage change in 
consumption. Stulz (19802.) has analyzed the Breeden model in an 
international environment. One problem with the consumption beta 
approach is that the relationship is not stable through time whereas the 
betas of the model in (20) other than the market beta are stable because of 
the assumed structur’e of the model.9 Specification of a more general model 
with state dependent covariances would lead to an instantaneous relationship 
like (20) but with time-varying betas. In either case empirical testing of the 
proposition that time-varying risk premia are present in internationai asset 
pricing is a difficult task. 

Since explicit testing cf relationships derived in the intertemporal, 
international asset pricing literature is difficult, it is unlikely that we will 
soon have a definitive demonstrrtion that time-varying risk premia are the 
source of the empirical findings of Geweke and Feige (1979) and of Hansen 
and Hodrick (1980a). In Hansen and Hodrick (1980b) an investigation is 
con$tcted of the cross-currency restrictions on a vector autoregression of the 
rat!:c of return to speculation of a number of major currencies that arise if a 
single time-varying factor is the source of the above mentioned empirical 
findings. While the results of that study lend support to the idea that risk 
premia are the source of the deviation of forward rates from expectations of 
future spot rates, the results of this paper demonstrate that a great deal more 
work must be done in this area before we can conclusively ‘argue that 
international asset markets are efficient. 

Appendix 

This appendix provides some supplemental steps in moving from (19) to 
the international asset pricing relationship in (20). As such, it draws heavily 
on Richard (1979). For convenience (19) is rewritten here: 

[$]=AjH-f] +H-‘?@+FjH-‘4 

and 

(Al) 

“The value of various assets in the market portfolio will fluctuate, which implies that the 
covariance of a particular asset with the market portfolio will not be constant. 
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Multiplying (Al) by Wj and summing across all countries gives the demands 
for all assets: 

d=C w j;l -j[;]=AH-$]+n-w+w ‘I, 

where 

j=l 

N 

‘=I51 W’jTj and F= i W’%Fj. 
j=l 

Rewrite (A2) as 

r 1 [I a 
P-J+-f.l, 

(A2) 

(A3) 

whicrl is iV+& equations in the K +2 parameters (l/A, T’/A,F/A). Since 
these parameters are unobservable, it is desirable to rework the equations to 
eliminate the unobservables and describe the asset prices in terms of 
variaibles which are potentially estimable. 

In order to accomplish this task we must reduce the dimensionality of the 
system of equations to K + 2. Define the vector of shares of the assets in the 
w&Id market portfolio as w=dl(d * 2). Then the expected rate of return on 
th.e world market portfolio is 

(A4) 

whetire a,,,, = w’Hw, the variance of the world market portfolio and M = d’ l 1, 

the value of the portfolio of aggregate world wealth. This is the Rrst of the K 
-F 2 equations. 

Another K equations will involve the portfolios of assets which replicate 
the covariance matrix 9. Let f be the vector of portfolio weights that solves 

where @’ is the kth column of Cp. Since H is nonsingular, (A5) has a unique 
solrJ,tion, but j’ will not in general be portfolio shares. These may be defined 
by :setting y“== ?/I(? l Z)I. The vector of portfolio shares yk has the property 
thal. the covariance of each asset with portfolio k is equal to the covariance 
of the asset with state variable k. Define Y to be the matrix of portfolio 
shares with columns yk which replicates (P, i.e. H Y = 4% 
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Now, construct a minimum variance portfolio with shares w,, such that the 
covariance of the portfolio with the market portfolio is zero and the 
covariances of the poitfolio with the state variables are zero. From (A3) and 
the properties of w,, the rate of return on this zero beta portfolio is 

Recognize that 

w’@=w’HY=(t7,,,...,a*,), (A7)\ 

where c,& is the covariance of the market portfolio with the kth state 
variable. Eq. (A4) can therefore be rewritten as 

By defining bit to be the covariance of the ith portfolio of shares 9 with the 
kth state variable, we can write the expected rate of return on this portfolio 
as 

The (K+ 1) equations (AS) and (A9) can now be solved simultaneously to 
determine (M/A, T/A). Write these equations as a system 

and define Z to be the square matrix on the right-hand side of (AlO). 
Consequently, 

(All) 
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Define rim to be the covariance of the ith particular asset with the market 
portfiolio, and in a manner similar to (A7) let Yik be the covariance of the ith 
as,set with the kth state variable. Using these definitions, (A3) and (Ah), we 
cam write the expected return on the ith asset as 

Subs’tituting from (All) into (A12j gives 

r 1 %I--0 

- ro 
‘Xi -rO=(yi~ yil mss Yik)E-l i : 1 Olyi. 3 

6412) 

(A13) 

a result that holds for all assets. As Richard (1979) notes, (A13) has the form 
of a regression equation in that it can be rewritten as 

(Al4) 
k=l 

where the Bys are coe@cients that would be recovered in the estimation of (ai 
--r(,) on (a, - Yo) and the K retUrnS (c$,k - ro). 
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