
InternationalAssetAllocationwith

RegimeShifts

Andrew Ang

GeertBekaert

ColumbiaUniversityandNBER
�

First Version:12 March1999

ThisVersion:30May 2001

�
This paperwaspreviously titled “InternationalAssetAllocation with Time-VaryingCorrelations.”

TheauthorsthankDarrell Duffie, Steve Grenadier, CamHarvey, JunLiu, Anthony Lynch,Monica Pi-
azzesi,KenSingleton,RamanUppal,Luis ViceiraandseminarparticipantsatBarclaysGlobalInvestors,
ColumbiaUniversity, CornellUniversity, DartmouthCollege,LondonBusinessSchool,PanAgoraAs-
setManagement,StanfordUniversity, StateStreetGlobal Advisors,University of Iowa, University of
Melbourne,Universityof New SouthWales,Universityof Rochester, the1999WesternFinanceAssoci-
ation,the1999EuropeanFinanceAssociation,theColumbiaUniversityCenterfor Applied Probability,
the2000InternationalInvestmentForumandtheSocietyof Quantitative Analystsin New York. Weare
especiallygratefulfor thethoughtfulandthoroughcommentsof therefereewhich greatlyimprovedthe
paper. GeertBekaertthankstheNSFfor financialsupport.�

Columbia BusinessSchool, 3022 Broadway, New York, NY 10027; email: Andrew Ang:
aa610@columbia.edu,GeertBekaert:gb241@columbia.edu.



Abstract

Correlationsbetweeninternationalequitymarket returnstendto increasein highly volatile

bearmarkets,which hasled someto doubt the benefitsof internationaldiversification. This

articlesolvesthedynamicportfolio choiceproblemof a US investorfacedwith a time-varying

investmentopportunitysetmodeledusinga regime-switchingprocesswhich may be charac-

terizedby correlationsandvolatilities that increasein badtimes. Internationaldiversification

is still valuablewith regime changesandcurrency hedgingimpartsfurther benefit. The costs

of ignoring the regimesare small for all-equity portfolios but increasewhena conditionally

risk-freeassetcanbeheld.



In standardinternationalportfolio choicemodelssuchasSercu(1980)andSolnik (1974a),

agentsoptimally hold the world market portfolio and a seriesof hedgeportfolios to hedge

againstrealexchangeraterisk. Fromtheperspectiveof thesemodels,investorsacrosstheworld

displaystronglyhome-biasedassetchoices.Onepopularargumentoften heardto rationalize

the “home biaspuzzle” relieson the asymmetriccorrelationbehavior of internationalequity

returns.A numberof empiricalstudiesdocumentthatcorrelationsbetweeninternationalequity

returnsarehigherduringbearmarketsthanduringbull markets.� If thediversificationbenefits

from internationalinvestingarenot forthcomingat the time that investorsneedthemthemost

(whentheir homemarket experiencesa downturn), the strongcasefor internationalinvesting

mayhave to bere-considered.

Our ambitionis to formally evaluatethis claim. To quantifytheeffect of theseasymmetric

correlationsonoptimalportfolio choice,weneedadynamicassetallocationmodelthataccom-

modatestime-varyingcorrelationsandvolatilities. In thestandardportfolio choicemodelsand

their empiricalapplications(FrenchandPoterba(1991)andTesarandWerner(1995))correla-

tionsandvolatilities areconstant.More specifically, our contributionconsistsof four parts.

First, we formulatea data-generatingprocess(DGP) for internationalequity returnsthat

reproducestheasymmetriccorrelationphenomenon.Theasymmetricexceedancecorrelations

documentedby Longin andSolnik (2001)constitutethe empiricalbenchmarkwe set for our

model. We show thata regime-switching(RS) modelreproducesthe asymmetricexceedance

correlations,whereasstandardmodels,suchas multivariatenormal or asymmetricGARCH

models,do not.

Second,wenumericallysolveanddevelopintuitiononthedynamicassetallocationproblem

in thepresenceof regimeswitchesfor investorswith ConstantRelativeRiskAversion(CRRA)

preferences.Hereour contribution extendsbeyond internationalfinance. Therehasrecently

beena resurgenceof interestin dynamicportfolio problemswhereinvestmentopportunitysets

changeover time.� In mostof thesepapers,time-variationin expectedreturnscharacterizethe

changesin the investmentopportunitysetandthe time-variationis capturedby a linear func-

tion of thestatevariables.In contrast,expectedreturns,volatilities andcorrelationsvary with
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the regime, ratherthanwith statevariables,in our benchmarkmodel. Moreover, we combine

predictabilityby statevariableswith regimeswitchesin our DGP’s.

Third,weinvestigatetheportfoliochoiceof theinvestorfor anumberof differentRSDGP’s,

horizons,andpreferenceparameters.To characterizeuncertaintyin the portfolio allocations

resultingfrom uncertaintyin theparametersof theDGP, Barberis(2000)andKandelandStam-

baugh(1996)usea Bayesiansetting,andBrandt(1999)estimatesportfolio weightsusingan

Euler equationapproachandinstruments.Instead,we characterizeuncertaintyin the portfo-

lio choicesfrom a classicaleconometricperspective, using the delta-method.Our approach

allows us to formally test for the presenceof intertemporalhedgingdemands(the difference

betweentheinvestor’soneperiodaheadandlong-horizonportfolio choice),for thepresenceof

regime-dependentassetallocationfor investorswith differenthorizons,andfor the statistical

significanceof internationaldiversification.

Finally, we investigatetheeconomicsignificanceof our resultsandtheclaim in the initial

paragraph.We attemptto quantifyandcontrasttheutility cost(usingthecertaintyequivalent

notion)of: (a) not beinginternationallydiversifiedand(b) ignoringtheoccurrencesof periods

of highervolatility with higher correlationsacrossall countries. It is quite conceivable that

long-horizoninvestorsneednot worry aboutan occasionalepisodeof high correlation,either

becausethe effect on utility is minor or becausethey can temporarilyre-balanceaway from

internationalstocks,if thesestatesof the world aresomewhat predictable. In the latter case

their safehavenmaybeUSstocksor it maybecash.As aby-productof oneof ourset-ups,we

put aneconomicvalueon theability to hedgeforeignexchangeraterisk. In mostmodels,we

precludethisability.

Our work is mostclosely relatedto DasandUppal (2001)who considerportfolio selec-

tion whenperfectlycorrelatedjumpsacrosscountriesaffect internationalequity returnswith

constantshort rates. Our RS DGP’s producea “normal” regime with low correlations,low

volatilities anda “bear” regime with highercorrelations,highervolatilities and lower condi-

tionalmeans.However, bothregimesarepersistentandsuchpersistencecannotbecapturedby

transitoryjumpsindependentof equityreturns.Furthermore,we considertheeffect of regime
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changeson portfolio choicewhenshortratesaretime-varyingandpredictreturns,andwe ex-

aminecurrency hedgingdemands.

To make theanalysistractable,we leave out many aspectsof internationalassetallocation

thatmaybeimportantbut mayblur thefocusof thepaper. Examplesincludetransactioncosts,

inflation risk, cross-countryinformationaldifferences,and humancapital and labor. In line

with recentstudieson dynamicportfolio choice,our framework is a partial equilibrium set-

up with an exogenousreturn-generatingprocess.Hence,we ignoreinternationalequilibrium

considerations.

Theoutlineof thepaperis asfollows. We startby formulatingthegeneralassetallocation

problemin Section1, andshow how to numericallysolve theproblemwith regimeswitching.

We alsodemonstratehow to calculatetestsof statisticalsignificanceandeconomiccostsasso-

ciatedwith takingnon-optimalportfolio strategiesin our framework. In Section2, wepresenta

benchmarkRSmodelwhichweuseasourbasecasewith all-equityportfolios. In Section3 we

introduceaconditionallyrisk-freeassetundertwo scenarios.First,we examinethebenchmark

modelwith a constantrisk-freerate. Second,we enrichthe modelby allowing the shortrate

to switch regimesandpredictassetreturns.In Section4 we examinethebenefitsof currency

hedgingin thepresenceof regimes.Section5 concludes.

1 AssetAllocation with Changesin Regimes

1.1 The GeneralProblem

Considerthe following assetallocationproblem. A US investorfacing a � month horizon

whorebalancesherportfolio over � assetseverymonthmaximizesherexpectedendof period

utility. Theproblemcanbestatedmoreformally as:

�	��
��
�������� � ������� ������� �"!$#�%'& (1)
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subjectto theconstraintthattheportfolio weightsat time ( mustsumto 1, )+*,.-0/21 , where
!3#

is endof periodwealthand ) �54767676�4 ) #+8 � arethe portfolio weightsat time 0 (with � periods

left),
67696

, to time �;: 1 (with 1 periodleft). Therearenocostsfor short-sellingor rebalancing.

Wealthnext period,
! ,=< � , is givenby

! ,=< � /?> ,=< � � ) , %'! , . Thegrossreturnon theportfolio,

> ,=< � � ) , % is:

> ,=< � � ) , % /
@
A'B �
C 
+D �FE A,=< �

% ) A,HG C 
+D �FE ,=< � % * ) , 4 (2)

where
E A,=< � is the logarithmicreturnon assetI in dollars(USD) from time ( to (KJ 1 and ) A, is

theproportionof the I th assetin theinvestor’sportfolio at time ( . WeuseCRRA,or iso-elastic,

utility:

� �L!3#�% / ! �
8�M#

1 :ON (3)

with N theinvestor’scoefficientof risk aversion.

We concentrateon theinvestmentproblemof theUS investorandignoreintermediatecon-

sumption(or theinvestoris assumedto consumeendof periodwealth
!$#

). In effect,we take

thesavingsdecisionto beexogenouslyspecified.WechoosetheCRRAfamily of utility asit is

a standardbenchmarkandenablescomparisonto earlierliterature.In commonwith mostem-

pirical dynamicassetallocationpapersin the literature,this approachdoesnot addressmarket

equilibrium,sotheinvestoris not necessarilytherepresentative agentin theUS economy. We

alsodo notconsidertheassetallocationproblemfacedby foreignagents.P
Using dynamicprogrammingwe obtain the portfolio weightsat eachtime ( , for horizon

�Q:O( by maximizingthe(scaled)indirectutility:

) �,R/ �TSVUW�	��
��X � , ��Y ,=< � � #Z! �
8�M,=< �
&

(4)
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where

Y ,=< � � # / � ,=< � � > #[� ) �#+8 �
%\67676 > ,=< � � ) �,=< �

%'% � 8�M 4 (5)

and
Y]# � # /?1 . Thefirst orderconditions(FOC)of theinvestor’sproblemare:

� , Y ,=< � � # >
8�M,=< �
� ) , %

� C 
+D �FE �,=< �
% : C 
+D �^E @,=< �

%
� C 
+D �FE �,=< �

% : C 
+D �^E @,=< �
%

...� C 
+D �FE @ 8 �,=< �
% : C 
+D �FE @,=< �

%'%
G � , ��Y ,=< � � # >

8�M,=< �
� ) , %._ ,=< � & /a` (6)

where
_ ,=< � is the vectorof returnsof assets1 to �b: 1 in excessof asset� . We work both

with all equity internationalportfolios, wherethe � -th assetis the returnon US equity, and

alsowith thecaseof aninvestablerisk-freeasset,wherethe � -th assetis aone-periodrisk-free

bond.Theoptimalportfolio weights ) �, solve equation(6). Notethat ) , has �c: 1 degreesof

freedom,astheweightin the � -th assetmakestheportfolio weightssumto 1.

1.2 Intr oducingRegimeSwitching

Up to this point, no specificDGPhasbeenassumedfor theassetreturns
E ,=< � andtheset-upof

theproblemis entirelygeneral.In thespecialcaseof
E ,=< � IID acrosstime, Samuelson(1969)

showsthatfor CRRAutility theportfolio weightsareconstant( ) �,d/ ) � 4fe ( ), andthe � horizon

problembecomesequivalentto solvingthemyopic � /g1 oneperiodproblemin equation(1).

Whenreturnsarenot IID thentheportfolio weightscanbebrokendown into a myopicanda

hedgingcomponent(Merton(1971)). Themyopiccomponentis thesolutionfrom solvingthe

oneperiodproblem.Thehedgingcomponentresultsfrom theinvestor’sdesireto hedgeagainst

unfavorablechangesin theinvestmentopportunityset.

Supposewe introduceregimes h , / 1 4967676949i into the DGP. At eachtime (jJ 1 , E ,=< �
is drawn from a differentdistribution, dependingon which regime h ,=< � is prevailing at time

(HJ 1 . Following Hamilton (1989), the regimes h , follow a Markov chainwherethe transi-
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tion probabilitiesof going from regime k at time ( to regime I at time (HJ 1 aredenotedby

l�m A � , / l � h ,=< � / Ion�h , / k 4Vp , % . Let q �FE ,=< � nrh ,=< � % G q �FE ,=< � nrh ,=< �'s p , % denotetheprobabilityden-

sity function of
E ,=< � conditionalon regime h ,=< � . In our benchmarkRS model q �FE ,=< � nrh ,=< � % is

a multivariatenormaldistribution andtransitionprobabilitiesareconstant(l�m A � , / l�m A ). Con-

ditional on h , , thedistribution of
E ,=< � is a mixtureof normals.That is, theprobabilitydensity

functionof
E ,=< � conditionalon h , , t �FE ,=< � n�h , s p , % G t �FE ,=< � nrh , % , is givenby:

t �FE ,=< � nrh , / k s p , % /
u
A.B �
l�m A � ,wv q �^E ,=< � n�h ,=< � / I %

Thisallows thedistribution to capturefat tails,stochasticpersistentvolatility andotherproper-

tiesof equityreturns.x
Assumethat the regimesareknown by the agentat time ( . y With

i
regimesthe random

variable
Y ,=< � � # / Y ,=< � � #[� h ,=< � % in equation(5) may take on oneof

i
values,one for each

regime h ,=< � /z1 4767676�47i . The optimalportfolio weightsnow becomefunctionsof the regime

at time ( , ) �,{/ ) �, � h , % . Moreover, the investorwantsto hedgeherselfagainstfuture regime

switches.Theseintertemporalhedgingdemandscauseportfolio weightsfor differenthorizons,

) �| � h , % for (~}���� ��: 1 , to differ from currentportfolio weights ) �, � h , % . Hence,even

without instrumentpredictabilityof
E ,=< � , theassetallocationimplicationsof regimeswitching

arepotentiallyimportant.

Underthealternativeassumptionwhereinvestorsareuncertainabouttheregimes,theeffects

of regime-switchingwould beweaker sincetheregime-dependentsolutionswould deviateless

from the IID solution. In this sense,the assumptionof observable regimesis a worst-case

scenario:if thereareweakeffectswhenthe agentsperfectlyobserve the regimes,the effects

will beevensmallerwhenlearningabouttheregimesis introduced.If, however, therearestrong

regimeeffectswhentheregimesareobservable,wecannotconclusively sayanythingaboutthe

regimeeffectswhentheagentsareuncertainabouttheregimes.

For switching multivariatenormal distributions the FOC’s in equation(6) do not have a

closed-formsolution. To our knowledge,the currentstateof analytical tools in continuous
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time alsodoesnot permit a solution for both state-dependentconditionalmeansandcovari-

ances.Following TauchenandHussey (1991),we obtaina numericalsolutionto equation(6)

by quadrature.An � -point quadraturerule for thefunction � �F��% , ��� �
, over theprobability

densityq �F��% is asetof points � �w��� , � /�1 69676 � , andcorrespondingweights �9� �T� suchthat

� �F��% q �F��%.�7� 6/
�
� B �
� �F�w��% � ��6

For example,for the assetreturns
E ,=< � at time (]J 1 in regime h ,=< � / I , we usea � A

quadraturerulewith points � E A � � ,=< � � , � /?1 69676 � A andcorrespondingweights�9� A � � ,=< � � . Using

quadratureto determine
E A � � ,=< � and � A � � ,=< � yields very accurateapproximationsfor Gaussian

IID distributedreturns
E ,=< � . BalduzziandLynch(1999)andCampbellandViceira(1999)note

thatasfew asfivequadraturepointssuffice.

Considertheone-periodproblemat ��: 1 . For h #+8 � / k theFOC’s areapproximatedby:

��#+8 � � >
8�M# � ) m � #�8 � %._�# nrh #+8 � / k & /

u
A'B �
l�m A � #+8 � �R� >

8�M# � ) m � #�8 � %._�# nrh # / I &
6/
u
A'B �
l�m A � #+8 �

�]�
� B �
� C 
+D �FE A � � #+% * ) m � #+8 � %

8�M _ A � � # � A � � # /�`
(7)

where) m � #+8 � G ) #+8 � � h #�8 � / k % and

E A � � # /

E �A � � #E �A � � #
...E @A � � #

and
_ A � � # /

C 
+D �^E �A � � # % : C 
+D �^E @A � � # %
C 
+D �^E �A � � # % : C 
+D �^E @A � � # %

...

C 
+D �FE @ 8 �A � � # % : C 
+D �FE @A � � # %
6

The optimal portfolio weights ) �m � #+8 � are the solution to equation(7) which canbe obtained

by a non-linearroot solver. Since
_�#

is an ��: 1 vector, equation(7) describesa systemof

��: 1 non-linearequationsin ��: 1 unknowns,thefirst ��: 1 elementsof ) m � #�8 � . Eachregime
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h #+8 � / k hasadifferentsetof optimalportfolio weights ) �m � #+8 � .�
Notethat thetermin bracketsin equation(7) representsthenormalFOCfor CRRA utility

conditionalon beingin regime h # / I at horizon � . Introducingregimesinto theassetalloca-

tion problemmakesequation(7) a linearcombinationof FOCfor eachdifferentregime,where

the weightsare the transitionprobabilitiesknown at time ( . This makesthe assetallocation

solutionvery tractablefor switchingmultivariatenormalreturns.

To startthedynamicprogrammingalgorithm,definethescalar
Y m � #+8 � � # G YH#�8 � � #[� h #�8 � /

k % as:

Y m � #+8 � � # / ��#�8 � � > �
8�M# � ) �#+8 �

% nrh #+8 � / k &6/
u
A.B �
l�m A � #+8 �

�H�
� B �
� C 
+D �FE A � � #�% * ) �m � #+8 �

% � 8�M � A � � #o6 (8)

For
i

regimes,wehaveonly
i

statevariables,
Y m � ,=< � � # , whichmustbetrackedateachhorizon

�{: ( , makingtheproblemcomputationallyverytractable.Wesolvethe ��:3� problemfor each

regime h #+8 � / k by finding therootsof:

��#+8 � ��Y]#+8 � � # >
8�M#+8 �
� ) m � #+8 � %._�#�8 � nrh #+8 � / k &6/

u
A'B �
lTm A � #+8 �

�]�
� B �
Y A � #+8 � � #�� C 
+D �FE A � � #+8 � % * ) m � #+8 � %

8�M _ A � � #�8 � � A � � #+8 � /�` (9)

Wecontinuethis processfor ( / ��:Q  onto ( /a` .
Whenthereturndistributionsof theassetsdependoninstruments¡ , attime ( , thedistribution

of thereturnsis a functionof boththeregimeandtherealizationof theinstrumentat time ( . In

thiscase,theprobabilitydensityfunctionof
E ,=< � conditionalon h ,=< � becomesq �^E ,=< � n�h ,=< � 4 ¡ , % G

q �^E ,=< � n�h ,=< �'s p , % . The probability densityfunction of
E ,=< � conditionalon h , , t �^E ,=< � n�h , 4 ¡ , % G

t �FE ,=< � n�h , s p , % , is foundby integratingoverall possiblevaluesfor h ,=< � / I :

t �FE ,=< � nrh , / k 4 ¡ , % /
u
A.B �
l�m A � ,wv q �^E ,=< � n�h ,=< � / I 4 ¡ , %.6
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In this casewe needto track the regime variable h , andthe realizationsof the predictors¡ , .
To do this weconstructadiscreteMarkov chainin eachregimeto approximateq �^E ,=< � n�h ,=< � 4 ¡ , %
andthedistributionof ¡ , . Thesearethencombinedto approximatet �^E ,=< � n�h , 4 ¡ , % . In thissetting

theportfolio weightsnow becomea functionbothof thecurrentregime h , andtheinstruments

¡ , , so ) �,¢/ ) �, � h , 4 ¡ , % . The scaledindirect utility
Y ,=< � � # alsobecomesa function of both the

regimeandthepredictorvariables,
Y ,=< � � # / Y ,=< � � #W� h ,=< � 4 ¡ ,=< � % . AppendixB providesfurther

detailson thequadraturemethodsweemploy in thiscase.

1.3 How Important is RegimeSwitching?

Introducingregimesinto the assetallocationproblemhasthe potentialto causeinvestorsto

wildly alter their portfolio allocationsacrossregimes,and to induce intertemporalhedging

demandsmakingthe investorfacinga � -periodhorizonhold substantiallydifferentportfolio

weightsfrom themyopicinvestor. Wewish to teststatisticallyandeconomicallywhetherthese

effectsarelarge underRS whenrealisticRS DGP’s have beenfitted to real data. Thesetests

aremorethaninterestingempiricalexercises:if theassetallocationsaresimilaracrossregimes,

thenin practiceinvestorsmay not go to the troubleof rebalancing,especiallyif transactions

costsarehigh. If intertemporalhedgingdemandsaresmall, theninvestorsmaylosevery little

in solvingasimpleone-periodproblematall horizonsratherthansolvingtherathermorecom-

plex dynamicproblem.If thereis abadregimewhereinternationalequityreturnsprovidefewer

diversificationbenefits,investingoverseasmaynot beof benefitfor investors.

1.3.1 Statistical Tests

To formulatestatisticaltestswe mustderivestandarderrorsfor theportfolio weights.Suppose

that the parametersof the RS process, £¤ , possessan asymptoticdistribution � � ¤ ��4�¥¦% where¤ �
is thevectorof the truepopulationparameters.Theportfolio weights ) �, � h , % areimplicitly

definedby the FOC’s in equation(6). We suppressthe dependenceon h , /§1 676969i . Denote

theseFOC’s for period( , horizon��:O( , as ¨ , � ¤ 4 ) % wherë ,ª© ¤¬« )®­ @ 8 � . ¯
TheFOC’simplicitly define) �, asthesolutionto ¨ , � £¤ 4 ) �, % /a` . Let ) �, � satisfÿ , � ¤ ��4 ) �, � % /
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` , so ) �, � aretheportfolio weightsat thepopulationparameters.Assumethedeterminant

° C²± ³ ¨ ,
³ ) ´rµ B µ 
�� � B ��¶ X·
¹¸

º/�` 6 (10)

TheImplicit FunctionTheoremguaranteestheexistenceof afunction » suchthat ¨ , � ¤ ��4 » � ¤ �¼%'% /
` where

½ / ³ »³ ¤ µ B µ 
 / : ³ ¨ ,
³ )

8 � ³ ¨ ,
³ ¤ ´�µ B µ 
 � � B � ¶ X·
 ¸ (11)

is well defined.Weapplythestandarddelta-methodto obtaintheasymptoticdistributionof ) �,
as:

) �,{¾¿ � � » � ¤ ��%'47½¢¥H½ * %.6 (12)

In practice,wecomputenumericalgradientsasfollows. For theestimatedparametervector

£¤ wesolvetheFOCto find theoptimalportfolio weights £) �, . Wechangethe k -th parameterin £¤
by À /�` 6 `T`�`\1 andre-computethenew portfolio weights £) �ÂÁ, . The k -th columnof

½
is givenby� £) �ÂÁ, : £) �, %.Ã À .

We focuson threemaintests.First,we testfor thesignificanceof internationaldiversifica-

tion by testingwhethertheUS weight in regime h , is significantlydifferentfrom 1. This test

is importantgiven that the resultsin Britten-Jones(1999)suggestthat the evidencefor inter-

nationaldiversificationmay be statisticallyinsignificant. Second,for a given ( , we test if the

portfolio weightsfor h , / k and h , / I arestatisticallydifferentfrom eachother, or from IID

portfolio weightswithout regime-switching.This is a testof regimeeffects.Finally, to testin-

tertemporalhedgingdemandsfor horizon� , wemaydefineanimplicit function ¨ / � ¨K* � ¨K*#
% *

which stacksthe FOC’s for the myopic problemand the horizon � problem. This allows a

testof hedgingdemandswherefirst periodportfolio weightsareequalto horizon � portfolio

weights: ) ��� h , % / ) #+8 � � h , % .
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1.3.2 EconomicSignificance

We wish to calculatetheutility loss,or monetarycompensationrequiredfor aninvestorto use

non-optimalweights ��) < � insteadof the optimal weights ��) � � for our RS DGP. For exam-

ple, an investormay have to usenon-optimalweightsasshemay not be allowed by external

constraintsto useforward derivatives to hedgecurrency risk, or even invest internationally.

Similarly, an investormayuseportfolio weightsthinking returnsareIID whenin fact thetrue

DGP hasregimes. We would like to seethe economicloss that resultsfrom holding these

non-optimalportfoliosinsteadof usingtheoptimalone.

Wefind theamountof wealth Ä� requiredto compensateaninvestorfor using ��) < � in place

of ��) � � for a � -periodhorizon.Formally, this is givenby thevalueof Ä� which solves:

�o���r� �L! �# n !$� /�1 %V& / �o���r� �L! <# n !Å� / Ä� %'&Æ6 (13)

SinceCRRAutility is homogeneousin initial wealthandsince
�R�r� �"! �# n !Å� /?1 %'& / Y �� � # ÃÇ� 1 :

N % for È /�É 4 J , it follows that:

Ä� /
Y �� � #Y <� � #

��Ê�7Ë 6
(14)

We expressthecompensationrequiredin centsperdollar of wealth � /�1Ì`T` « � Ä�Í: 1 % . That

is, � is the actualmonetarypaymenta risk-averseinvestormust receive in order to put $1

of her wealth in the sub-optimalportfolio ratherthanthe optimal one. Equivalently, � is the

percentageincreasein thecertaintyequivalentfrom moving from strategy ��) < � to theoptimal

strategy ��) � � . CampbellandViceira(1999,2001)andKandelandStambaugh(1996),among

others,usechangesin certaintyequivalentsin thecontext of assetallocationanalysis.
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2 AssetAllocation Under RegimeShifts

This sectionexaminesassetallocationwith the setof equity returns
E ,=< � / �^EfÎÐÏ,=< �

4fE�Î �,=< �
% * andE ,=< � / �^E ÎÐÏ,=< �

4fE Î �,=< �
4ÑEfÒ²ÓÕÔ,=< �

% * , where
� h , � � , t+Ö'× denoteunhedgedUS, UK andGermanequity

returnsrespectively. AppendixA containsa descriptionof the data. In this sectionwe con-

centrateon a benchmarkno predictormodelwith regime shifts andexamineassetallocation

implicationsfor all equityportfolios.Sections3 and4 examinesmorecomplex datagenerating

processes,includingtheintroductionof a risk-freeasset.

2.1 The Benchmark No Predictor Model

OurBenchmarkModel canbewritten:

E ,=< � /QØ � h ,=< � % J~Ù
�Ú � h ,=< � % À ,=< � 6 (15)

wheretheregimesh ,=< � follow a two-stateMarkov chainwith transitionmatrix:

Û 1 : Û
1 : Y Y

andthetransitionprobabilities,
Û / l � h ,=< � /Ü1 nrh , /Ý1 s p , % and

Y / l � h ,=< � / �wn�h , / � s p , % ,
areconstant.Þ

For theUS-UK, we estimatetwo otherRSmodelswhich nestequation(15) to testfor ro-

bustness.Equation(15), which we denoteasBenchmarkModel I, assumesthat the regimes

in eachcountryareperfectlycorrelated.To investigateif the UK undergoesregime switches

differentfrom theUS we introduceanextension,BenchmarkModel II, with two regimevari-

ablesh ÎÐÏ, and h Î �, . Model II hasthefeaturethattheregimesin theUSandUK donothaveto be

perfectlycorrelated.Generally, therewould be � � /àß regimesfor thebivariatesystemfor two

regimesof eachcountryimplying a 4x4 probability transitionmatrix. To preserve parsimony

we assumethatconditionalon theUS regime,theUK processis a simplemixtureof normals.
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Thatis, we let:

l � h ÎÐÏ,=< � /?1 nrh
ÎÐÏ,�/�1 % / Û l � h Î �,=< � /�1 n�h

ÎÐÏ,=< � /�1
% / )

l � h ÎÐÏ,=< � / �wnrh
ÎÐÏ, / � % / Y l � h Î �,=< � / �wn�h

ÎÐÏ,=< � / �
% /~á (16)

This parameterizationimpliesthat theUS transitionprobabilities
Û

and
Y

arestill thedriving

variablesof the systemand allows the US and UK regimesto be dissimilar with only two

additionalparameters.Further, the correlationof the US and UK dependsonly on the US

regime.

Finally we testfor thepresenceof RSARCH effectsin BenchmarkModel III for theUS-

UK, by specifyingthecovarianceÙ � h ,=< � % as:

Ù � h ,=< � % /àâ � h ,=< � % * â � h ,=< � % JQã � h ,=< � % * � , � *, ã � h ,=< � %� , / E , : � , 8 � �FE , %
� , 8 � �FE , % /

�
A.B �
l � h , / Iän p , 8 � % Ø � h , / I %.6 (17)

where l � h , / Iän p , 8 � % areex-anteprobabilities. This model is estimatedfollowing a special

casein Gray(1996).RamchandandSusmel(1998)andHamiltonandSusmel(1994)estimate

relatedmodels.

2.2 Estimation Results

2.2.1 Parameter Estimates

We reportestimationresultsfor theUS-UK andUS-UK-GERsystemsin Tables1 and2. We

turn first to the US-UK systemin Table1. Likelihoodratio testsof Model I versusModel II

andC fail to reject(p-valuesof 0.9950and0.9853respectively). Moreover, theparameters)
andá in equation(16)areestimatedto be1. This lendssupportto thesimple,but parsimonious

DGP of the BenchmarkModel: the US andUK facethe sameregime shifts andthe stochas-

tic volatility generatedby the BenchmarkRS Model sufficesto capturethe time variation in
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monthlyequityreturnvolatilities.

In Tables1 and2 wefind thefollowing patternin internationalequityreturns.In oneregime

theequity returnshave a lower conditionalmean,muchhighervolatility andaremorehighly

correlated.Weshallreferto thisregimeas“regime1”. In thesecondregime,equityreturnshave

higherconditionalmeans,lower volatility andarelesscorrelated.The RS modelsimply that

volatility andcorrelationsincreasetogethersimultaneously, a phenomenonalsodocumented

empiricallyby Karolyi andStulz(1996).Thestrongestdifferentiatingeffectacrosstheregimes

for both systemsis volatility. We rejectthe equalityof volatilities acrossregimesat a 0.01%

significancelevel, as is true in previous studiesby Hamilton andLin (1996)andRamchand

andSusmel(1998).Theevidenceof differentcorrelationsacrosstheregimesis notparticularly

strong.TheUS-UK correlationsareborderlinesignificantlydifferentin theUS-UK-GERmodel

but the p-valuefor theWald equalitytestis 15%in the US-UK system.We fail to rejectthat

correlationsfor theUK andGermany areconstantacrossregimes.

In Table1 Model I is estimatedbothwith unconstrainedregime-dependentmeans,andwith

meansimposedequalacrosstheregimes. We denotethis secondcaseas Ø � /åØ � , wherethis

notationis takento meanØ A � h , /�1 % /QØ A � h , / � % for eachcountryI . In boththeseestimations

all otherparameterestimatesareverysimilar. ModelA with Ø � /~Ø � impliesthattheexpected

durationof thefirst regime is 6.9 months,while theexpecteddurationof thesecondregime is

4.25years.Thestableprobabilitiesimplied by thetransitionprobabilitymatrix are0.1194and

0.8806for regimes1 and2 respectively. It is well known that conditionalmeansarehardto

estimate.With regime switches,asfar fewer observationsareinferredto belongto regime 1,

estimatesof theconditionalmeanin thatregimearehardto pin down, leadingto largestandard

errors. A likelihoodratio testof unconstrainedversusconstrainedmeansacrossregimesfails

to rejectwith a p-valueof 0.1165. Table1 alsoreportsthe Ang andBekaert(2000)Regime

ClassificationMeasure(RCM), which improvesslightly whenthis restrictionis imposed.æ For

this reasonour analysisin Section2.3 of modelswith unconstrainedmeansmustbecarefully

interpretedsincethepoorprecisionof theestimatesof theconditionalmeansaffectstheasset

allocationinference.
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Table2 shows that we fail to reject the constraintof equalmeansacrossregimesfor the

US-UK-GER system(p-value 0.2289). Similar to the US-UK system,regime classification

improvesslightly when this restrictionis imposed. The conditionalmeanof the UK in the

first regime changessign, comparedto the US-UK system,but the changeis well within one

standarderrorasthestandarderrorsarelarge.

2.2.2 Reproducing Longin-Solnik (2001)ExceedanceCorr elations

In this sectionwe demonstratethatdespitethepoorstatisticalsignificancelevelsfor thediffer-

encein correlationsacrossregimes,theRSmodelsstill pick up thehighercorrelationsduring

extremedownturn events. To this end,we repeatLongin andSolnik (2001)’s analysisof ex-

ceedancecorrelationsin Figure 1. Considerobservations � �^E � 4fE � %.� drawn from a bivariate

variable ç / �FE � 4fE � % . Supposetheexceedancelevel
¤

is positive (negative). We take obser-

vationswherevaluesof
E � and

E � aregreater(or less)than
¤

percentof their empiricalmeans.

That is, we selectthesubsetof observations � �FE � E � % n E �¬è � 1 J ¤ % ÄE � and
E �¬è � 1 J ¤ % ÄE � � for¤ è ` and � �FE � E � % n E � � � 1 J ¤ % ÄE � and

E � � � 1 J ¤ % ÄE � � for
¤ � ` , where ÄE A is themeanof

E A .
Thecorrelationof this subsetof pointsis termedtheexceedancecorrelation.

Thesolid line in Figure1 shows that theexceedancecorrelationsof US-UK returnsin the

dataexhibit a pronouncedasymmetricpattern,with negative exceedancecorrelationshigher

thanpositiveexceedancecorrelations.Theotherthreelinesin Figure1 representtheexceedance

correlationscomputedon simulatedsamplesof 100,000observationsfrom threemodels.First,

the dotted-dashedline areexceedancecorrelationsimplied by a bivariatenormaldistribution

calibratedto the data. It clearly cannotreproducethe Longin-Solnikexceedancecorrelations

implied by the data,sincea normal distribution implies symmetricexceedancecorrelations.

Furthermore,for anormaldistribution,thecorrelationconditionalonexceedancestendsto zero

as
¤ ­ é¬ê . Second,the dotted line shows exceedancecorrelationsfrom an asymmetric

bivariateGARCH modelcalibratedto thedata.� � This modelalsofails to matchtheempirical

exceedancecorrelationasymmetry. Finally, thedashedline representsthebenchmarkUS-UK

RSmodelwhichcapturesalargepartof theincreasingcorrelationsconditionalonlargenegative
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returns.

The strongperformanceof the RS modelin reproducingthe Longin-Solnikfigurederives

from its ability to accountfor both persistencein conditionalmeansandsecondmoments.A

draw from regime1 thisperiod(whereconditionalmeansarelow, andcorrelationsandvolatility

arehigh) makesa baddraw for thenext periodmorelikely. TheGARCH modelfails to repro-

ducethe Longin-Solnikfigure becauseit only capturespersistencein secondmoments.Ang

andChen(2001)show that a modelwhich combinesnormally distributedreturnswith tran-

sitory negative jumps,asin DasandUppal (2001),alsofails to reproducethe Longin-Solnik

figure.

2.2.3 Inter pretation of the RegimeSwitching Processasa Momentum Process

Thebenchmarkmodelsestimatedin Tables1 and2 canbefurtherinterpretedusingtheframe-

work in Samuelson(1991).Samuelsonworkswith two assets,cashandarisky asset.Therisky

assetfollowsaMarkov chainwherethereturnscanbe“low” or “high”. Hedefinesa“rebound”

process,or mean-revertingprocess,ashaving a transitionmatrixwhichhasahigherprobability

of transitioningto thealternative statethanstayingin thecurrentstate.Samuelsonshows that

with a reboundprocess,risk-averseinvestorsincrease their exposureto the risky assetasthe

horizon increases.That is, underrebound,long horizon investorsaremore tolerantof risky

assetsthanshorthorizoninvestors.

Our settingis theoppositeof a reboundprocess.Our transitionmatrix for themodelwith

Ø � /QØ � is:

� � ÞÌyÂx¹� � � � xÌyÂx´ � � � �¹æ¹Þ ¸� � � � Þ � � � æ¹Þ � Þ´ � � � � �¹� ¸
4

(18)

with standarderrorsin parentheses.Samuelsoncalls sucha processa “momentum”process:

it is morelikely to continuein the samestate,ratherthantransitionto the otherstate. Under

a momentumprocess,risk-averseinvestorswant to decrease their exposureto risky assetsas

horizonincreases.Intuitively, long-runvolatility is smallerundera reboundprocessthanunder
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amomentumprocess(with thesameshort-runvolatility).

Thepersistenceof the regimesimplies thatwe shouldseeinvestorspreferringfewer risky

assetswith longerhorizons.In ourbenchmarkmodelwith Ø � /;Ø � thesaferassetis USequity.

For theUS andUK, Table1 shows that thecovariancematrix for monthlyreturnsin regime1

is:

Ù � /
¯ � y � �¹x Ú � � � � Þ �Të ¯ � y � �¹x ëÑ� x � � ¯ x¹Þ´ � � æÌy � y ¸ ´ � � � � P � ¸ ë ´ � � æÌy � y ¸ ë ´ � � Þ¹xÌP � ¸� � � � Þ �Të ¯ � y � �¹x ëÑ� x � � ¯ x¹Þ � x � � ¯ x¹Þ Ú´ � � � � P � ¸ ë ´ � � æÌy � y ¸ ë ´ � � Þ¹xÌP � ¸ ´ � � Þ¹xÌP � ¸

(19)

with standarderrorsin parentheses,andthecovariancematrix for regime2 is:

Ù � /
P � ¯ æ � ¯ Ú � � x¹x¹Þ � ë P � ¯ æ � ¯ ë y � � x ¯ �´ � � � �ÌyÂx ¸ ´ � � � x¹æ � ¸ ë ´ � � � �ÌyÂx ¸ ë ´ � � � x � æ ¸� � x¹x¹Þ � ë P � ¯ æ � ¯ ë y � � x ¯ � y � � x ¯ � Ú´ � � � x¹æ � ¸ ë ´ � � � �ÌyÂx ¸ ë ´ � � � x � æ ¸ ´ � � � x � æ ¸

6
(20)

In thefirst regimethemuchlowervolatility of theUS( ì ÎÌÏ� /�í
6Fî ` ) versustheUK ( ì Î �� /�1Ìß

6 `�í )
makestheUS relatively moreattractive to risk-averseinvestorsat theexpenseof international

holdings. With only time-varyingcorrelationsandvolatility, we shouldexpectrisk aversein-

vestorsto increasetheir holdingsof US equity, thesaferasset,asthehorizonincreases.�¹� The

next sectionanalyzesthestatisticalandeconomicsignificanceof this effect.

2.3 AssetAllocation Results

We attemptto answerthe following questionsraisedin the Introduction: (a) are therestill

benefitsof internationaldiversificationin regimesof global financial turbulence?(b) how do

theseregimesaffect assetallocations?(c) how costly is it to ignoreregimeswitching?and(d)

how largearetheintertemporalhedgingdemandsinducedby regimeswitching?We defertwo

importantquestionsto Sections3 and4 wherewe considerrichermodels.First,areour results

sensitiveto theabsenceof aconditionalrisk-freeasset?With arisk-freeasset,thehighvolatility

regimemay inducea shift out of all equitymarkets,ratherthanout of riskier foreignequities.

Second,how doescurrency hedgingcontributeto thebenefitsof internationaldiversificationin

thepresenceof regimeswitches?
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To addressquestions(a) - (d) in the context of our BenchmarkModel, we report asset

allocationresultsin Table3 (the US andUK model)andTable4 (the US, UK andGerman

model). Economiccostsfor no internationaldiversification,ignoring regime switching and

myopiaarereportedin Table5. We generallytabulateresultsfor risk aversionlevelsof N / î
and10.

2.3.1 Portf olio Weights

Table3 shows that for theUS-UK model,theproportionheld in theUS is higherin regime1,

thehighvolatility, highcorrelationbearregime,thanin regime2. ThetablereportsUSweights

in all equity portfolios, so the UK weight is 1 minusthe US weight. The standarderrorsfor

the portfolio weightsfor the BasicModel in Table3 are large. This resultspartly from the

largestandarderrorsin estimatingtheregime-dependentmeans.To mitigatethis, we consider

a restrictedversionof eachmodeldesignedto limit samplingerror in themeansby restricting

themeansacrossregimesto beequal.As we showedin Tables1 and2 thereis little evidence

againstthesemodelsandthey offer betterregime classification.Constrainingthe conditional

meansto be equalacrossregimesalso allows a sharperfocus on the effect of time-varying

covariances.

US equity is the“safer” assetbecauseof its lower volatility in thefirst regimecomparedto

UK equity. Thetoppanelof Figure2 showsportfolio weightsfor theUSandUK asa function

of risk aversion. Risk averseinvestorschooseto hold moreUS equity at the expenseof UK

equity during both regimesbut hold even more US equity in the bearregime. Hence,it is

no surprisethatwe only rejectthe optimality of a 100%US portfolio in thecaseof a normal

regime. For N /�1�` in thenormalregime,we rejecta non-diversifiedportfolio in the Ø � /aØ �
caseat all horizons,andfor the the onemonthhorizonin the unconstrainedmeanscase.For

N / î , we fail to rejectin bothcases.

Table 3 also lists IID weights,which are portfolio weightsusing a multivariatenormal

distributionswithout regimesasthe DGP. Theseportfolio weightslie in-betweenthe regime-

dependentweightsandgivea reasonableapproximationto theoptimalweightsin eachregime.
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For example,for an investorwith N / î , the weight held in the US in an IID settingis 0.76,

whereasthe sameinvestorwould hold 0.93 (0.67) in the US in regime 1 (2) under the re-

strictedmodelwith Ø � /cØ � . Wald testsfail to reject that the regime-dependentweightsare

significantlydifferentfrom theIID portfolio weightsat the5% level. This impliesthattheIID

portfolio weightsmay serve asgoodproxiesfor both regime-dependentweights. Turning to

testsfor regimeequality, for the restrictedØ � /ïØ � modelwith N /ð1�` we rejectthatportfo-

lio weightsareequalacrossregimesat the 5% andsometimes1% level. However, whenthe

Ø � /2Ø � restrictionis relaxed,significanttestsno longeroccurbecauseof the large standard

errorsassociatedwith themeansof theBasicModel.

Portfolio holdingsof US equity increaseasthehorizonincreases,althoughthe increaseis

small, in line with Samuelson(1991)’s intuition. After 3 years,theportfolio weightsconverge

to aconstant.Theconvergenceis evenfasterthanin Brandt(1999),whofindsconvergenceafter

15 years,in a settingwith instrumentpredictabilityandrebalancingat intervalsgreaterthan1

month. Not surprisingly, with only regime changesandmonthly rebalancing,horizoneffects

becomeevensmaller. Thelastpanelof Table3 reportstestsof intertemporalhedgingdemands

which have large p-values. Brandt (1999) also fails to reject myopia in his non-parametric

estimationof domesticassetallocationweights.

Table4 reportsportfolio weightsfor the US-UK-GERsystem.For the BasicModel with

unconstrainedmeansinvestorshold lessUS equity in thebearregime,eventhoughUS equity

is lessvolatile in that regime. The reasonfor this surprisingresult is that the negative mean

returnestimatedfor the US in this regime outweighsthe volatility andcorrelationeffects. In

therestrictedØ � /QØ � estimation,standarderrorsontheportfolio weightsaremuchsmallerand

US equityagainbecomesa saferassetin regime1. However, Table4 alsoshows thatbothUS

andGermanholdingsincreaseat theexpenseof UK equity in regime1. Portfolio weightsasa

functionof N areshown in Figure2 for the Ø � /�Ø � model.Themorerisk-aversetheinvestor,

thegreatertheproportionof theUS heldin bothregimes.

In the restrictedØ � /bØ � model for US-UK-GER,Table4 shows we strongly reject the

null of no internationaldiversificationin both regimes. Even in the BasicModel with large
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standarderrorsaroundtheconditionalmeans,we rejectthata pureUS portfolio is optimal in

thenormalregimewith N / î . Thedifferencesin weightsacrossregimesarequitesubstantial

for all countries.Nevertheless,thestandarderrorsareoften largeandwe fail to rejectthenull

thatportfolio weightsequaltheIID portfolio weights,or thatthey areconstantacrossregimes.

LikeTable3, hedgingdemandsarestatisticallyinsignificant.

2.3.2 EconomicCosts

Table5 presentsthe“centsperdollar” compensationrequiredfor aninvestorwith anall-equity

portfolio to holdnon-optimalportfolio weights.Thefirst panellists thecoststo notdiversifying

internationally, the middle panellists the coststo ignoring regime-switchingandholding IID

portfolio weights,andthe last panellists the costsof usingmyopic strategies. We focusour

discussionon resultsof modelswith Ø � imposedequalto Ø � . We turn first to the costsof no

internationaldiversification.

In the US-UK system,the compensationrequiredfor an investorto hold only US equity

startsout very small but, asexpected,grows with horizon. At theoneyearhorizon,thecom-

pensationstill doesnot reach1 cent.In theUS-UK-GERsystem,aninvestorwith a horizonof

1 yearandrisk aversionof 5 needsto becompensated1.19(0.97cents)in regime1 (2) to hold

no UK or GermanequityundertheBenchmarkModel. For N /ñ1�` this compensationroughly

doubles.Theadditionof Germany bringsconsiderableeconomicbenefitfor internationaldiver-

sification,especiallyat long horizonswherecostsexceed10 centsfor N /g1�` . This is because

bothUSandGermanholdingsincreaseat theexpenseof UK equityin regime1 (SeeTable4).

We might expect that ascorrelationsarehigher in regime 1, the costsof no international

diversificationin that regimewould be lessthanin regime2. This is only truefor theUS-UK

systembut not for the US-UK-GERsystem,becausethe increaseof Germanholdingsin the

optimalportfolio in regime1 is greaterthantheincreaseof USholdings,makingdiversification

morevaluablein this regime. Figure3 shows thatevenfor theUS-UK system,thebenefitsof

diversificationfor regime1 maybegreaterthanfor regime2 for small N . Thebottompanelof

Figure3 showsthatbecauseof thebenefitsof holdingGermany in regime1, thecostsof no in-
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ternationaldiversificationareuniformly higherin regime1 thanin regime2. Thisdemonstrates

that increasingcorrelationsa priori doesnot make internationaldiversificationlessvaluable.

The resultsarequalitatively the samefor the caseØ � º/2Ø � , but the costsof not diversifying

internationallyaregenerallymuchlarger.

We now focuson the middle and last panelsof Table5. In the absenceof predictability,

therearetwo implicationsof regimeswitchingfor portfolio weights:(a) portfolio weightsbe-

comeregime-dependent,and (b) portfolio weightsbecomehorizon-dependent,sinceregime

switchinggeneratesintertemporalhedgingdemands.Themiddlepanelof Table5 addressesthe

formerimplication,andthelastpanelof Table5 addressesthelatter.

Theeconomiccostsof ignoringregimesrangefrom fairly smallto substantialathigh levels

of risk aversion.For example,for a oneyearhorizon,investorswith N / î in theBenchmark

US-UK-GERModel loseonly 0.14(0.05)centsfor ignoringregimeswitchingin regime1 (2).

When investorsignore regimes,the IID weightsthey hold are reasonableapproximationsto

theoptimalweights,especiallytheweightsin regime2, thelongestdurationregime. Notethat

the costof ignoring regimesis higher in regime 1 thanregime 2. This is in accordancewith

intuition, sincein the normalregime, conditionalmeansandvariancesarecloserto their un-

conditionalcounterparts,thanthey arein regime1. Themarkedly differentbehavior in regime

1, which may persistfor several periods,makes the costsof ignoring regimeshigher in this

regime.

In Figure3 we plot thecostsof ignoring regimeswitchingfor theBenchmarkModel asa

function of N . The plots confirm that the costof ignoring regimesis higher in regime 1 for

all levels of risk aversionandthis is robust acrossthe BenchmarkUS-UK andUS-UK-GER

Models. Figure3 alsocontraststhe costsof not diversifying internationallywith the costsof

ignoring regime switching. For the US-UK, the costsof failing to diversify internationally

dominatethecostsof ignoringregimesonly at low levelsof risk aversion.However, in theUS-

UK-GER systemthey dominatefor all N . This is becausefor theUS-UK theoptimalportfolio

for regime 1 becomesthe domesticUS equity portfolio when N is high, whereasin the US-

UK-GER systempositive Germanequityholdingsremainoptimal in thefirst regime. Table5
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demonstratesthatthesameresultshold for theoriginalmodelwith unrestrictedØ � andØ � .
The final panelof Table5 lists the compensationrequiredfor an investorto hold myopic

portfolio weights insteadof the optimal � horizon weights. The numbersare astoundingly

small for all models. This evidencesuggeststhat investorslosealmostnothingby solving a

myopicproblemat eachhorizon,ratherthansolvingthemorecomplex dynamicprogramming

problemfor longerhorizons.

2.4 RobustnessExperiments

In this sectionwe conductseveral experimentsto determinethe robustnessof our results. In

Section2.4.1wecheckthesensitivity of ourresultsto thespecificationof theconditionalmeans.

In Section2.4.2we gainfurther intuition on optimalassetallocationunderregimechangesby

examininghow optimal portfolio weightschangeasa function of onechangingparameterin

the RS BenchmarkUS-UK Model. In Section2.4.3we investigatewhetherour conclusions

aboutthecostsof ignoringRSandthebenefitsof internationaldiversificationremainrobustto

alternativeparametervaluesfor theDGP.

2.4.1 Regime-DependentConditional Means

Onedisappointingaspectof our RS modelestimationis that we fail to find strongevidence

that highly volatile periodscoincidewith bearmarkets. Although the point statisticssuggest

this relationship,the standarderrorson the conditionalmeansin regime 1 are large. This in

turn maydampenthepotentialassetallocationeffectsof thehigh volatility regime. In orderto

examinethis further, we re-estimatetheBasicBenchmarkModelsconstrainingtheconditional

meansto beequalacrosscountries,but differentacrossregimes.Thesemodelsarenot rejected

in favor of the alternative of unconstrainedmeans(p-value= 0.8415(0.4884)for the US-UK

(US-UK-GER)model). In thesemodels,the meansin eachregime (equalacrosscountries)

arealsonot significantlydifferent(p-value= 0.1422(0.1927)for the US-UK (US-UK-GER)

model). The quality of the regime classificationmeasuredby the Ang-Bekaert(2000)RCM

statisticis largely unchangedfor the US-UK-GERmodel,but is muchworsefor the US-UK.
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Theresultingportfolio weightsarelargelyunchanged,with almostthesameeconomiccostsand

significancelevelsfor thestatisticaltests.Consequently, our focusontime-varyingcovariances

seemsjustified.

2.4.2 ChangingParametersin the Benchmark US-UK Model

Figure4 shows theeffect on theportfolio weightsof changingvariousparametervalues.The

base-linecaseis theunconstrainedØ case.We alteroneparameterwhile holdingall theothers

constantandhold the horizonfixed at � /�1 � months. From the top plot going downwards

in Figure4 we show theeffect of alteringthe transitionprobability
Û / l � h , /§1 nrh , 8 � /z1 %

of stayingin thefirst regimeconditionalon beingin thefirst regime, thecorrelationò � of the

US-UK in regime1, theconditionalmeanØ ÎÐÏ� of theUS in regime1, andthevolatility ì ÎÐÏ� of

theUS in regime1.

The plots are very intuitive. As
Û

increases,holdingsof the saferUS assetincreasein

bothregimesastheexpecteddurationof regime1 increases.Thelargestdifferencebetweenthe

regime-dependentweightsis atvaluesaround
Û /a` 6óî (thesampleestimateis £Û /�` 6FôTîTî � ). As

ò � increasesthediversificationbenefitsof holdingUK equitydecrease.Notethatit is only for ò �
greaterthan0.8 that theweightsin eachregimebecomesubstantiallydifferent.Our estimated

£ò � /�` 6Fõ 1 ô 1 is far lessthanthis. As Ø ÎÐÏ� increasestheUSbecomesevenmoreattractiverelative

to theUK. (Thesampleestimateis £Ø ÎÐÏ� / : 1
6 � ôTô 1 ). Finally, astheUS ì ÎÐÏ� increasesbeyond

thesampleestimateof £ì ÎÐÏ� /�í
6 `   í õ theUS becomesless“safe” andtheproportionallocated

to theUK increases.For valuesof ì ÎÐÏ� greaterthan9, theportfolio weightsin eachregimeare

almostidentical.Overall,Figure4 suggeststhatamongtheparametersaffectingtheconditional

distribution of returnsin regime 1, the biggesteffectson the regime-dependentweightscome

from conditionalcorrelationsandtherelativedifferencein means.

2.4.3 Asymptotic Distrib utions of EconomicCosts

Theprevioussectionconveys intuition on which parametershave the largesteffect on regime-

dependentoptimal assetallocationbut doesnot tell us whetherour main conclusionsareaf-
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fectedby thesedifferentparameters.Herewere-computetheeconomiccostsof nointernational

diversification,theeconomiccostsof ignoringRSandtheeconomiccostsof myopicstrategies

for 1,000alternative parametervaluesdrawn randomlyfrom theasymptoticnormalparameter

distributionsimpliedby theestimation.Wetakethesampleestimatesto be“populationvalues”

andusetheestimationswheretheconditionalmeansareconstrainedto beequalacrossregimes.

Table6 reportssomecharacteristicsof the resultingempiricaldistributionsfor a risk aver-

sionof N / î andfor horizons� /ñ1 , 12,36 and60 months.Theeconomiccostdistributions

have meanswhich are larger than their samplevaluesin Table5. The medianvaluesof the

economiccostsaremuchcloserto thesamplevalues.This is becausetheeconomiccostcom-

putationsarenon-lineartransformations,which result in economiccostswhich areskewed to

the right. In particular, the costsof not diversifying internationallyarefar moreright skewed

thanthecostsof holding IID weights. This meansthat if we draw a particularsetof realistic

parametervalues,we maylikely find costsfor not diversifyinginternationallythataresubstan-

tially larger thanthesamplevalues.For examplefor � / õ ` for theUS-UK-GERModel the

costof no internationaldiversificationis 26 centsat the 95th percentile,whereasthe sample

estimatewasabout10cents.

For theUS-UK Model, for � /�1 and12 months,thecostsof ignoringregimesareslightly

higherthanthecostsof nointernationaldiversificationin thehighcorrelationregime,but for the

longerhorizons,failing to diversify internationallyis muchmorecostly thanignoring regime

switching. In the caseof the US-UK-GERModel, failing to hold overseasequity is always

morecostly thanusingIID weights. For � /ö1 � monthsthe 95%tail estimateof the costof

no diversificationis 4.47 cents(4.86 cents)in regime 1 (2), while the costof ignoring RS is

1.01cents(0.45cents)in regime1 (2). Finally, Table6 confirmsthatthecostsof usingmyopic

weightsareeffectively zero.
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3 Intr oducinga Risk-FreeAsset

Section2 consideredthe impactof regime-dependentassetallocationunderthesimplestpos-

siblemodelwith all-equityportfolios. In this sectionwe analyzeinternationalassetallocation

with a risk-freeasset.Weconsidertwo cases.First, in Section3.1wewill assumetheexistence

of a one-periodrisk-freebondwith a constantinterestrateandexamineassetallocationwith

the BenchmarkModels. We will work with an annualizedcontinuouslycompoundedrateof

5%. This is thestandardbenchmarkset-upin domesticdynamicassetallocationstudiessuch

asBalduzziandLynch(1999)andKandelandStambaugh(1996). With the introductionof a

conditionally risk-freeasset,the high correlation,high volatility regime is likely to inducea

dramaticshift to cash,which may make the costsof ignoring regime switchingmuchlarger.

Furthermore,BalduzziandLynch(1999)show thatchangesin thecash/equityproportionmay

alsobeimportantfor intertemporalhedging.

Second,in Section3.2 we analyzeportfolio holdingsunderthe casewherethe short rate

processis time-varyingandregime-dependent.In oursettingtheshortratenon-linearlypredicts

equityreturnsby enteringthetransitionprobabilitiesof theMarkov process.Thiscaseproduces

an interestingdynamicsincethepredictoris itself the returnon an investableasset.Although

muchof theliteraturefocuseson thedividendyield asapredictorweareunlikely to losemuch

predictive power, sincedividendyieldshave no forecastingpower whenthe1990’s areadded

to thesample(seeGoyal andWelch(1999)andAng andBekaert(2001)).

3.1 Portf olio Allocation with ConstantShort Rates

3.1.1 Portf olio Weights

Table7 presentsequityweightswith a risk-freeassetfor theUS-UK andUS-UK-GERBench-

mark modelwith Ø � /ñØ � imposed. Sinceportfolio weightssumto 1, the remainderof the

portfolio is heldin therisk-freeassetwhich hasanannualizedreturnof 5% continuouslycom-

pounded.The table lists portfolio weightsfor a risk aversionlevel of 5. Table7 shows that

for N / î leveragingoccursin regime 2, anda dramaticshift backto cashoccursin thebear
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regime. For example,for the US-UK modelthe investorholds86% US (42% UK) equity in

normalperiodsbut only 28%US(10%UK) equityin regime1.

In Table 7, standarderrorsaroundthe portfolio weightsare smallerin regime 1 than in

regime 2. This is becausea muchgreateramountof the portfolio is held in cashin regime

1, andthecashreturnis known andconstant.This drivestheborder-line rejectionof thenull

hypothesisof no internationaldiversificationin regime1 for theUS-UK (p-value= 0.06),while

in regime2 p-valuesarealmosttwiceaslarge.For theUS-UK-GERsystemwefail to rejectthe

hypothesisthatapositionin only UScashor equityis optimal.

AlthoughtheIID portfolio weightsarestill weightedaveragesof regime-dependentportfo-

lio weights,they arenow moredissimilarto theportfolio weightsin regime2 thanthey were

undertheall-equityportfoliosof theBenchmarkModel (Tables3 and4). Comparedto Tables

3 and4, thep-valuesof thetestsfor equalitywith theIID weightsarelower in Table7, yielding

a rejectionof aroundthe7% level in regime1 for theUS-UK system.We now rejectfor both

theUS-UK andUS-UK-GERsystemsthatportfolio weightsareequalacrossregimes.Before,

this wasonly truefor N /g1�` for theUS-UK system.This evidencesuggeststhat thecostsfor

ignoringtheregimesmaybesubstantiallyhigherwhenrisk-freeholdingsareallowed.

In this system,sincecashis the safeasset,the equity portfolio weightsdecreaseas the

horizonincreases,becauseof theSamuelson(1991)“momentum”effect. Like thecaseof the

all-equity portfolios in Section2, this effect is small andstatisticallyinsignificantasthe bot-

tom panelof Table7 shows by reportingp-valuesfor testsof intertemporalhedgingdemands.

In the presenceof a constantrisk-freeinvestmentBalduzziandLynch (1999)andothersfind

muchlargerintertemporalhedgingdemandsthanthosefoundhere.This is becauseour bench-

markmodelsdo not have a highly correlatedpredictorlike thedividendyield driving our asset

allocations.Thecaseof theshort-ratepredictingassetreturnsis examinedbelow.

3.1.2 EconomicCosts

Theeconomiccostsof followingnon-optimalstrategiesfor theBenchmarkModelarepresented

in Table8. For N / î , thecostsof no internationaldiversificationarecomparablein magnitude
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to thecostswith all-equityportfolios in Table5. In theUS-UK-GERmodel,an investorwith

a oneyearhorizonmustbecompensated0.94(1.26)centsin regime 1 (2). This comparesto

costsof 1.19(0.97)centsin regime1 (2) in Table5 without a risk-freeasset.Thecostsof not

diversifyinginternationallyremainsubstantialin thepresenceof investablerisklessbonds,but

they dodecreaseasN increases,sincetherisklessassetbecomesmoreattractive.

Table8 showsthatthecostsof ignoringregimesarenow dramaticallyhigherthanin theall-

equitycase,andof comparablemagnitudeto thecostsof no internationaldiversification.For

theUS-UK-GERsystem,aninvestorwith arisk aversionlevel of 5 andaoneyearhorizonmust

be compensated1.04 (1.16)centsin regime 1 (2) for holding an IID portfolio insteadof the

optimal regime-dependentportfolios. Thesecostsaremuchhigherthanin theall-equity case

for two reasons.First, therisk-freeassetprovidesa surereturnat all times,which is especially

valuablein the down regime. Second,portfolio weightsdiffer more acrossthe regimesand

the IID portfolio weightsare lessaccurateapproximationsof the regime-dependentportfolio

weights.

Finally, the bottompanelof Table8 shows the economiccostof usinga myopic strategy.

As in theall-equitycase,thecostof myopiais negligible, becauseof thesmallandinsignificant

hedgingdemands.

3.2 Portf olio Allocation with Regime-SwitchingShort Rates

3.2.1 Description of the Short Rate Model

To analyzetheeffect of time-varyingshortrates,we incorporatetheUS shortrateasanaddi-

tional statevariablein the regime-switchingprocess.In this model × , is the driving variable

predictingthe assetreturns.We work with two systems,the first with US andUK excessre-

turns,andthesecondwith US, UK andGermanexcessreturns.We denoteexcessreturnsfor

countryI as ÷E A,=< � /
E A,=< � :ø× , , for I / US,UK, GER.
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Excessreturnsfollow:

÷E A,=< � /~Ø
A � h ,=< � % JQì

A � h ,=< � %"�
A,=< �
6

(21)

Wealsoexamineregime-dependentpredictabilityin theconditionalmeanwith theformulation:

÷E A,=< � /QØ
A � h ,=< � % J�ù

A � h ,=< � % × , JQì
A � h ,=< � %"�

A,=< �
6

(22)

We usea regime-switchingdiscretizedsquareroot process(Cox, IngersollandRoss(1985))to

model× , :

× ,=< � /�ú � h ,=< � % J�û � h ,=< � % × , Jøü � h ,=< � %'ý × , � Ô,=< �
6

(23)

Thenormallydistributederrorterms� � A,=< �
� I / US,UK, GER,and

� Ô,=< � arecorrelatedin each

regime.

To illustratethe heteroskedasticityof the covariancematrix
¥¬� h ,=< � % , considerthe US-UK

system,wherethecovariancematrixof
� ÷E ÎÐÏ,=< �

4 ÷E Î �,=< �
4 × ,=< � % * is:
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where ò Ô � ÎÐÏ � h ,=< � % , ò Ô � Î �f� h ,=< � % and ò ÎÐÏ � Î �f� h ,=< � % are the regime-dependentcorrelationsof the

short-rateandUSequity, short-rateandUK equity, andUSandUK equityrespectively.

To completethemodelwe specifythetransitionprobabilitiesfor h , /c1 4 � aslogistic func-

tionsof theshortrate:

l � h ,=< � / k¼nrh , / k s p , % /
C 
+D ��& m J(' m × , %1 J C 
+D ��& m J(' m × , % (24)

3.2.2 Estimation Results

Table9 reportsparameterestimatesandteststatisticsfor theUS-UK shortratesystem.�¹� Here

we summarizethemainfindings.First, a likelihoodratio testfor ' m /ï` in equation(24) hasa
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p-valueof 0.0065.In particular, ' � is negativeandhighly significant.Hencein regime2, asthe

shortrateincreasesa transitionto the first regime becomesincreasinglylikely. Consequently

we focuson state-dependenttransitionprobabilities.

Second,we testwhetherù A � h , % /a` in equation(22)andfail to rejectthishypothesiswith a

p-valueof 0.9145.Weimposetherestrictionof nopredictabilityin theconditionalmean,which

improvesefficiency considerably, andlabelthis modeltheBasicShortRateModel in Table9.

Third, we testwhethertheconditionalmeansfor theUS andUK areequalacrossregimes.

That is, we test if Ø A � h , / 1 % /ñØ A � h , / � % for I / US, UK. We label this caseØ � /ñØ � ,
using the samenotationas in the BenchmarkModel. We fail to reject this hypothesis,with

the likelihood ratio test yielding a p-value of 0.0973. Hence,we imposethis restrictionas

well. Note that the resultingmodel exhibits non-linearpredictability throughthe transition

probabilitiesratherthanlinearpredictabilitythroughtheconditionalmean.

Thebehavior of shortratesandequityreturnsacrosstheregimesis characterizedasfollows.

Similar to whatGray (1996)finds, in thefirst regime shortrateshave high conditionalmeans

with lowerautocorrelation(highermeanreversion)andhighconditionalvolatility. In thenormal

regime,interestratesarelower andbehave like a unit root process.Since ' � is negative,asthe

short rate increasesin normal periods,a transitionto the first regime becomesincreasingly

likely. In regime 1, equity returnsaremuchmorevolatile andmorehighly correlatedacross

countries.However, in thisregime,shortratesandequityreturnsaremorenegativelycorrelated

thanin regime2. Thismeansthattwo effectsincreasetheattractivenessof cashfor investorsin

this regime.First, interestratesarehigherin this regimeandsecond,shocksto equityandshort

ratesaremorenegatively correlatedin bearmarkets.

3.2.3 Portf olio Weights

Figure5 presentsportfolio weightsasa function of the shortrateandregime for the US-UK

system.PanelA shows theassetallocationweightsfor varioushorizonsfor US andUK equity

in regime1 and2 (andtheremainderof theportfolio is heldin cash).Thefiguresshow thatthe

hedgingdemandis small,andis only visible for thefirst regime. In regime2, astheshortrate
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increasesinvestorshold lessequity, but in regime1 thereis almostnoeffectof theshortrateon

theportfolio allocations.This is drivenby thenon-linearpredictabilityin the transitionprob-

ability coefficients. The portfolio holdingsin regime 1 areflat becausetheexcessreturnsare

constantandno significantshortratepredictability( ' � is small)drivesthetransitionsfrom this

regime.In thesecondregime ' � is highly significantandnegative. As theshortrateincreases,a

transitionto regime1 becomesincreasinglylikely. As thefirst regimehasmuchhigherequity

volatility, investorsseekto holdlessequityto mitigatethehigherrisk. Notethatequityholdings

for a N / î investorareleveragedin thenormalregime.

PanelB of Figure5 depictsthemyopic(1 month)weightswith confidencebands.Both the

US andUK portfolio weightsarenot significantlydifferentfrom zeroin regime1. In regime

2, thebandstightenasshortratesincreaseandoptimalequityholdingsdecrease.Nevertheless,

weonly rejectzeroequityholdingsfor theUSat shortrateslower than15%.

Figure6 shows portfolio weightsof the US-UK-GERshortratesystem,with Ø � imposed

equalto Ø � at a 1 monthhorizon.Sinceintertemporalhedgingeffectsarevery small,portfolio

weightsfor all horizonslook verysimilar to the1 monthweights.Theportfolio weightsmimic

the patternsof the US-UK short ratesystemin Figure5, but with oneadditionalfeature. In

regime 2, as the short rate increasesthe equity proportionsdecreasebut the decreaseis not

proportionalacrossthe equity markets. In the normal regime, at low short rate levels more

UK equity is held thanGermanequity, but for high shortratelevels theamountof UK equity

decreasesfasterthanfor Germany sorelatively moreGermanstocksareheld. This is because

Germany is preferredrelative to theUK in thefirst regimeandathigh interestratesa transition

to thefirst regimeis morelikely.

3.2.4 EconomicCosts

Table10 presentseconomiccompensationin “centsperdollar” for theShortRateModel. We

presentresultsfor both the US-UK and US-UK-GER systemswith a risk aversionlevel of

5. To determinethe costsof no internationaldiversificationwe mustfirst solve a constrained

optimizationproblemwhereinvestorsarepermittedto holdonly cashandUS equity. This cost
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is not small: at a 12 monthhorizon, for the US-UK (US-UK-GER)systemthis cost is 1.04

(3.39)centsat × , / î�6 1*) in the normalregime. In the bearregime, mostof the portfolio is

held in cashin the US-UK systemso the costof no overseasinvestmentis lower. However,

for theUS-UK-GERShortRateModel, thecostsof not diversifyinginternationallyin regime

1 arestill considerable.At a 12 monthhorizonat × , / î�6 1*) thecostis 3.33cents,becausethe

optimalportfolio in this regimehasa relatively largeamountof Germanequity(SeeFigure6).

To determinethecostsof ignoringregimeswitching,wefirst estimateanddiscretizeaone-

regimeversionof theShortRateModelanddetermineportfolioweightsfor thismodel.Table10

showsthatsimilarto thecaseof theconstantrisk-freeasset,thecostsof ignoringtheregimesare

substantialandarelargerthanthecostsof notdiversifyinginternationallyin theUS-UK system.

At a oneyearhorizonthecostsof ignoringregimeswitchingare3.31(2.71)centsfor theUS-

UK (US-UK-GER)systemin regime2 at × , / î�6 1*) . Thesecostsarehigh for severalreasons.

First,theconditionallyrisk-freeassetis particularlyattractivein thebearmarketregimebecause

interestratesareon averagehigherthannormal,andshocksto shortratesandequityaremore

negatively correlated. Second,the one-regime portfolio weightsdo not dependon the short

rate(sinceexcessreturnsareconstant)andoptimalportfolio weightsin thesecondregimeare

decreasingfunctionsof theshortrate.Thismeanstheone-regimeportfolio weightsarenotvery

goodapproximationsfor theregime-dependentportfolio weightsoverlow andhighinterestrate

levelsin thenormalregime.Finally, Table10presentstheeconomiccompensationrequiredfor

myopicstrategies. Like theall-equityportfoliosandtheconstantrisk-freeassetcase,thecost

of myopiais negligible.

4 Curr encyHedging

Oneof the largely unresolved questionsin internationalfinanceis the questionof how much

currency risk shouldbehedged(Solnik (1998)).Having demonstratedthattherearestill signif-

icantbenefitsto diversifyinginternationallyin thepresenceof regimeswith all-equityportfolios

andwith aninvestableconditionallyrisk-freeasset,wenow addressthequestionof thebenefits
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of currency hedgingundera RS DGP. To quantify the role of currency hedgingwe increase

theassetspaceto includehedgedequity investments.We achieve parsimony by imposingre-

strictionslinking theconditionalmeansandvariances.To focuson thebenefitsof international

diversificationwe work with all-equityportfolios,sothat theinfluenceof a risk-freeassetwill

not biasresults. We describethe DGP, which we call the BetaModel, in Section4.1 andwe

discussthe estimationresultsin Section4.2. Section4.3 examinesthe benefitsof currency

hedging.

4.1 Description of the Beta Model

Oneproblemwith theBenchmarkandShortRatemodelsis their lackof parsimony. Expanding

themodelsto multipleassetsis difficult, sinceany new assetleadsto ß J{� � ��: 1 % new parame-

ters(two new means,two volatilities plusregime-dependentcovarianceterms),where � is the

numberof existing assets.Oneway to deliver parsimony is to build on the large literatureon

InternationalCAPM’s (seeSolnik (1974a)andAdler andDumas(1983)). In thesemodels,the

expectedreturnon everyassetdependson its betarelative to theworld market andon currency

risk factors.� P In contrast,our BetaModel precludesthepricing of currency risk but bothour

betaswith respectto the world market returnandthe idiosyncraticvolatilities areallowed to

changewith the regime. We apply this modelto both hedgedandunhedgedinternationaleq-

uity returns,treatinghedgedandunhedgedinstrumentsasseparateassets.� x We considerboth

US-UK andUS-UK-GERmodels.

Denoteexcessreturnsfor country I by ÷E A,=< � /
E A,=< � :�× , for I / US, UK, GER. Let á A

denotethefactorloadingof assetI ontheconditionalmeanof theexcessworld portfolio return

÷E�+,=< � /
E,+,=< � :ø× , , where× , is theUSshortrate.Thefactorloadingfor assetI is givenby:

á A � h ,=< � % / cov
� ÷E A,=< �

4 ÷E�+,=< � nrh ,=< �
%

� ì + � h ,=< � %V% � (25)

whereì + � h ,=< � % denotestheregime-dependentvolatility of theworld portfolio.
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Excessreturnsfollow:

÷E +,=< � /QØ
+ � h ,=< � % JQì + � h ,=< � % À +,=< �

÷E A,=< � /Qá
A � h ,=< � % Ø + � h ,=< � % J á

A � h ,=< � % ì + � h ,=< � % À +,=< � J�ì
A � h ,=< � % À

A,=< � (26)

whereÀ +,=< � and À A,=< � areuncorrelatedIID N(0,1)variables.As in any CAPM-typemodel,higher

betas(covariances)imply higherrisk premiums,but the beta’s areregime-dependent.More-

over, sinceweassumethattheasset-specificidiosyncraticshocksareuncorrelated,themodelis

very parsimonious:theintroductionof anextra assetmeansonly four additionalparametersto

estimate,fewer if someof theparametersareimposedto beequalacrossregimes.

Finally, to completethe modelwe specifya constanttransitionprobability structureover

two regimes h , /�1 4 � with
Û / l � h ,=< � /?1 nrh , /�1 s p , % and

Y / l � h ,=< � / �wnrh , / � s p , % .

4.2 Estimation Results

Wenow qualitatively describetheestimationresultsof theRSBetaModels.� y Like theBench-

markandtheShortRateModels,pinningdownestimatesof theconditionalmeanacrossregimes

is hard. Usinga likelihoodratio testwe fail to rejectthehypothesisthat theworld meanØ + is

equalacrossregimes(p-value0.0644(0.2435)for theUS-UK (US-UK-GER)system).Hence,

wework with amodelwith Ø + � h , /�1 % imposedequalto Ø + � h , / � % . Wedenotethisrestriction

asØ + � /QØ
+
� . Likewise,usinga joint Wald test,wedonot rejectthehypothesisthatcorrelations

of internationalequity returnsareequalacrossregimes(p-value0.2340(0.6825)for the US-

UK (US-UK-GER)).In commonwith theBenchmarkandShortRateModels,volatility effects

acrossthe regimesareextremelystrong,anda likelihoodratio testof equalvolatility across

regimesrejectswith a p-valuecloseto zero.

Thehighervolatility in thefirst regimeis drivenby threeparameters.In this regime,world

volatility is higher, the á ’sarehigherandtheidiosyncraticvolatilitiesarehigher, thanin regime

2. It is neverpossibleto rejectthatthe á ’s aresignificantlydifferentfrom 1 in thefirst regime,

but they areoftensignificantlybelow 1 in thesecondregime,which is moreinfluencedby the

idiosyncraticshocks.
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The differencebetweenthe unhedgedand hedgedexcessequity returnsin the RS Beta

Models is the currency return ú × ,=< � , which is the excessreturn from investingin the foreign

money market andis givenby ú × ,=< � / Ö ,=< � J × �, : × , , where× �, is theshortratein theforeign

country and Ö ,=< � is the logarithmic exchangerate change. Its expectedvalue, the currency

premium
� , � ú × ,=< � % , is thetopicof alargeempiricalandtheoreticalliterature.Ourmodelimplies

thatconditionalon theregime,thecurrency premiumis constant,but theactualpremiumvaries

over time with theregimeprobability. Sincethe á ’s of theunhedgedreturnsarelargerthanthe

á ’s of the hedgedreturns,we estimatethe currency premiumsto be positive in both regimes;

henceUSinvestorsarealwayscompensatedfor takingforeignexchangerisk. Theunconditional

premiumis approximately1.5%to 2% perannumfor boththepoundandthedeutschemark.

4.3 Benefitsof Curr encyHedging

Table 11 shows the assetallocationweights for the RS Beta Models. Like the Simple RS

Models,theproportionof US equity is larger in thefirst regime. The foreignequitypositions

are total positionsof both unhedgedand hedgedequity. We also list the proportionof the

portfolio coveredby a forward contractposition, which is the negative of the proportionof

hedgedforeignequity. In theRSBetaModels,shortpositionsin the forwardcontractshedge

thecurrency risk of theforeignequityposition.Thesepositionsarestatisticallysignificant.The

tablesalsolist hedgeratios,whicharethevalueof theshortforwardpositionasaproportionof

the foreignequityholdings. Our modelsproducehedgeratiosof about50%,which arefairly

similaracrossregimes.

Confirmingpreviousevidencein GlenandJorion(1993),beingableto hedgecurrency risk

impartsfurtherbenefitto internationaldiversification.In Table12 theeconomiccompensation

requiredto notdiversify internationallyundertheRSBetaModelsis higherthanunderthepure

unhedgedBenchmarkRSModelsin Table5. In thismodelnointernationaldiversificationrefers

to holdingneitherhedgednor unhedgedforeignequity. To obtaina measureof thebenefitsof

currency hedging,we computetheoptimalportfoliosundertherestrictionthatonly unhedged

equityinvestmentsareavailable.
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The economiccompensationrequiredfor holding suchportfolios is listed in the second

panelof Table12. Thisshowsthatthecostsof notusingcurrency hedging,like thecostsof not

internationallydiversifying,arerelatively large. For a oneyearhorizonwith N / î , around70

basispointsarerequiredto notengagein currency hedging.Comparingthetwo panelsin Table

12,currency hedgingcontributesabouthalf of thetotalbenefitof nointernationaldiversification

undertheRSBetaModels.

5 Conclusions

Ever sinceSolnik (1974b)demonstratedthe considerablebenefitsof internationaldiversifica-

tion, the academiccommunityhasproposedequity portfolios that aremoretilted towardsin-

ternationalsecuritiesthanmostinvestorshold. Recently, somehave soughtto rationalizethis

reluctanceto hold internationalequitiesby appealingto theexistenceof ahighcorrelationbear

regimein internationalequitymarkets.

The main conclusionof this article is that the existenceof a high volatility bearmarket

regimedoesnot negatethebenefitsof internationaldiversification.To establishthis result,we

introduceregimeswitchinginto adynamicinternationalassetallocationsetting.Weinvestigate

a US investorwith ConstantRelative Risk Aversion(CRRA) utility who maximizesend of

periodwealthanddynamicallyrebalancesin responseto regimeswitches.

We estimateregime-switchingmodelson US,UK andGermanequityandfind evidenceof

ahighvolatility - highcorrelationregimewhichtendsto coincidewith abearmarket. However,

theevidenceon highervolatility is muchstrongerthantheevidenceon highercorrelation,and

lowermeans.Within this setting,weestablishthreemainresults.

First, therearealwaysrelatively largebenefitsto internationaldiversification,althoughsta-

tistically we do not alwaysrejecttheoptimality of home-biasedportfolios. This conclusionis

robust acrossa numberof differentsettingsfrom regime-switchingmultivariatenormalsto a

modelwhereshortratespredictequitiesthroughtheir effect on theregimetransitionprobabili-

ties. In ourUS-UK-Germany system,thecostof notdiversifyingoveraoneyearhorizonvaries
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between0.94and3.39centsperdollarfor arisk aversioncoefficientequalto 5. Wedemonstrate

thatwhencurrency hedgingis allowed,theability to hedgeaccountsfor half thetotalbenefitof

internationaldiversification.

Second,the costsof ignoring regime switching may be small or large dependingon the

presenceof a conditionallyrisk-freeasset.Thehigh volatility regimemostly inducesa switch

towardsthe lower volatility assets,which arecash(if available),US equity andalsoGerman

equity if available. Hence,therearesomecasesin which the high volatility regime features

moreinternationallydiversifiedportfolios thanthenormalregime. However, in theall-equity

threecountrysystem,it only costsaninvestorwith a risk aversioncoefficientof 5 between0.21

and0.38centsperdollar over a oneyearhorizonto ignoreregimeswitches.Assetallocations

thatareoptimalunderanIID datageneratingprocessdiversifyrisk well in bothregimes.These

resultsare similar to resultsreportedin Das and Uppal (2001) for a model with transitory

correlatedjumps.

When a conditionally risk-free assetis introduced,ignoring regime switching becomes

muchmorecostly andof a similar orderof magnitudeasignoring the investmentopportuni-

tiesin overseasequities.Whentheshortrateswitchesregimesandpredictsequityreturns,cash

becomesvery valuablein thebearmarket regime becausein this regime interestratestendto

be on averagehigherandequity returnsmorenegatively correlatedwith the short rate. This

leadsto very dissimilarassetallocationsacrossthe two regimes. Thecostof ignoring regime

switchesin the threecountrysystemnow jumpsto about2.70centsperdollar for an investor

with a risk aversionlevel of 5 at aoneyearhorizon.

Third, in commonwith thenon-parametricresultsobtainedby domesticdynamicallocation

studiessuchasBrandt(1999),we find that the intertemporalhedgingdemandsunderregime

switchesareeconomicallynegligible andstatisticallyinsignificant.This resultholdsevenwith

a conditionallyrisk-freeassetandwhenthe shortratepredictsequity returns. Investorshave

little to loseby actingmyopically insteadof solving a morecomplex dynamicprogramming

problemfor horizonsgreaterthanoneperiod.

Our resultsremainpremisedon our assumptions,which include CRRA preferences,the
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absenceof transactionscosts,limited investmentopportunitiesandfull knowledgeon thepart

of the investorsof the datageneratingprocess.With transactionscosts,or learningaboutthe

regime, it is less likely to be worthwhile for investorsto changetheir allocationswhen the

regime changes.However, differentutility functions,for exampleFirst OrderRisk Aversion

(EpsteinandZin (2002)),couldpotentiallycauseregimeswitchingto havemuchlargereffects

thanin the traditionalCRRA utility case.Agentsendowedwith suchpreferencesdislike out-

comesbelow thecertaintyequivalent.Hence,aswitchtowardsahighvolatility, highcorrelation

bearmarket regimemight inducea muchlarger“flight to safety”effect thanwith CRRA pref-

erences.Suchpreferencescanbe treatedin thedynamicprogrammingframework considered

in this paper, asshown by Ang, BekaertandLiu (2001).Finally, in this paperonly threedevel-

opedequitymarketswith cashcomprisetheinternationalinvestmentopportunityset.Giventhe

presenceof multiple multinationalcompaniesin theseparticularstockmarkets,it is likely that

ouranalysissignificantlyunder-estimatesthepotentialdiversificationbenefitsif theinvestment

opportunitysetis expandedto includeotherdevelopedandemergingmarkets.
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Appendix A: Data

Our coredatasetconsistsof equity total return(price plus dividend) indicesfrom MorganStanley Capital

International(MSCI) for the US, UK andGermany. The shortrateis the US 1 monthEURO rate. Our sample

periodis from January1970to December1997for a total of 335monthly returnobservations.In theShortRate

Modelsoursampleperiodis from January1972to December1997.Thefocuson theUS,UK andGermany arises

from our desireto selectthe majorequitymarketsthat canbe consideredto be reasonablyintegratedduringour

sampleperiod.This is definitelythecasefor theUSandUK marketswhichat31July1998represented49.4%and

10.5%of total market capitalizationrespectively in theworld MSCI index. BekaertandHarvey (1995)find that

they cannotrejectthatGermany is fully integratedwith theUS duringour sampleperiod.SinceJapanunderwent

a gradualliberalizationprocessin the1980’s we excludeit from our analysis(seeGultekin,Gultekin,andPenati

(1989)).AddingGermany bringsthetotalmarketcapitalizationrepresentedto 65.5%.Weusedollar-denominated

monthlyreturnsin our empiricalwork. Thereturnsshow insignificantautocorrelations.Unconditionally, correla-

tionsarepositive andrangefrom 36%for theUS andGermany to 51%for theUS andUK. A full list of sample

statisticsis givenin theNBERworking paperversionof thisarticle.

TheRSBetaModelsof currency hedginguseexcessreturnsover the1 monthUS EURO ratefrom January

1975to July 1997. Our hedgedreturnsareconstructedusing logarithmicreturns. We defineexcessunhedged

foreign equity returnsas -. ��/�	��
10 .32�4%5�	��
76  !�
where .32�4%5�	��


arereturnsin US dollars,and
 ��

is the continuously

compoundedUS shortrate. Theexcesshedgedforeignequity returnis definedas -. /�	��
 0 .38�9�	��
 6  ;:� where.38�9�	��

arereturnsin localcurrency and

 ;:�
is theforeignshortrate(thecontinuouslycompounded1 monthforeignEURO

rate).

Appendix B: Mark ov Discretization Under Regimesand Predictability

Underthe caseof regimeswitchingandpredictabilitywe follow TauchenandHussey (1991)by calibrating

an approximatingMarkov chainto the RS DGP. We will discussthe calibrationof the ShortRateModel to the

US-UK, astheextensionto theUS-UK-GERsystemis straightforward.We first fit adiscreteMarkov chainto the

predictorinstrument
 ��

, which follows:

 !�	��
 0=< þ����	��
���>@?�þ����	��
��# ���>A�Tþ����	��
�� �  !��B ��	��

C
(B-1)

with
B ��	��
EDGF þ�H C�I �

. Thetransitionprobabilitiesarestate-dependent:

J þ����	��
 0LK
M ��� 0NK�O�P ��� 0 Q	R�S þ�T!UV>@W�UX ����I > QYRZS þ�T U >[W U  � �]\ (B-2)

We first fit a Markov chainto short ratesfor regime 1, thento regime 2, andthencombinethe chainusingthe

transitionprobabilities.Fromhereon,we usetheword “state” to refer to thediscretestatesof theMarkov chain

which approximatethecontinuousdistribution in each“regimestate”,or “regime”. Theequity returnshocksare
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correlatedwith theshortrate,but theshortratestatesaretheonly driving variablesin thesystem.We will show

how to easilyincorporateequitywithout expandingthenumberof statesbeyondthoseneededto approximatethe

distributionof
 �

.

TheideabehindMarkov discretizationis to choosepoints ^  U�_ anda transitionmatrix ` which approximates

thedistribution of
 !�

. We choosê
 �U _

from theunconditionaldistribution of
 ��

. We canthenfind the transition

probabilitiesJ Uba from
 !U

to
 �a

by evaluatingtheconditionaldensityof
 �a

(which is Normal from equation(B-1))

andthennormalizingthedensitiessothatthey sumto unity, thatis

a J Uca 0GI \ (B-3)

Any highly persistentprocesssuchasshortratesrequiresa lot of statesfor reasonableaccuracy. Whena square

root processis introduced,the asymmetryof the distribution andthe requirementthat the statesbe non-negative

introducefurtherdifficulties.

To aidusin pickinganappropriategrid for
 ��

in eachregimewe first simulateoutasampleof length200,000

from equations(B-1) and (B-2), with an initial pre-sampleof length 10,000to remove the effects of starting

values.During the simulationwe recordthe associatedregime with eachinterestrate. We recordthe minimum

andmaximumsimulatedpointsin eachregime.For regime1, which is thelesspersistenthigherconditionalmean

regime,we take a grid over points2.5%higher(lower) thanthesimulatedmaximum(minimum). For regime2,

the “normal regime” with very low meanreversion,the persistenceleadsus to take a grid startingcloseto zero,

to 2.5%higherthanthesimulatedmaximum.We use50 pointsfor regime1, and100pointsfor regime2 to take

thestrongerpersistencein this regimeinto account.We alsoemploy a strategy of “over-sampling”from theover-

lappingrangeof the regimesto moreaccuratelyadjustfor the transitionprocessacrossregimes. We place95%

(90%)of thepointsin regime1 (2) in theoverlap.

Let ^  d�U _ denotethe statesin regime e . We createthe following partial transitionmatricesby the method

outlinedabove: from ^  

U _

to ^  

U _

, from ^  

U _

to ^  !�U _ , from ^  !�U _ to ^  

U _

andfrom ^  !�U _ to ^  ��U _ . Denotethese

by ` agf � for h C e 0iI*C�j
. Therows of each̀

agf � will sumto 1. Thetotal statesfor theMarkov chainconsistof

^d^  

U _ ^  ��U _d_ .
Denotek a � þ� "� 0 J þ�� � 0 e M � �Yl�
 0 h C  �Yl�
 0  %� , which is givenby equation(B-2). To mix the ` agf � matrices

to obtain ` for each
 d�U

we calculatek a � þ# d�U � andthenweight theappropriaterow of each̀
agf � to combineinto

` . For example,for a statein the first regime,
 
U

, we calculatek 
�
�þ� 
U � and k 
 � þ� 
U � . Thenthe appropriaterow

in ` correspondingto
 �U

will consistof k 
�
¹þ# 
U � timestheappropriaterow correspondingto ` 
�fm
 , and k 
 � þ# 
U �
timestheappropriaterow correspondingto ` 
�f � .

ThisMarkov chainis anaccurateapproximationof theRSprocessin equations(B-1) and(B-2). In particular,

whenasampleof 100,000is simulatedfrom theMarkov chainandtheRSprocessre-estimated,all theparameters

arewell within 1 standarderror of the original parameters.Also, the first two momentsof the chainmatchthe
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populationmomentsof theRSprocessto 2-3 significantdigits.

TheMarkov chainfor
 �

now consistsof the stateŝ
 U�_

with a transitionmatrix ` which is
Idn Hpo Idn H

. To

introduceequity into thechainwe introducethe triplets ^ þ� U C . 
U . �U � _ where.
aU

aretheequitypointsfor country

h . We choosethe points ^ .
aU _

approximatingcountry h by Gauss-Hermiteweightsfor the conditionalnormal

distribution for eachregime. In oursetuptheequityreturnsfor countryh aregivenby:

. a�	��
 0Lq a þ����	��
���>¬ÿ a þ����	��
��#B a�	��
 (B-4)

wherecross-correlationsbetween
B a�	��


, h 0rI*C�j
and

B ��	��

arestate-dependent.In a given regime, a Cholesky

decompositioncan be usedto make a transformationfrom the uncorrelatednormal errors
þ�Bs
]B � BVtu��v into the

correlatederrors
þ�w�
�w � w�t*��v .

Notethatin this formulationonly theshortrateis thedriving process,andis theonly variableweneedto track

at eachtime x . To accomodatethe equity stateswe canexpand ` column-wise.We choose3 statesper equity,

makinganeffective transitionmatrix of 150
o

1350wheretherows sumto 1. (Note,a full 1350
o

1350transition

matrixcouldalsobeconstructed,but the9 rowscorrespondingto aparticular
 U

wouldbeexactly thesame.)Each

shortratestateis associatedwith 9 possibleequitystates.Theonly modificationwe needin themethodoutlined

above is to constructnew partial transitionmatricesso ` 
#fy
 becomes50
o

450, ` 
#f � becomes50
o

900, ` � fm

becomes150

o
450, and ` � f � becomes100

o
900. Thesepartial transitionmatricescanbe mixed in the same

mannerasoutlinedbefore.

Wefind thatthereis asystematicdownwardbiaswhentheimpliedmomentsconditionalontheregime,andthe

unconditionalmomentsarecalculatedfrom theMarkov chain.Thisresultsfrom theregime-dependentdistributions

notbeingexactlyunconditionallynormallydistributedin eachregimefrom thepresenceof thesquareroot termin

thevolatility of
 �

, soGaussian-Hermiteweightswill not beoptimalin this setting.We makea furtheradjustment

of scalingthevolatility of theUS (UK) by 4% (5%) upwards.Our final Markov chainmatchesmeans,variances

andcorrelationsto 2-3 significantdigits.

Whenwe solve theFOC’s in equation(6) we find thatstrongpersistencein
 ��

causessomeinstability at very

low ( z 1.5%) andvery high ( { 28%) interestrates. In theserangesthe portfolio weightsarenot assmoothas

the plots that appearin Figure(5). At very high interestratesthe portfolio weightsalsostartrapidly increasing

for regime 2. Thesedo not affect any solutionsin the middle range. The inaccuraciesarisebecauseat the end

of the chains,the Markov chainmusteffectively truncatethe conditionaldistributionson the left (right) at low

(high) interestrates.With experimentationwe foundthat the inaccuraciesat theendof thechaindecreaseasthe

persistencedecreases.
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Notes

See,amongothers,Longin andSolnik (2001,1995),DasandUppal (2001),De SantisandGerard(1997),

King, SentanaandWadhwani (1994),andErb,Harvey andViskanta(1994).
�
SeeBarberis(2000),BalduzziandLynch(1999),Liu (1999),CampbellandViceira(1999,2001),andBren-

nan,SchwartzandLagnado(1997).All thesepaperswork in a domesticsetting.t
For equilibriumapproachessee,amongothers,Dumas(1992),Adler andDumas(1983)andSolnik (1974a).
|
Liu (1999)andChacko andViceira (1999)analyzethe effect of stochasticvolatility on assetallocation,but

not in thecontext of regime-switchingmodels.
}
If this assumptionis weakenedtheproblembecomesconsiderablymoredifficult. All possiblesamplepaths

mustbeconsidered,so thestatespaceincreasesexponentially, asagentsmustupdatetheir probabilitiesof being
in a particularstateat eachtime in aBayesianfashion.
~
For portfolios which arenot leveraged(so wealthis alwayspositive), an interior solutionto equation(7) is

guaranteedby concavity. In oursolutionswedo not imposeany constraintson shortsales.
�
In the caseof regime switchingandpredictabilitythen � :� 0 � :� þ�� � C�� � � andthe FOC’s becomean implicit

functiondependenton
� �

, that is, � 0 � � � �
� þ�� C � � . However, theanalysiswith a predictive variableis similar to
thecasepresentedhere.
�
To estimateourRSmodelswe usetheBayesianalgorithmof Hamilton(1989)andGray(1996).
�
The RCM is given by ����� 07� HdH�� 
� ��	��
 J �"þ I16 J ��� , where J � is the smoothedregime probabilityJ þ���� 0GI%M P � � . LowerRCM valuesindicatebetterregimeclassification.
��
The asymmetricbivariateGARCH model we estimateon US-UK returnsis: . �	��
 0�q >��g�	��


,
�	�	��
 DF þ�H C
� �	��
��

,
� �	��
 0 � v � >���v � ����vV>���v��	���gv� ��>���v �%����v� � and

�]� 0 �	�s¡@¢�£ �	¤ �!¥ , with
�

,
�

, � , and
�

lower
triangularmatrices,

¢�¦ £ �	¤ �!¥ a vectorof one’s or zero’s dependingon if the individual elementsof
�	�

arenegative,
and

¡
representselementby elementmultiplication. In estimation,theparametersin

�
aresignificant.Kronerand

Ng (1998)andBekaertandWu (2000)estimatesimilar models.
�

In the casewhere

q 
¨§0=q � both theeffectsof theconditionalcovariancesandthe conditionalmeansplay a
role in determiningthe“safe” asset.
 �

Parameterestimatesfor the US-UK-GERshortratesystemareavailableuponrequest,but arequalitatively
similar to theUS-UK system.
�t

DumasandSolnik (1995)find thatexchangeraterisk is pricedin internationalequitymarkets.
 |
SeeAppendixA for a descriptionof theconstructionof hedgedandunhedgedreturns.
 }
Parameterestimatesfor theBetaModelsareavailableuponrequest.
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Table1: US-UK BenchmarkModels

Model I Model I Model II Model III
BasicModel Restricted

q 
 0Lq � ImperfectCorrelation RSARCH
estimate stderror estimate stderror estimate stderror estimate stderror

P 0.8552 0.0691 0.8546 0.0698 0.8556 0.0690 P 0.8555 0.0702
Q 0.9804 0.0108 0.9818 0.0100 0.9804 0.0107 Q 0.9808 0.0108q 


-1.2881 1.1874 1.1613 0.2198 -1.2880 1.1902
q ���


-0.6439 1.5659q � 1.2829 0.2287
0Lq 


1.2828 0.8629
q ���� 1.3668 0.2353

US
ÿ©


7.0376 0.8629 7.5064 0.9515 7.0374 0.8629
q ���


-1.3287 2.5763ÿ � 3.7689 0.1677 3.7917 0.1654 3.7691 0.1677
q ���� 1.3341 0.3191

� 1.0000 0.0023 � 
*ª I]C�I�« 4.3372 1.5229¬
1.0000 0.0005 � 
*ª I]C�j�« 1.5160 2.9402q 


-0.6921 2.2627 1.2488 0.3090 -0.7253 2.2696 � 
*ª j]C�j�« 11.3426 4.4303
UK

q � 1.3040 0.3141
0Lq 


1.3043 0.3141 � � ª I]C�I�« 3.6269 0.1712ÿ©

13.7177 1.7558 14.0748 1.8432 13.7184 1.7560 � � ª I]C�j�« 0.9876 0.1532ÿ � 5.2194 0.2376 5.2470 0.2409 5.2197 0.2375 � � ª j]C�j�« 5.0538 0.2560��

0.6097 0.1022 0.6181 0.1032 0.6096 0.1022

�­
 ª I*C�I�«
-1.2763 0.7584� � 0.4455 0.0496 0.4480 0.0491 0.4455 0.0496

�­
 ª I*C�j�«
-1.5202 1.9194� 
dª j*C�I�«
0.3915 0.2907� 
dª j*C�j�«
0.7403 0.7284� � ª I*C�I�« 0.0839 0.1773� � ª I*C�j�« 0.2426 0.2565� � ª j*C�I�« 0.0591 0.1601� � ª j*C�j�« -0.0658 0.1775

RCM 10.7680 10.5040 10.1144 11.7399
log llk -1992.31 -1994.46 -1992.30 -1990.46

BasicModel I: Wald Testsof ParameterEquality

US UK Joint
Means

q 
 0Lq � 0.0351 0.3858 0.0975
Volatilities

ÿ©
 0 ÿ � 0.0002 0.0000 0.0000

US-UK correlation
�Z
 0 � � 0.1556

US,UK referto monthlyequityreturnswith thesubscriptsindicatingwhich regime. RCM refersto theAng-Bekaert
(2000)regimeclassificationmeasure�­��� 0�� HdH�� 
� ��	��
 J �Lþ I�6 J ��� , whereJ � is thesmoothedregimeprobabilityJ þ���� 0®I]M P � � . Lower RCM valuesdenotebetterregimeclassification.Log llk denotesthelog likelihoodvalue. The
BasicModel I is a simplebivariateRS modelin equation(15). TheRestricted

q 
 0�q � modelsetsthe conditional
meanconstantacrossregimes. Model II usestransitionprobabilitiesspecifiedin equation(16). Model III, the RS
ARCH model,parameterizestheconditionalvolatility asin equation(17). The

� ª K�C h « notationrefersto theelementin
row

K
, columnh of matrix

�
. A likelihoodratio testfor theBasicModelA versustheRestricted

q 
 0¯q
Model I gives

a p-valueof 0.1165. A likelihoodratio testof Model I versusModel II producesa p-valueof 0.9950. A likelihood
ratio testof Model I versusModel III producesa p-valueof 0.9853.Wald testsshow p-valuesof parameterequality
for eachcountryacrossregimes

� � 0°I*C�j
. Subscriptsdenotetheregime.
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Table2: US-UK-GERBenchmarkModels

BasicModel Restricted
q 
 0¯q �

estimate stderror estimate stderror
P 0.8305 0.0760 0.8375 0.0714
Q 0.9444 0.0269 0.9503 0.0258q 


-0.1751 0.7966 1.1467 0.2177q � 1.3546 0.2399
0Lq 


US
ÿ 


6.2463 0.6185 6.4124 0.6490ÿ � 3.4655 0.1879 3.5086 0.1909q 

0.8124 1.3480 1.1412 0.3143q � 1.1492 0.3476

0Lq 

UK

ÿ©

10.9400 1.1577 11.0689 1.1928ÿ � 4.7864 0.2736 4.8285 0.2716q 

0.3473 1.2073 1.0863 0.3040q � 1.1667 0.3735

0Lq 

GER

ÿ 

8.3056 0.7395 8.3744 0.7670ÿ � 4.7819 0.3206 4.8250 0.3131��
¹þ�B±� C B e � 0.5994 0.0751 0.5996 0.0778� � þ�B±� C B e � 0.4056 0.0607 0.4024 0.2669��
¹þ#B©� C	² w� "�
0.4540 0.1009 0.4627 0.1050� � þ#B©� C	² w� "� 0.2620 0.0742 0.2669 0.0726� 
 þ�B e C	² w� %� 0.4523 0.0917 0.4522 0.0940� � þ�B e C	² w� %� 0.4261 0.0622 0.4285 0.0609

RCM 24.4444 24.5422
log llk -3011.36 -3013.52

BasicModel: Wald Testsfor ParameterEquality
US UK GER Joint

Means
q 
 0Nq � 0.0747 0.8180 0.5559 0.2285

Volatilities
ÿ 
 0 ÿ � 0.0000 0.0000 0.0000 0.0000

US-UK US-GER UK-GER Joint
Correlations

��
 0 � � 0.0586 0.1709 0.8246 0.2340

TheBasicModel is a RStrivariatenormalmodelof US, UK, GERmonthlyequity returnsasin equation(15). The
Restricted

q 
 0³q � model imposesthe sameconditionalmeansacrossregimes. RCM refersto the Ang-Bekaert
(2000)regimeclassificationmeasure�­��� 0�� HdH�� 
� ��	��
 J � þ I�6 J � � , whereJ � is thesmoothedregimeprobabilityJ þ���� 0´I]M P � � . Lower RCM valuesdenotebetterregimeclassification.Log llk denotesthe log likelihoodvalue. A
likelihoodratio testof the

q 
 0µq � in the BasicModel producesa p-valueof 0.2289. Wald Testslist p-valuesof
parameterequalityacrossregimes

��� 0°I*C
j
. Subscriptsdenotetheregime.
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Table3: BenchmarkUS-UK Model: Weightof theUS in All-Equity Portfolios

Risk Aversion¶ 0Gn Risk Aversion¶ 0GI H
BasicModel Restricted

q 
 0Nq � BasicModel Restricted
q 
 0¯q �

Horizon Regime1 Regime2 Regime1 Regime2 Regime1 Regime2 Regime1 Regime2

US Weight
1 0.8587 0.7171 0.9348 0.6726 0.9652 0.7666 0.9999 0.7405

(0.3662) (0.2238) (0.0977) (0.2230) (0.1739) (0.1139) (0.1072) (0.1169)
12 0.8609 0.7297 0.9362 0.6769 0.9697 0.8585 1.0048 0.7769

(0.1919) (0.2067) (0.0997) (0.2203) (0.1773) (0.1229) (0.1010) (0.1063)
36 0.8614 0.7352 0.9365 0.6779 0.9699 0.8744 1.0057 0.7954

(0.3645) (0.2022) (0.0989) (0.2198) (0.1754) (0.1242) (0.1013) (0.1050)
60 0.8614 0.7356 0.9365 0.6779 0.9699 0.8744 1.0057 0.7965

(0.2495) (0.2224) (0.1006) (0.2192) (0.1767) (0.1240) (0.1012) (0.1049)

IID weights 0.7642 0.7642 0.8275 0.8275

Testsfor No InternationalDiversification
1 0.5870 0.2074 0.5044 0.1417 0.8412 0.0403 0.9997 0.0306
12 0.6377 0.1867 0.4836 0.1431 0.8651 0.2456 0.9625 0.0359
36 0.6495 0.2285 0.4920 0.1416 0.8644 0.3128 0.9554 0.0513
60 0.5702 0.2138 0.5334 0.1434 0.8649 0.3117 0.9551 0.0524

Testsfor Equalitywith IID Weights
1 0.7964 0.8334 0.0808 0.6813 0.4287 0.5926 0.1076 0.4569
12 0.6142 0.8677 0.0845 0.6921 0.4224 0.8009 0.0793 0.6344
36 0.7897 0.8862 0.0815 0.6948 0.4168 0.7055 0.0786 0.7597
60 0.6968 0.8978 0.0867 0.6941 0.4202 0.7050 0.0782 0.7677

Testsfor RegimeEquality
1 0.7465 0.1448 0.2977 0.0028
12 0.6087 0.1630 0.3141 0.0446
36 0.7337 0.1691 0.3085 0.0493
60 0.6181 0.1952 0.3116 0.0496

Joint 0.9844 0.2237 0.8047 0.0102

IntertemporalHedgingDemandTests
12 0.9932 0.9736 0.9260 0.9804 0.2971 0.3877 0.9605 0.6707
36 0.8701 0.9609 0.2091 0.2334 0.2091 0.2334 0.9533 0.5377
60 0.9848 0.9547 0.9619 0.9757 0.2358 0.2333 0.9529 0.5294

Assetallocationweightsfor the US from the BenchmarkUS-UK Model. The coefficient of risk aversion ¶ is set
at either5 or 10. Standarderrorsaregiven in parentheses.The tableshows weightsfor an all equity portfolio (so
UK weight is 1 - US weight). All reportedvaluesfor the statisticaltestsarep-values.The testfor No International
Diversificationtestswheterthe US weight is equalto 1. Testsfor Equality with IID Weightstest if the portfolio
weightsin eachregimeareequalto theIID weights.TheRegimeEquality testis a Wald Testfor equalityof theUS
portfolio weightsacrossregimes. The IntertemporalHedgingDemandTest is a Wald Test to test if the horizon ·
portfolio weightsaredifferentfrom themyopicportfolio weightswithin eachregimestate.
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Table4: BenchmarkUS-UK-GERModel: Weightof theUS andUK in All-Equity Portfolio

BasicModel Restricted
q 
 0¯q �

Regime1 Regime2 Regime1 Regime2
Horizon US UK US UK US UK US UK

PortfolioWeights
1 0.3714 0.2400 0.7379 0.0574 0.6836 0.0341 0.6144 0.1590

(0.3752) (0.2775) (0.3085) (0.2734) (0.1551) (0.0990) (0.2703) (0.2591)
12 0.3649 0.2426 0.7249 0.0658 0.6839 0.0337 0.6153 0.1572

(0.3799) (0.2801) (0.2983) (0.2636) (0.1532) (0.0978) (0.2716) (0.2601)
36 0.3645 0.2427 0.7238 0.0665 0.6839 0.0336 0.6154 0.1570

(0.3805) (0.2800) (0.3071) (0.2701) (0.1533) (0.0990) (0.2701) (0.2579)
60 0.3644 0.2427 0.7199 0.0682 0.6839 0.0336 0.6154 0.1570

(0.4458) (0.5058) (1.5688) (1.2708) (0.1585) (0.0969) (0.2697) (0.1585)

IID Weights US = 0.5889,UK = 0.1449 US = 0.6491,UK = 0.0800

Testsof InternationalDiversification��� 0GI ��� 0°j ��� 0°I ��� 0°j
1 0.3224 0.0168 0.0000 0.0267
12 0.3367 0.0151 0.0000 0.0265
36 0.3381 0.0184 0.0000 0.0222
60 0.4137 0.6463 0.0000 0.0243

Testsfor Equalitywith IID Weights
1 0.5621 0.7316 0.6291 0.7491 0.5216 0.3974 0.9185 0.7405
12 0.5555 0.7273 0.6483 0.7642 0.6265 0.4994 0.9673 0.8038
36 0.5553 0.7267 0.6605 0.7718 0.5288 0.2879 0.9717 0.8237
60 0.6146 0.8466 0.9335 0.9519 0.5534 0.3900 0.9691 0.8148

Testsfor RegimeEquality
Joint Joint

US UK US UK US UK US UK
1 0.4625 0.6204 0.7570 0.6681 0.5127 0.8064
12 0.4431 0.6126 0.7363 0.6643 0.5057 0.8009
36 0.4865 0.6293 0.7832 0.6974 0.5225 0.8151
60 0.7964 0.8876 0.9554 0.6695 0.5220 0.8141

Joint 0.7713 0.9817 0.9925 0.9649

IntertemporalHedgingDemands
12 0.3915 0.5339 0.8728 0.8435 0.9774 0.9733 0.9040 0.8717
36 0.4224 0.5611 0.9080 0.9246 0.9948 0.9793 0.6989 0.6102
60 0.9675 0.9934 0.9913 0.9936 0.9862 0.9500 0.8622 0.8075

Assetallocationweightsfor the US andUK from the BenchmarkUS-UK-GERModel with the coefficient of risk
aversion¶ fixed at 5. The casesof unrestrictedmeans(BasicModel) andmeansimposedequalacrossregimesfor
eachcountry(

q 
 0Lq � ) areshown. Standarderrorsaregivenin parentheses.Thetableshowsweightsfor anall equity
portfolio (so GERweight is 1 - US - UK weight). All reportedvaluesfor the statisticaltestsarep-values.The test
for No InternationalDiversificationis a testof the UK andGermanweightsbeingequalto 0, where

���
denotesthe

regime. Testsfor Equalitywith IID Weightstestif theportfolio weightsin eachregimeareequalto theIID weights.
TheRegimeEqualityis a Wald Testfor equalityof theportfolio weightsacrossregimes.TheIntertemporalHedging
DemandTestis a WaldTestto testif thehorizon· portfolio weightsareequalto themyopicportfolio weightswithin
eachregimestate.
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Table5: EconomicCostsundertheBenchmarkModel: All Equity Portfolios

Costsof No InternationalDiversification

US-UK Model US-UK-GERModel¶ 0°n ¶ 0GI H ¶ 0°n ¶ 0°I H· ��� 0GI ��� 0Gj ��� 0GI ��� 0Gj ��� 0GI ��� 0Gj ��� 0GI ��� 0°j
1 0.05 0.05 0.01 0.07 0.38 0.04 0.38 0.10

BasicModel 12 0.65 0.62 0.14 0.37 3.03 1.41 4.06 2.75
36 1.94 1.90 0.31 0.44 7.56 5.72 12.53 11.08
60 3.23 3.19 0.48 0.61 12.20 10.29 21.72 20.15
1 0.01 0.07 0.00 0.09 0.12 0.07 0.22 0.14

Restricted 12 0.44 0.78 0.26 0.80 1.19 0.97 2.35 1.90q 
 0Lq � 36 1.83 2.24 0.90 1.51 3.31 3.06 6.84 6.32
60 3.29 3.70 1.47 2.07 5.45 5.20 11.51 10.96

Costsof IgnoringRegimeSwitching

US-UK US-UK-GER¶ 0°n ¶ 0GI H ¶ 0°n ¶ 0°I H· ��� 0GI ��� 0Gj ��� 0GI ��� 0Gj ��� 0GI ��� 0Gj ��� 0GI ��� 0°j
1 0.02 0.00 0.10 0.00 0.04 0.01 0.01 0.00

BasicModel 12 0.22 0.05 1.26 0.65 0.38 0.21 0.12 0.07
36 0.55 0.32 4.04 3.55 0.95 0.75 0.36 0.30
60 0.87 0.63 6.92 6.41 1.51 1.31 0.59 0.53
1 0.08 0.01 0.16 0.01 0.02 0.00 0.03 0.00

Restricted 12 0.58 0.13 1.65 0.44 0.14 0.05 0.26 0.11q 
 0Lq � 36 1.09 0.54 4.84 3.16 0.29 0.20 0.66 0.48
60 1.53 0.97 8.20 6.46 0.44 0.35 1.05 0.87

Costsof UsingMyopic Strategies

US-UK US-UK-GER¶ 0°n ¶ 0GI H ¶ 0°n ¶ 0°I H· ��� 0GI ��� 0Gj ��� 0GI ��� 0Gj ��� 0GI ��� 0Gj ��� 0GI ��� 0°j
12 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.00

BasicModel 36 0.00 0.00 0.03 0.14 0.00 0.00 0.03 0.06
60 0.00 0.01 0.07 0.18 0.00 0.00 0.07 0.11

Restricted 12 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.00q 
 0Lq � 36 0.00 0.00 0.03 0.06 0.00 0.00 0.00 0.00
60 0.00 0.00 0.07 0.11 0.00 0.00 0.01 0.01

Thetablepresentsthe“centsperdollar” compensationrequiredfor aninvestorto holdnon-optimalstrategies.
Thefirst panellists coststo hold only US equity (so theportfolio weight is 1 on US equityandzeroon all
otherassets)insteadof the optimal weights. The secondpanelpresentscoststo ignore regime-switching
useSamuelson’s (1969)myopicoptimalportfolio weightsin anIID multivariatenormalsettingwith CRRA
utility insteadof theoptimalportfolio weights.The lastpanelpresentscostsrequiredfor an investorto use
themyopic1-monthhorizonweightsfor all horizonsinsteadof theoptimalweights.Theregimeis denoted
by
� �

.
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Table7: BenchmarkModels:EquityWeightswith aConstantRisk-FreeAsset

US-UK Model US-UK-GER Model
Regime1 Regime2 Regime1 Regime2

US UK US UK US UK GER US UK GER

PortfolioWeights
1 0.2785 0.1039 0.8621 0.4175 0.3437 0.0625 0.1589 0.8937 0.1967 0.3553

(0.1410) (0.0564) (0.3362) (0.2513) (0.1901) (0.0866) (0.1218) (0.3682) (0.2651) (0.2682)
12 0.2766 0.1038 0.8613 0.4173 0.3416 0.0625 0.1583 0.8890 0.1939 0.3339

(0.1398) (0.0559) (0.3946) (0.2685) (0.1889) (0.0861) (0.1212) (0.3648) (0.2626) (0.2666)
36 0.2762 0.1037 0.8612 0.4173 0.3414 0.0625 0.1582 0.8886 0.1936 0.3338

(0.1392) (0.0556) (0.3526) (0.2427) (0.1888) (0.0625) (0.1211) (0.3645) (0.2624) (0.2664)
60 0.2762 0.1037 0.8612 0.4173 0.3411 0.0623 0.1587 0.8793 0.1979 0.3338

(0.1398) (0.0560) (0.3482) (0.2551) (0.1870) (0.0861) (0.1207) (0.3504) (0.2600) (0.2619)

IID Weights: US UK US UK GER
0.5267 0.2067 0.4695 0.1427 0.2204

Testsof InternationalDiversificationÃ�Ä±Å°Æ Ã�ÄsÅGÇ Ã�Ä�Å�Æ Ã�Ä±ÅGÇ
1 0.0654 0.0967 0.9846 0.9682
12 0.0632 0.1202 0.9847 0.9686
36 0.0620 0.0855 0.9847 0.9686
60 0.0638 0.1019 0.9848 0.9689

Testsfor Equalitywith IID Weights
1 0.0783 0.0681 0.3185 0.4015 0.5079 0.3544 0.6139 0.2493 0.8385 0.4727
12 0.0737 0.0654 0.3965 0.4329 0.4982 0.3518 0.6084 0.2502 0.8455 0.4732
36 0.0720 0.0641 0.3428 0.3855 0.4974 0.3516 0.6080 0.2503 0.8461 0.4732
60 0.0732 0.0659 0.3368 0.4090 0.4922 0.3505 0.6096 0.2422 0.8320 0.4656

Testsfor RegimeEquality
Joint Joint

US UK US,UK US UK GER US,UK,GER
1 0.0142 0.1261 0.0034 0.0099 0.4775 0.2774 0.0128
12 0.0708 0.1579 0.0509 0.0093 0.4816 0.2757 0.0106
36 0.0183 0.1138 0.0073 0.0093 0.4820 0.2756 0.0104
60 0.0147 0.1337 0.0005 0.0069 0.4627 0.2656 0.0091
Joint 0.1468 0.5108 0.0000 0.0000 0.0001

IntertemporalHedgingDemands
12 0.2572 0.8930 0.9962 0.9940 0.2453 0.9599 0.4194 0.3418 0.4256 0.5321
36 0.2792 0.9238 0.9813 0.9921 0.2454 0.9597 0.4195 0.3429 0.4251 0.5326
60 0.2662 0.8324 0.9910 0.9921 0.4596 0.8428 0.8869 0.4314 0.8361 0.8147

The tableshows assetallocationweightsfor theBenchmarkUS-UK andUS-UK-GERsystemswith ÈÊÉ Å È�Ë and Ì fixedat
5 with an investableconstantrisk-freeasset.Standarderrorsaregivenin parentheses.We list weightsfor US andUK equity,
with theremainderof theportfolio in arisk-freeassetpayinganannualizedcontinuouslycompoundedrateof 5%. All reported
valuesfor thestatisticaltestsarep-values.Thetestfor No InternationalDiversificationis a testof whethertheUK andGER
weightsareequalto 0, where Ã�Ä denotestheregime. Testsfor Equalitywith IID Weightstestif theportfolio weightsin each
regime areequalto the IID weights. The Regime Equality Test is a Wald Test for equalityof the portfolio weightsacross
regimes.TheIntertemporalHedgingDemandTestis a Wald Testto testif thehorizon Í portfolio weightsaredifferentfrom
themyopicportfolio weightswithin eachregime.
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Table8: EconomicCostsundertheBenchmarkModelwith aConstantRisk-FreeAsset

Costsof No InternationalDiversification

US-UK Model US-UK-GERModelÌ ÅGÎ Ì Å�Æ*Ï Ì Å°Î Ì Å�Æ*ÏÍ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ
1 0.03 0.08 0.01 0.04 0.05 0.12 0.02 0.06

12 0.64 0.91 0.32 0.46 0.94 1.26 0.47 0.63
36 2.36 2.68 1.18 1.34 3.30 3.64 1.64 1.81
60 4.14 4.46 2.05 2.21 5.72 6.07 2.83 3.00

Costsof IgnoringRegimeSwitching

US-UK US-UK-GERÌ ÅGÎ Ì Å�Æ*Ï Ì Å°Î Ì Å�Æ*ÏÍ Ã�Ä±ÅGÆ Ã�Ä±ÅGÇ Ã�Ä±ÅGÆ Ã�Ä±ÅGÇ Ã�Ä±ÅGÆ Ã�Ä±ÅGÇ Ã�ÄsÅGÆ Ã�ÄsÅGÇ
1 0.19 0.08 0.10 0.04 0.07 0.10 0.04 0.05

12 1.71 1.04 0.85 0.52 1.04 1.16 0.52 0.58
36 4.12 3.30 2.05 1.65 3.32 3.44 1.65 1.71
60 6.48 5.64 3.21 2.80 5.66 5.78 2.79 2.85

Costsof UsingMyopic Strategies

US-UK US-UK-GERÌ ÅGÎ Ì Å�Æ*Ï Ì Å°Î Ì Å�Æ*ÏÍ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ
12 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
36 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
60 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

The tablepresents“centsper dollar” compensationrequiredfor an investorto hold non-optimalstrategies,
or in other words the cost of the non-optimalstrategy. The first panel lists coststo hold only US assets
(so the portfolio weight is zeroon overseasequity, non-zeroon the risk-freeassetandUS equity) instead
of the optimal weights. The secondpanelpresentscostsof ignoring regime-switchingusesSamuelson’s
(1969)myopicoptimalportfolio weightsin anIID multivariatenormalsettingwith CRRA utility insteadof
theoptimalportfolio weights.The lastpanelpresentscostsfacedby an investorusingthemyopic1-month
horizonweightsfor all horizonsinsteadof theoptimalweights.Theregimeis denotedby Ã Ä .
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Table9: US-UK ShortRateModelParameters

BasicModel RestrictedÈÊÉ Å È�ËÃ Ä ÅGÆ Ã Ä Å°Ç Ã Ä Å�Æ Ã Ä Å°Ç
Param StdErr Param StdErr Param StdErr Param StdErr

RegimeProbCoefficientsÐ 1.4239 1.6568 6.8465 1.7330 1.4921 1.6075 6.8574 1.6632Ñ
0.4033 1.8480 -5.0766 1.8696 0.2793 1.7792 -5.0521 1.7962

ShortRateCoefficientsÒ 0.0743 0.0417 0.0047 0.0051 0.0702 0.0428 0.0050 0.0050Ó
0.9158 0.0477 0.9939 0.0094 0.9078 0.0492 0.9937 0.0093Ô 0.1294 0.0123 0.0362 0.0021 0.1314 0.0126 0.0364 0.0020

US EquityCoefficientsÈ -1.0583 0.8050 0.7260 0.2365 0.5860 0.2228 Å È ÉÕ 6.3966 0.6038 3.5677 0.1683 6.6597 0.6294 3.5753 0.1673

Ö"×�Ø Ù�Ú -0.3409 0.1091 -0.1897 0.0642 -0.3537 0.1122 -0.1887 0.0640Ö"Ù�Ú�Ø Ù�Û 0.5958 0.0813 0.4371 0.0539 0.6189 0.0788 0.4371 0.0535

UK EquityCoefficientsÈ -1.5589 1.3493 0.9010 0.3567 0.7452 0.3410 Å ÈÊÉÕ 10.7179 1.0082 5.4275 0.2667 11.0749 1.0441 5.4307 0.2650

Ö ×�Ø Ù�Û -0.2756 0.1146 -0.0282 0.0660 -0.2891 0.1171 -0.0296 0.0653

RCM 12.10 11.90
log lik -1283.38 -1285.71

The Basic Model estimatesunconstrainedconditionalmeansfor equity. The RestrictedModel setsÈ�Ü to
be constantacrossregimesfor eachcountry. US andUK refer to returnsin USD of US andUK equity in
excessof theUS shortrate. RCM refersto theAng-Bekaert(2000)regimeclassificationmeasureÝ�Þ�ß Åà ÏdÏ­á Éâ âÄ	ã É%ä Ä�å Æ�æ ä Ä�ç , whereä Ä is thesmoothedregimeprobability ä å Ã Ä ÅèÆ]é ê â ç . Lower RCM values
denotebetterregimeclassification.A likelihoodtestfor therestrictedÈÊÉ Å È�Ë modelversustheBasicModel
producesa p-valueof 0.0973.A likelihoodtestfor constantprobabilities(

Ñ Ü ÅëÏ ) in theBasicmodelyields
a p-valueof 0.0065.Theregimeis denotedby Ã�Ä .
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Table10: EconomicCostsundertheShortRateModel

US-UK SystemÃ Ä Å°Æ Ã Ä ÅGÇ
Í ì ÅGÎ*íbÆ ì Å�î*íbî ì ÅGÆ à íbï ì ÅGÎ*íbÆ ì Å�ÆdÏ]íðÆ ì Å°ÆdÎ*íbÆ

Costsof Not DiversifyingInternationally
1 0.03 0.03 0.03 0.09 0.07 0.04

12 0.73 0.61 0.50 1.04 0.74 0.48
36 2.60 2.19 1.91 3.03 2.24 1.84
60 4.48 3.91 3.57 4.95 3.91 3.48

Costsof IgnoringRegimeSwitching
1 0.07 0.07 0.07 0.29 0.24 0.12

12 3.01 1.79 0.32 3.31 2.66 0.82
36 10.88 6.97 1.52 9.54 8.38 2.19
60 18.35 13.01 4.94 15.94 14.90 5.63

Costsof UsingMyopic Strategies
12 0.00 0.00 0.00 0.00 0.00 0.00
36 0.01 0.01 0.01 0.01 0.01 0.01
60 0.02 0.02 0.02 0.02 0.02 0.02

US-UK-GER SystemÃ�Ä±Å°Æ Ã�Ä±ÅGÇ
Í ì ÅGÎ*íbÆ ì Å�î*íbî ì ÅGÆ à íbï ì ÅGÎ*íbÆ ì Å�ÆdÏ]íðÆ ì Å°ÆdÎ*íbÆ

Costsof Not DiversifyingInternationally
1 0.27 0.27 0.27 0.30 0.30 0.27

12 3.33 3.33 3.33 3.39 3.38 3.35
36 10.34 10.34 10.34 10.41 10.40 10.37
60 17.84 17.84 17.83 17.90 17.89 17.86

Costsof IgnoringRegimeSwitching
1 0.16 0.16 0.16 0.28 0.26 0.20

12 2.72 2.72 2.72 2.71 2.69 2.67
36 8.47 8.47 8.47 8.46 8.44 8.42
60 14.54 14.54 14.55 14.53 14.51 14.49

Costsof UsingMyopic Strategies
12 0.00 0.00 0.00 0.00 0.00 0.00
36 0.00 0.00 0.00 0.00 0.00 0.00
60 0.01 0.01 0.00 0.00 0.00 0.00

Thetablepresents“centsperdollar” compensationrequiredto acceptnon-optimalportfoliosfor theShortRateModel
wherewe imposeÈÊÉ Å È�Ë for excessequityreturns.We set Ì Å�Î . Thecostof no internatonaldiversificationrefers
to the compensationrequiredto hold only US equity andcash. For this we needto solve a restrictedoptimization
with zeroweighton overseasassets.To calculatethecostof ignoringregimeswitchingwefirst estimateaone-regime
versionof the ShortRateModel andcalculatethe implied portfolio weights. We thencalculatethe compensation
requiredto holdtheseportfolio weightsinsteadof theoptimalregime-dependentweights.Thecostof myopiarefersto
thecompensationrequiredto use1 monthhorizonportfolio weightsinsteadof optimal Í horizonweights.Theshort
rateì refersto annualizedcontinuouslycompoundedvalues.Theregimeis denotedby Ã�Ä .
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Table12: EconomicCostsof theCurrency HedgingBetaModels

Costof Not DiversifyingInternationally
US-UK Model US-UK-GERModelÌ ÅGÎ Ì Å�Æ*Ï Ì Å°Î Ì Å�Æ*ÏÍ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ

1 0.04 0.09 0.01 0.14 0.17 0.10 0.25 0.19
12 0.74 0.97 0.71 1.36 1.53 1.37 2.65 2.50
36 2.58 2.83 2.84 3.55 4.43 4.26 7.97 7.81
60 4.46 4.72 5.04 5.76 7.42 7.24 13.56 13.40

Costsof Not Currency Hedging
US-UK US-UK-GERÌ ÅGÎ Ì Å�Æ*Ï Ì Å°Î Ì Å�Æ*ÏÍ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ Ã Ä ÅGÆ Ã Ä ÅGÇ

1 0.02 0.03 0.00 0.08 0.06 0.06 0.11 0.10
12 0.26 0.32 0.38 0.47 0.72 0.74 1.27 1.23
36 0.88 0.95 1.50 1.87 2.22 2.23 3.82 3.77
60 1.50 1.57 2.64 3.02 3.73 3.74 6.42 6.38

Thefirst panelpresentsthe compensationin “centsperdollar” requiredfor an investorto hold only US equity. The
secondpanelpresentsthecompensationrequiredfor aninvestorto only holdUSandunhedgedforeignequityinstead
of theoptimalweights.In this casewe solve anoptimalassetallocationproblemwith holdingsrestrictedonly to US
andunhedgedforeignequityandfind thecompensationrequiredto hold theseweightsinsteadof theoptimalweights,
whichallow currency hedging.We imposeÈ�õ É Å È�õË . Theregimeis denotedby Ã Ä .
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US−UK Equity Portfolios
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BenchmarkUS-UK Model
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PanelA: PortfolioWeightsat VariousHorizons
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Figure6: PortfolioWeightsUsingtheUS-UK-GERShortRateModelwith ÷ùøùúû÷�ü
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FigureLegends

Figure 1 calculatescorrelationsof the US-UK, conditioningon exceedancesý . UK returnsare in USD. We

representexceedancesin percentagesaway from theempiricalmean,sofor anexceedanceý Åÿþ�Ç , we calculate

the correlationconditionalon observationsgreaterthan3 timesthe US mean,and3 timesthe meanof the UK.

For ý Åëæ�Ç , wecalculatethecorrelationconditionalon observationslessthan-1 timestheUS mean,and-1 times

the meanof the UK. The implied exceedancecorrelationsfrom the US-UK BenchmarkRS Model areshown in

dashedlines,andthecorrelationsfrom thedatarepresentedby squares.Theexceedancecorrelationfor a normal

distributionandanasymmetricGARCH modelcalibratedto thedataaredrawn in dotted-dashedanddottedlines,

respectively.

Figure 2 plots the portfolio weightsasthe risk aversionÌ changesat a fixed12 monthhorizon. The top panel

givestheweightsof theUS in regime1 andregime2 for theRestrictedÈ É Å È Ë BenchmarkUS-UK Model. The

portfolio is all-equity, sotheUK weightis 1 minustheUSweight.ThebottompanelshowstheRestrictedÈ É Å È Ë
BenchmarkUS-UK-GERModel. TheGermanweightis 1 minusthesumof theUS andUK weights.

Figure 3 plots the “centsperdollar” compensationrequiredfor ignoring regimeswitching(holding Samuelson

(1969)IID portfolio weights)andnot beinginternationallydiversified(holdingonly theUS) asthe risk aversion

Ì changes.We fix thehorizonat 12 months.Thetop panelshows theBenchmarkUS-UK Model,andthebottom

paneltheBenchmarkUS-UK-GERModel. We restrictÈÊÉ Å È�Ë andconsiderall equityportfolios.

Figure4 plotstheweightof theUS in theUS-UK BenchmarkModelasa functionof variousparameters.We fix

Ì ÅiÆdÏ andthehorizonat 12 months.Thetop panelplots theweightsof theUS in regime1 and2 for changing
� Å ä å Ã Ä ÅèÆ%éðÃ Ä�� É ÅèÆ ç and Ö É , thecorrelationbetweentheUS andUK in regime1. In thebottompanel,the

conditionalmeanandstandarddeviation of the US in regime 1 (ÈÊÉ and Õ É respectively) arealtered. All other

parametersareheldfixedat theestimatedvaluesfor theBenchmarkUS-UK Model with unrestrictedÈ .

Figure 5 plots the optimal US andUK equity allocationsasa function of the short rate for Ì Å Î . Portfolio

weightssumto 1, sotheremainderof theportfolio is heldin theconditionallyrisk-freeasset.In PanelA weshow

theweightsof theUS andUK equity in regime1 for varioushorizons(left graph)andtheweightsof theUS and

UK equityin regime2 for varioushorizons(right graph).In PanelB weshow myopic(1 month)portfolio weights

for theUS (left graph)andUK (right graph)with 95%standarderrorbounds.Parameterestimatesarefrom the

RestrictedÈ É Å È Ë US-UK ShortRateModel.
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Figure 6 plots theportfolio weightsof US, UK andGERin theShortRateModel with È É Å È Ë . We fix Ì ÅèÎ
andthehorizonat 1 month.Thetop panelplotstheweightsof theUS,UK andGermany in regime1. Thebottom

panelplots the weightsin regime2. Portfolio weightssumto 1, so the remainderof the portfolio is held in the

conditionallyrisk-freeasset.
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