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Abstract

Usingnon-parametricestimationmethods,variousauthorshave shown distinctnon-linearities

in the drift andvolatility function of the US short rate,which are inconsistentwith standard

affinetermstructuremodels.Wedocumenthow aregime-switchingmodelwith statedependent

transitionprobabilitiesbetweenregimescanreplicatethepatternsfoundby thenon-parametric

studies.To do so,we usedatafrom theUK andGermany in additionto US dataandinclude

term spreadsin someof our models. We alsoexaminethe drift andvolatility function of the

termspread.



1 Introduction

Recentyearshaveseenaproliferationof work onthestochasticpropertiesof interestrates.In a

numberof influentialarticles,Aı̈t-Sahalia(1996a,1996b),Stanton(1997),Conley etal. (1997),

andBoudoukhet al. (1999)usenon-parametrictechniquesto show distinct non-linearitiesin

the drift function of the short rate. The non-parametricstudiesshow meanreversionat high

ratesto be muchstrongerthan in normal rangesof the short rate,wherethe mean-reversion

is closeto zero. The conditionalvolatility estimatedby theseauthorsalsotakeson a convex

shapewhich increaseswith the level of the short rate. This finding is very importantfor the

modelingof thetermstructureandrelatedderivativespricing,sincemany modelstypically use

lineardrift andvolatility models(suchastheDuffie-Kan (1996)affine classof termstructure

models).Nevertheless,thesefindingsarestill somewhatcontroversialandthis line of research

hasbeencriticizedfrom anumberof directions.

First, non-parametricmodelsin generalareover-parameterizedandmay have poor small

sampleproperties.In fact,with a Vasicek(1977)model,Pritzker (1999)findsthat2755years

of dataarerequiredto obtainthe accuracy of the kernelestimatorimplied by the asymptotic

estimationusingAı̈t-Sahalia(1996a)’s samplelengthof 22 years.Worse,ChapmanandPear-

son(2000)show thatAı̈t-Sahalia’s findingsmaybeentirelyspurious,primarily becauseof the

lack of dataat the extremesof the interestrate ranges(wherethe non-linearitiesare found).

They show that in smallsamples,anaffine parameterizationof theshortrateconditionalmean

mayproducethenon-linearitiesin non-parametricestimations.However, Jones(2000)usesa

Bayesiansettingto show that rejectionsof lineardrifts maybedrivenby implicit prior beliefs

that containa non-trivial amountof informationaboutthe shapeof the drift function. Under

the Jeffreys prior, a non-informative prior robust to reparameterization,the non-linearresults

disappear. Downing (1999)shows that while finite samplebiasof the non-parametrickernel

estimatorsmay accountfor apparentnon-linearitiesin conditionalmeans,he stronglyrejects

thenull hypothesisof linearvolatilities.

Second,thelackof aparametricmodelis of courseproblematicin termsof furthermodeling

of thetermstructure.In fact,thesearticlesgenerallyignoreinformationin termspreads.1 This

is surprisingsincetheinclusionof termspreadsbothfrom aneconometricperspective(they are

known to Granger-causeshortrates)andfrom a modelingperspective (they arecloselylinked

to shortratedynamicsin mosttermstructuremodels)would help identificationtremendously.

Someprogresshasbeenmadehere. Ahn and Gao(1999) provide an interestingnon-linear

termstructuremodelthatcapturessomeof thedynamicsfoundby Aı̈t-Sahalia(1996a).Unlike
1 With theexceptionof Boudoukh,Richardson,StantonandWhitelaw (1999).
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theotherextantnon-affine termstructuremodels,2 in Ahn andGao’s modelthefactorswhich

drive theshortratearethesamefactorswhich completelydeterminethedynamicsof theentire

yield curve, as in the affine term structuremodels. Ahn and Gao’s short rate model hasa

quadraticconditionalmeananda cubic conditionalvariance. Their modelmatchesthe non-

parametricshapesof theconditionalvariancevery accurately, but captureslessadequatelythe

sharpdownwardslopeof thenon-parametricconditionalmeanat high interestrates.

In this article, we contribute to this debatein a numberof ways. First, we provide an

alternative,parametricmodelthatcanmatchthenon-linearpatternsdetectedbefore.Ourmodel

is a regime-switchingmodelwhich Gray (1996)andAng andBekaert(1998)have shown to

forecastinterestrateswell. In suchamodelthereis anunobservedstate(aregimevariable)that

follows a Markov chainandgovernsthe switchingbetweentwo potentially linear processes

(seeHamilton (1989)). Second,we explicitly incorporateinformationin term spreads,which

not only leadsto moreefficient estimationbut alsoallows us to derive drift functionsfor the

termspread.Moreover, we show thattheprobabilityof thetransitionof oneregimeto another

regimedependson thespread,andthattheshortrateandspreadGranger-causeeachother.

Third, weuseinformationfrom shortratesandspreadsin threedifferentcountries.Because

of the extremelyhigh persistenceof short rates,using information from other countriesis a

muchmoreeffective way to increasethe samplesizethanlengtheningthe sampleitself. The

variousexperiencesof differentcountriesareparticularlyhelpful to give usmoreobservations

of the distribution of interestratesnearvery low andvery large short rates. In particular, in

additionto interestratesfrom theUSweusedatafrom Germany andtheUK.

Fourth,mosttermstructuremodelstreatthestochasticvolatility of theshortrateasa func-

tion of theshortrateitself, but only a few papersallow for time-variationin thecoefficientsof

thevolatility function.While Ball andTorous(1999)modelstochasticinterestratevolatility us-

ing anexponentialGARCHmodel,we let theshortratevolatility dependonly on theprevailing

regime. Our modelalsogeneratesstochasticvolatility, in a differentform: conditionalon the

regime,theinterestrateis homoskedastic,but stochasticvolatility is generatedby theswitching

of regimes.3 As theprobabilityof beingin a particularregimeconditionalon pastinformation

variesthroughtime,theconditionalmomentsof theshortratealsovarythroughtime. However,

morerapidmeanreversionpresumablyoccursduringmuchmorevolatileperiods,andhenceal-
2 SeeBeagleholeandTenney (1992),andin particularConstantinides(1992).
3 Bekaert,Hodrick andMarshall(2000)combineregime-switchingvolatility with volatility dependingon the

levelof theinterestrateswithin theregime.In athree-statemodelappliedto interestratesfrom sevencountriesthey

find significantwithin-regimeheteroskedasticity. Gray(1996)combinesGARCHandregime-switchingvariances

in a univariatemodel.
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lowing for a link betweenvolatility andmeandynamicsmayimproveidentification.Ourmodel

accomplishesthis.

Finally, regime-switchingmodelscanaccomodateunit root regimesandstill remaincovari-

ancestationary(SeeAng andBekaert(1988)andHolst et al. (1994)). This makesregime-

switchingmodelsidealmodelsto capturethenon-linearitiesof shortrates. In particular, they

cancapturetheunit root (or near-unit root)behavior atnormallevelsof theshortrateby having

aunit rootregime.A secondregimecanhaveahigherconditionalmeanwith muchhighermean

reversionandhighervolatility. Thisenableshighershortratesto beassociatedwith highermean

reversionandhigherconditionalvolatility.

Our paperis relatedto Brandt(1999)who finds that a regime-switchingmodel is a good

auxiliary model to estimatecontinuous-timeshort rate dynamicswith non-lineardrifts and

volatilities in an Efficient Method of Momentssetting. Using this processhe cannotreject

theAı̈t-Sahalia(1996a)andConley etal. (1997)specificationsof theshortrate.In contrast,we

work directly with regime-switchingprocessesandinvestigatetheir implied drift andvolatility

functions.Wealsousetermspreadandinternationalcross-sectionaldata.

This paperis organizedasfollows. Section2 setsout thevariousregime-switchingmodels

we estimate.Section3 briefly describesthe dataandprovidesparameterestimatesandsome

simplehypothesestestsfor the variousmodels.We show how theparameterestimatesreveal

aneconomicallyintuitive modelthat couldbe the resultof an interactionbetweenfundamen-

tal shocksto inflation or real ratesandmonetarypolicy action. Section4 providesthe main

empiricalresultsgraphinganddiscussingthedrift andvolatility functionsimplied by themain

models.Wefind thatwhenweallow theprobabilityof transitioningfrom oneregimeto another

to dependontheshortrateor spread,weobtainplotsof theconditionalmeansandvolatilitiesof

shortratedynamicswhichcloselymimic thenon-parametricestimations.Section5 concludes.

2 Models

Weconsiderunivariateshortratemodelsandbivariatemodelswhich containtheshortrateand

spread.4 In eachregimetheshortrate(andspread)processis a linearfunction,andtheregime

variableitself follows a Markov chainwith possiblytime-varying transitionprobabilities. In

Section2.1 we describethe univariateshort rate modelsand in Section2.2 we describethe

bivariatetermspreadmodels.
4 Hamilton(1988),Lewis (1991),EvansandLewis (1995),SolaandDriffill (1994),Gray(1996),Evans(1999),

Ang andBekaert(1998),BansalandZhou(1999),VeronesiandYared(1999),andBekaert,HodrickandMarshall

(2000)all examineempiricalmodelsof regimeswitchesin interestrates.
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Weestimatethemodelsby maximumlikelihoodusingtherecursivealgorithmdevelopedby

Hamilton (1989).5 We estimatethe modelsfor US data,andalsoestimatethe modelsjointly

over threecountries(US, UK and Germany) using the cross-sectionalapproachof Bekaert,

Hodrick andMarshall(2000). For the three-countrycross-sectionalestimationwe assumethe

innovationsandregimesareindependentacrosscountries.Althoughpair-wiseinterestratecor-

relationsacrosscountriesarenon-zero,MonteCarlo resultsin Bekaert,Hodrick andMarshall

(2000)suggestthattheassumptionof independenceis not rejectedby thedata.

2.1 Short Rate Univariate Model

Thedynamicsof theshortrate��� in theunivariatemodelaregivenby:

�����
	���
�����������
���������������� ��
����"!#� (1)

wheretheIID errors !#��$&%'�)(+*+,-� .6 Equivalentlywecanwrite themodelasa functionof ./��� :
.0���1�2	3��
4�#��56�7,859����
����:������������� ��
����"!#�

Conditionalon theregime 
�� theshortrateis aVasicek(1977)modelandhasdrift 	3��
����;5<�7,�5
����
4�#�7��������� andvolatility � ��
���� .

The regime variable 
�� is either1 or 2 andfollowing Diebold et al. (1994)hastransition

probabilities:

= ��
����
>@?A
4�����B�2>DC7EF�����:�G� H
I4J�KML#JONQPSRUT

,�� H
I�JQKML#JVNQPSRWT *8>X�Y,Z*-[+\ (2)

whereEF����� is theinformationset. In this model ]Q�������_^Z��������*`������a�*�\Z\�\Z*:�Zbdc . We considertwo

cases.The first casehasconstanttransitionprobabilities,( e�fg�h( ) wherewe denote= ��
4�i�
,+?A
������j�k,lC7EF�����7�m�on and = ��
��p�q[r?s
������m�q[MC7EF�����"�t�vu . Thesecondcasehastime-varying

transitionprobabilities( e�fxw�y( ).
Thismodelis similar to themodelin Bekaert,HodrickandMarshall(2000)with theexcep-

tion thatBekaert,HodrickandMarshallallow for within-regimeheteroskedasticity. By keeping

our within-regimeprocesseslinear, thenon-linearitiesareentirelydrivenby regime-switching,

notby otherfeaturesof themodel.
5 SeealsoHamilton(1994)andGray(1996).
6 We will denotetheregimevariableby subscripts,so z;{�|�};~����F~�z�� , �M{�|�};~����F~��d� and�;{�|�}r~����F~��+� .
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2.2 Term Spread Bivariate Model

Thetermspreadmodelis a switchingbivariatefirst-orderVAR of theshortrate ��� andspread
� � :

� �1�2	3��
��������i��
���� � �������2�
T� ��
����7!#� (3)

where
� �1�q����� � ���#� , and !#��$&%'��(M*�]+� . WeestimatetheCholesky decomposition����
���� of ����
����

where����
���� �&����
����7����
����#� .
Thetransitionprobabilitiesarelogistic functionsof bothlaggedshortratesandspreads:

= ��
�����>�?A
������G�2>DC7E������"� � �Q��� ���df���e�fQ�������1�2�Qf � �����"�
,8� �Q��� ���df���e�fQ���������2�Qf � �����"� >i�q,Z*Z[M\ (4)

where EF�����'� ^ � ������* � ����a"*�\�\�\-* � b�c . As with the univariatecase,we considerthe caseof

constanttransitionprobabilities( e�fp�&��f��y( ) andtime-varyingtransitionprobabilities( e�fxw�y( ,
��f�w�y( ).

2.3 Drift and Volatility Functions

In a simpleAR(1) specificationof the short rate ���x��	9���+�������G�6�@!#� , the conditionaldrift

of .0��� is givenby 	95q�:,�52�;��������� andthe conditionalvolatility is givenby � . In a regime-

switchingmodel,suchasour shortrateunivariatemodel,theconditionaldrifts andvolatilities

will be functionsof theex-anteprobabilityof beingin a regime = ��
��l? EF�����"� . In this model,the

conditionaldrift �8���������"C7E������7� is givenby:

� ���������:C7EF�����"� ���t��.0���-? EF�����"�B�
a
�O� �

= �)  ��������	 � 56�:,859� � ���������"� (5)

where= �O  ������� = ��
��G�¢¡d? EF�����"� is theex-anteprobabilityandsubscriptson 	 � and � � denotethe

regime.Equation(5) shows theconditionaldrift is a weightedaverageof thedrifts conditional

on theregime.

In contrast,theconditionalvolatility in theregime-switchingshortratemodelis not simply

anaverageof theregime-dependentvolatilities,aspointedoutby Gray(1996).Theconditional

volatility £����������7C:EF�����"� is givenby:

£����������:C7EF�����"� a �y�t��� a� ? EF�����7��56¤¥�j�����-? E������"�7¦ a

�
a
�O� �

= �)  ������¤§��	 � �¨� � �������"� a �2� a� ¦ 5
a
�O� �

= �)  �����d��	 � �9� � �������"�
a

�
a
�O� �

= �)  �����"� a� � = �   ����� = a   ������¤§��	 ��5�	 a7���&���r��59�ra"���������7¦ a (6)
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Thefirst termis theaverageof theregime-dependentvariances,andthesecondtermaddsajump

componentto thevariancedueto theswitchingeffect of moving from oneregimeto another.

Note that the conditionalmean � ���������"C:EF�����7� and volatility £����������:C7EF�����"� are functionsof

boththelaggedshortrateandtheinformationsetat ©U5ª, throughtheex-anteprobabilities= �)  ����� .
Throughtime, the ex-anteprobabilitiesareupdatedthrougha ratio of likelihoodswhich also

dependson the transitionprobabilities(which canbe functionsof EF����� asin our time-varying

transitionprobabilitymodels).Theex-anteprobabilitycanbewrittenas:

= �)  �����B� = ��
4�1�
¡d? EF�����"�B�
a
f � �

= ��
����
¡«?s
������B�2>DC7EF�����7� = ��
������G�
>@? EF�����"� (7)

wherethefirst term in thesumis the transitionprobabilitywhich canbestate-dependent.For

theunivariatemodelthesecondtermmaybedecomposedby Bayes’Ruleas:

= ��
������B�2>@? EF�����7�B�
¬ ���������7*�
������G�2>@? EF����a7�¬ ���������d? E�����a"�

�
¬ ���������«?s
������B�
>DC7EF����a"� = ��
������B�2>@? EF����a7�a­ � � ¬ ���������d?s
������G�
®¨*:EF����a"� = ��
������B�2®2? E�����a"�

where
¬ ���������«?s
��������¯>DC7E�����a"� is the conditionaldensityof ������� given 
4�����¨�¯> . As = �)  �����

variesthroughtime,theregime-switchingmodelsproducebothstochasticmeansandstochastic

volatilities.

To find thedrift andvolatility functionof .0������� asafunctionof ������� only, wemustintegrate

theeffect of thepath ^Z������a�*`������°�*�\�\�\Z*Q��bdc out of the functions � ���������"C7EF�����7� and £����������"*QEF�����7� .
Theconditionaldrift asa functiononly of ������� , denotedby � ���������"� , is givenby:

�8���������"� ���t�)./���-? �������"� �
a
�V� �

= � ��	 � 56�7, 5�� � ���������"� (8)

where= � is thestableprobability = � � = ��
��8�¢¡d? �������:� . Thestableprobabilitywill bea function

of ������� andcanbeevaluatednumerically. Theconditionalvolatility asa functiononly of ������� ,
denotedby £����������7� , is givenby:

£����������7� a ���t��� a� ? �������"��5&¤A�t�����-? �������"�:¦ a

�
a
�V� �

= � � a� � = � = a�¤§��	B��59	Ba:���&���r�159�ra7���������"¦ a (9)

Theabove two formulaeshow how thedrift andvolatility of .0��� in a regime-switchingmodel

canpotentiallybenon-linearfunctionsof ������� . Both equations(8) and(9) arefunctionsof the

regime-dependentparameters,andthestableprobability = � candependon ������� . In particular,
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for theconditionaldrift in equation(8) thedrift will bea weightedaverageof thedrift in each

regime,with theweightsbeingthestableprobabilities= � . As = � changesacrossthelaggedshort

rate,thedrift will alsochange.

Weintegrateout thepathnumericallyasfollows. Wesimulateout thesystemrecording�������
and ��� . We divide the observationsinto bins of ������� of 50 basispoints. Within eachbin we

calculatethevalues

�t��.0���-? �������"�
which is anempiricalestimateof thedrift � ���������"� and

�j¤§��.0����5��t��.0���-? �������"�7� a ? �������:¦
which is an estimateof the volatility £8���������7� . We will plot the averagedrift andvolatilities

within eachbin at the mid-point of the bin to obtainappropriatedrift andvolatilities for the

regime-switchingmodelsasa functionof ������� . We alsorecordtheregimerealizationsto esti-

mate�t��
4�-? �������7� , theaverageregime.7 Werequireover20million observationsin thesimulation

to accuratelypin down thethedrifts andvolatilitiesat very low andhigh interestratelevels.

A similar analysisappliesfor thebivariatemodel,exceptin additionto integratingout 
�� ,
the spread� � mustalsobe integratedout to obtaindrift andvolatilities for the short rateasa

functiononly of ������� .

3 Data and Estimation

3.1 Data

Our empiricalwork usesmonthly observationson 3 monthshort ratesand5 year long rates

of zerocouponbondsfrom theUS, Germany andGreatBritain from January1972to August

1996.Thedatais anupdatedsetof theJorionandMishkin (1991)dataseries.8 Table(1) reports

centralmomentsandthefirst threeautocorrelationsfor shortratesandspreadsfor eachcountry

andthe correlationsbetweenthesevariables.We notethat shortratesfor Germany andshort

ratesandspreadsfor theUK do not show excesskurtosis.Shortratesarevery persistent,with

theUK showing the leastpersistence.Spreadsarealsohighly autocorrelatedbut lessso than

shortrates.Spreadsareon averagelower in theUK andGermany thanin theUS but they are
7 We canequivalentlycalculate±+²�~´³r{#|�}�~ªµ�¶ ·�})¸¹²�� andthenuseequations(8) and(9) to obtainthedrift and

volatility. This still involvessimulatinga largenumberof interestratepaths.Theproceduretakenhereis easily

adaptedto integratingout º�} in additionto theinterestratepathsin thebivariatesystems.
8 SeeBekaert,Hodrick andMarshall(2000)for furtherdetails.

7



morevariable.Thecorrelationsbetweenshortratesacrosscountriesrangebetween0.44for the

USandGermanratesand0.67for theUSandUK shortrate.

3.2 Estimation Results

Wefirst discusstheparameterestimatesfor thevariousmodelsin moredetail in Sections3.2.1

and3.2.2andthenprovide an economicinterpretationof the main empiricalpatternsin Sec-

tion 3.2.3.

3.2.1 Univariate Short Rate Models

Theunivariateshortratemodelcoefficientsaregivenin Tables(2), (3) and(4) for thejoint, indi-

vidualandUSestimations,respectively. In Table(2) for thetime-varyingtransitionprobability

estimation,the first regime hasa near-unit root (�r���»(M\§¼M½U¼M¾ ) with a constantwithin-regime

meanof 0.0502andwithin-regimevolatility of 0.2180.In contrast,thesecondregimeis much

moremean-reverting(�raj�¿(+\�¼MÀ;,-Á ), with a higherconstant(	Ba3�Y(M\§ÂM[U½MÃ ) andhigherregime-

dependentvolatility ( �FaÄ�o,-\§(MÃUÃ;, ). Althoughthestate-dependenttransitionprobabilitiesmake

thesenumbersharderto interpret,the within-regimemeans(	 �#Å �7,�52� � � ) do not changevery

much relative to the constanttransitionprobability model. They are 4.83%for the first and

10.63%for thesecondregime.

Figure(1) shows thetransitionprobabilitiesfrom thejoint univariateshortratemodelwith

time-varyingprobabilities.Thetransitionprobabilitiesaresignificantlyaffectedby the lagged

shortrate. In particular, in thefirst regime e4� is significantlynegative, soasinterestratesrise

in the first regime thereis an increasedprobability of transitioningto the secondregime. In

thesecondregime,asshortratesrise, thereis an increasedchanceof remainingin the higher

volatileregime( e4aÄÆÇ( ). A likelihoodratio testrejectsthenull hypothesisof constanttransition

probabilities(p-value= 0.0000). The otherparametersfor the constanttransitionprobability

modelareverysimilar to theonesobtainedin thetime-varyingtransitionprobabilitymodel.

In Table(3) weshow resultsfor thejoint constantprobabilitymodelestimatedallowing for

differentparametersacrosscountries.The parmeterpatternsacrossregimesarevery similar,

but we still stronglyreject the overall equalityof the parametersacrosscountries. Individual

Wald testsfor thedifferentparameterssuggestthat the rejectionis likely drivenby thediffer-

ent volatility levelsacrosscountries.Nevertheless,given the qualitative analogybetweenthe

parametersacrosscountries,we will continueto focusmostof our attentionon thejoint model

with equalparameters.ComparingthestandarderrorsbetweenTable(2) and(3), theefficiency

gain in imposingequalityof parametersis clear. This efficiency gain is even moreapparent
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for thetime-varyingprobabilitymodel,asis illustratedfor theUS univariatemodelreportedin

Table(4). The parameterpatternsareagainsimilar, but the transitionprobability parameters

areestimatedvery impreciselywhereasin the joint modelwe obtainsignificancefor bothpa-

rameterscapturingthe statedependenceof the transitionprobabilities. We alsonotethat the

first regimein theUS hasa trueunit root in thetime-varyingtransitionprobabilitymodel,but

is alsoextremelypersistent(�r�/�È(+\�¼M¼M½U( ) in theconstanttransitionprobabilitymodel. Given

theparameterdifferenceswe uncover acrosscountries,we will alsoreportdrift andvolatility

functionsfor theUSestimation.

3.2.2 Bivariate Term Spread Models

Thebivariatetermspreadmodelcoefficientsarelisted in Tables(5) and(6). Theresultsshare

many characteristicswith the univariateresults. In addition to the constantin the short rate

equationbeinglower(higher)in thefirst (second)regime,theconstantin thespreadequationis

positive in thefirst regimeandnegative in thesecond.Thehigh shortrateregimeis associated

with negativetermspreads.Thepersistenceof thesystemin eachregimecanbeseenby looking

atthemoduliof theeigenvaluesfor thecompanionmatrices� � . For thetime-varyingprobabilty

systemestimatedover theUS,UK andGermany in Table(5), themoduliof theeigenvaluesfor

�t� are0.9870and0.9423andfor �ja they are0.9145(repeated),showing the first regime to

bemorepersistent.In thefirst regime,boththeshortrateandspreadGranger-causeeachother

(significantp-valuesfor �j�d¤§,Z*Z[M¦ and �t��¤A[M*+,-¦ ), but in the secondregime we cannotreject the

hypothesisthatlaggedshortratesandspreadsdonotaffect eachother.

Table(5) alsoshows theconditionalcovariancesto be larger in thesecondregime. Pfann,

SchotmanandTschernig(1996)show that the correlationsbetweenthe short rateandspread

changeasthelevel of theshortratechanges.Theimpliedcorrelationsconditionalontheregime

of theshortrateandspreadare-0.4375(-0.7673)in regime1 (2) for the joint bivariatemodel

with time-varyingprobabilities.(For comparisontheunconditionalcorrelationfrom thedatais

-0.5838.)A Wald testrejectsthehypothesisthatthecorrelationsareequalacrossregimeswith

ap-valueof 0.0000.

Finally, thecoefficientsin the transitionprobabilitiesaresignificantat the1% level in the

first regime. As both short ratesandspreadsincrease,the probability of stayingin the first

regimedecreases(positive �D� and e4� ). In thesecondregime,only thecoefficient on thelagged

shortrateis border-line significant(p-valueof 0.0542)andthep-valueof thesecondcoefficient

is slightly over0.11.However, thepositivepoint estimatesindicatethatasbothshortratesand

spreadsincreasethe probability of stayingin the secondregime increases.A likelihoodratio
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testrejectsthenull hypothesisof constanttransitionprobabilitieswith ap-valueof 0.0000.

TheUS bivariatetermspreadmodelparametersarepresentedin Table(6). Theresultsare

qualitatively similar to the joint estimationresults.The time-varyingprobabilitymodelfailed

to converge due to insufficient data,especiallyat higher interestrates. Instead,we report a

restrictedmodel wherethe transitionprobabilitiesdependonly on the spread. A likelihood

ratio testfor coefficientson thelaggedspreadto beequalto zeroin thetransitionprobabilities

is rejectedwith ap-valueof 0.0167.

3.2.3 Interpretation of the Results

The estimationresultsarecharacterizedby oneregime producingunit root, or near-unit root

behavior with lower conditionalvolatility, anda secondregimewhich is moremean-reverting

with higher conditionalvolatility. This result is sharedacrossthe univariateshort rate and

bivariatetermspreadmodels.

Economistssuchas Mankiw and Miron (1986) argue that the smoothingactionsof the

US Fedmake the short ratebehave like a randomwalk, and the first regime correspondsto

“normal” periods.Whenextraordinaryshocksoccur, interestratesswitchto thesecondregime

andaredriven up, volatility becomeshigherand interestratesbecomemoremean-reverting.

In the secondregime,policy makersswitch from interest-ratesmoothingto inflation fighting.

This economicunderpinningof theestimationresultsis particularlyplausiblefor theUS. One

of the marked high inflation rate episodeswas 1979-1982,and the high interestrateswere

clearlypartially causedby high inflation. This logic couldalsomotivatethedependenceof the

transitionprobabilityon the level of theshortrate. Sinceshortratesreflectexpectedinflation,

they signalto theauthoritiesthata high inflation regimeis likely to occur.

To show the plausibility of this economicrationalefor the regime switchingmodel,Fig-

ure (2) shows the smoothedprobabilities(the probability of the high interestrateregime) for

the threecountriesover the sampleperiod togetherwith short ratesand inflation rates. The

modelusedis thespreadmodeljointly estimatedover theUS, UK andGermany, becausethe

cross-sectionalestimationallows more power to pin down the coefficients of the non-linear

regime-switchingmodels,particularlythecoefficientsof thetransitionprobabilities.

For theUS,themajorinflationaryperiodsaround1975and1979-1982indeedcoincidewith

highprobabilitiesfor thehigh-interestrateregime.Thefit is notperfect,aswasalsopointedout

by EvansandLewis (1995),andthecorrelationbetweeninflation andsmoothedprobabilities

is 0.54 in the US. At 0.50, this correlationis very similar in Germany. Apart from the mid-

seventiesandearlyeighties,Germany alsowitnesseda relatively high-inflationperiodafterthe
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unificationwith EastGermany in the early nineties. All of theseperiodscoincidewith high

probabilitiesfor thehigh-interestrateregime.Theworstfit is for theUK. Theregimeswitching

modelswitchesregimesso often that it is difficult to distinguishhigh-interestrateepisodes.

Thisbeingsaid,inflation is alsomorevariableandhigherin theUK thanin theUSor Germany,

andthecorrelationbetweeninflationandthehigh interestregimesmoothedprobabilityremains

solidly positiveat 0.36.

4 Implied Nonlinearities of Regime-Switching Models

We organizeour discussioninto four sub-sections.The first subsectionreviews the results

reportedin theprevious literature.Section4.2 discussesour resultsfor thedrift andvolatility

functionsfor the shortratefrom our modelsestimatedusingdatafrom all countries.Section

4.3 reportsthe drifts andvolatility functionsfor the spread.Finally, in Section4.4 we check

robustnessby graphingthedrift andvolatility functionsfor themodelsestimatedusingUSdata

only.

4.1 Literature Review

Thereis now a large literaturedocumentingempirical non-linearitiesin interestrates. Aı̈t-

Sahalia(1996a)parametricallyspecifiesthedrift andvolatility functionsfor US7-dayEurodol-

lar spotratechangesusingnon-linearfunctions.Aı̈t-Sahaliafindsahighly non-lineardrift with

strongmean-reversionat very low andhigh interestratesbut thedrift is essentiallyzeroin the

middleregion. Thevolatility functionassumesaJ-shapesothespotrateis morevolatileoutside

themiddleregion,with thehighestvolatility occurringatveryhighinterestrates.Wereproduce

his findingsin Figure(3).9 Aı̈t-Sahaliausesthe following parameterizationsfor thedrift and

volatility functions:

�`ÉÄ���������"�B��ÊFbÄ��Ê1������������Ê1a#� a����� �2Ê�° Å �������
£�ÉÄ���������"�7�B� ËFbG�¨Ë1�#�������1�¨Ë1a��WÌdÍ����� (10)

TheinverseÊ�° Å ������� in theconditionalmeanimpartsanasymptoteof theshortratedrift atzero.

Aı̈t-SahaliaestimatesË1° asapproximately2, which impartsaquadraticshapeto theconditional

variancein Figure(3).
9 In Figure(3) theFigure4c of Aı̈t-Sahalia(1996a)shows theestimateddiffusionof Î�·"} , which is thecondi-

tionalvariance.
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Conley et al. (1997)’s drift estimationson overnight Fed funds rate changeslook very

similar to Aı̈t-Sahalia’s plots, but without the strongmeanreversionat high interestrates. In

their formulation,stationarityat high interestratesis inducedby increasingvolatility. Stanton

(1997)’s non-parametricallyestimateddrift on daily 3 monthT-bill ratechangesis zerountil

high interestrateswherethe drift becomesvery negative. Stanton’s non-parametricallyesti-

matedvolatility looks very similar to Aı̈t-Sahalia’s, with volatility increasingat higher levels

of interestrates. However, Stantonfinds the volatility to be mostly convex over most short

rate levels, exceptat very high short rateswherethe conditionalvolatility becomesconcave,

andthe lowestvolatility happensat the lowestrates.Stanton’s picturesdiffer somewhat from

Aı̈t-Sahalia(1996a)ashedoesnot imposea parametricform ontothedrift andvolatility func-

tions. Aı̈t-Sahalia(1996a)’s parameterizationsmay not be sufficiently rich enoughto capture

thenon-parametricshapeswhich Stantonfinds.WereproduceStanton’sfiguresin Figure(4).

Thesefindingssuggestthatinterestratesexhibit strongnon-lineardrifts, with thedrift being

zeroover muchof thesupportof thedata,but stronglymean-revertingat low or high interest

rates.Thevolatility of interestratesgenerallyincreaseswith the level of the interestratewith

thelowestvolatility appearingin thelow to middlerangeof thesupport.10 In thenext section

we show that the drift and volatility functionsimplied by the regime-switchingmodelscan

mimic thesefeatures.

We notethat regime-switchingmodelsmay not be the only modelswhich canreproduce

the non-parametricestimationsof the drift and volatility. If multiple factorsdrive the term

structure,thenconditioningonly on the short ratemay induceapparentnon-linearitiesin the

drift andvolatility functionsbecausethesenow dependon the entirehistory of the shortrate

process.However, certainclassesof multi-factormodelscanbe ruled out. For example,in

theDuffie-Kan (1996)affine classtheshortratecanalwaysbe written asa linear function of

factors.In thiscase,thedrift will bea linearfunctionof asinglestatevariable,afterintegrating

out otherstatevariables.In addition,in multi-factorCIR modelsthefactorsmustbepositively

correlatedto ensureadmissibility. Single-factor modelswithout regime-switchingmay also

capturesomenon-linearities.For example,theconstantelasticityof volatility modelof Chan,

Karolyi, Longstaff andSanders(1992) is ableto capturethe convex shapeof the conditional

volatility by specifyingtheconditionalvarianceto bea cubicfunction. However, thesemodels

still parameterizetheconditionaldrift to beaffine. Ahn andGao(1999)usea quadraticdrift,

but this modeldoesnot satisfactorily capturethe highly mean-reverting drift at high interest

rateslevels. Regime-switchingmodelscanreproducethe non-parametricestimationsof both
10 Johannes(1999)showsthatthehighmean-reversionathighinterestratessurvivestheadditionof jumpsin the

shortrateprocess,but introducingjumpscausestheconditionalvolatility to appearmorelinear.
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theconditionalmeanandconditionalvolatility.

4.2 Short Rate Drift and Volatilities from the Joint Estimation

4.2.1 Drift Function

Figure(5) reportsthe shortratedrift function for the four modelswe estimate:the univariate

shortratemodelwith constantandtime-varyingtransitionprobabilities,andthebivariateshort

rate-termspreadmodelswith constantandtime-varying probabilities. Figure(5) shows very

clearly that the featureof the modelwhich drivesthe shapeof the drift function is the time-

varyinglogistictransitionprobability. Themodelswith constanttransitionprobabilitiesproduce

a drift function that is nearly linear, exceptat the very edgeswheresomeslight curvatureis

presentwhich is dueto samplingerror.11 Thiskind of functioncouldbewell approximatedby

asimplelinearautoregressivemodel.Thedrift functionsfrom themodelswith thetime-varying

transitionprobabilitiesontheotherhandcloselyresemblethedrift presentedin Stanton(1997).

Thedrift function is at first very flat (but downwardsloping)until an interestrateof about

10%andthenturnssteeplynegative at higherinterestrates.Stanton’s drift startsturningneg-

ative around14%. For mostof the range,the function looks similar to Aı̈t-Sahalia’s (1996a)

but thedrift therestartsturningnegativeat only 18%. We do not generatethenon-linearityhe

producesat very low shortrates,but that is exactly therangeof interestrateswherethebiases

documentedby ChapmanandPearson(2000)playa largerole. Aı̈t-Sahalia’s increasingdrift at

low interestratesmayalsobedueto the Ê1° Å ������� functionheimposesin theconditionalmean

(seeequation(10)). Despitesomesmalldifferencesin thedetails,whichareperhapsdueto the

useof differentdatasets,whatis remarkablehereis thatthestate-dependentprobabilitymodel

canreproducetheshapeof thenon-parametricallyestimateddrift functions.

What drivesthe drift function in the regime-switchingmodels?The drift function for the

regime-switchingprocessis aweightedaverageof thelineardrift functionsin eachregime,with

theweightsdeterminedby thedifferentamountof timespentin eachregimeatdifferentinterest

ratelevels. The non-linearityis inducedby this weighting. Whentransitionprobabilitiesare

constant,thereis little scopefor non-linearityandthedrift functionretainsafairly linearshape.

However, in thestate-dependentmodel,asinterestratesincreasea muchfastertransitioninto

thestrongermean-reverting regimeoccursandmuchmoretime is spentin thesecondregime

at higher short rates. This non-linearweighting is illustratedin Figure (6). The dottedline
11 At very low or very high interestrates,becausethesearein theextremesof the interestratedistribution, not

many observationsarepresent:for example,in theconstantprobabilitybivariatespreadmodel,theproportionof

observationslying in therange18-20%is simulatedto beonly 0.0018.
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representsthe linear drift in the first regime, which featuresa near-unit root andhencevery

flat drift function. The dashedline representsthe linear drift in the secondmuchmoremean

-revertingregime,wherethedrift slopesdownwardsmuchmoresteeply. At low interestrates,

thefirst regimetotally dominatesandthedrift functionis flat, but wheninterestratesreach10%,

it becomesmoreandmorelikely thattheinterestratesaredrawn from thesecondregimeandthe

functioncurvessteeplydownward.Thenon-parametricresultfoundbeforecannow potentially

begivenaneconomicexplanation.It is well known thatmonetaryauthoritiessmoothinterest

rates,asdocumentedby Mankiw andMiron (1986)).This explainsthenear-unit root behavior

of shortratesin thenormalrangegiving riseto analmostflat drift function.It takeslargeshocks

to bring interestratesoutsidethis rangeandoncetherebothpolicy actionsandmeanreversion

in fundamentals(inflation for example)bringaboutrapidmeanreversion.

4.2.2 Volatility Function

Figure7 plots the conditionalvolatility functionsof the short rate for the samefour models

consideredin Figure(5). Theconstantprobabilityuniverseandbivariatemodelsyield similar

shapesfor theconditionalvolatility andbeara strongresemblanceto Aı̈t-Sahalia(1996a)’s J-

shapedestimations(seeFigure(3)). Thetime-varyingprobabilitymodelsproducea drawn-out

S-shapevolatility. The volatility first is ratherflat at very low interestrates(0-4%) andthen

increasesstronglywith interestrates,andfinally flattensout around15%. This shapeis very

similar to whatStanton(1997)finds(seeFigure(4)). As in thecaseof thedrift functions,the

time-varyingprobabilitiesallow morenon-linearitiesthantheconstanttransitionprobabilities.

Whatdrivesthevolatility functionsin the regime-switchingmodels?Although thecondi-

tional volatility is a complex function of the modelparameters(seeSection2), a major com-

ponentis a simpleweightingof the two volatility parametersin the two regimes,which are

assumedconstant.Hence,theexpectedregimealsoplaysacritical role in driving thevolatility

function.Thisexplainswhy therangeof volatilitiesreachedin theconstantprobabilitymodelis

muchlower thanin thetime-varyingprobabilitymodel,sincetheweightingof thetwo regimes

doesnot vary very muchwith the interestrate. Figure(8) explicitly shows the link between

theshapeof thevolatility functionand �t��
���� theexpectedvalueof theregime(between1, the

low-volatility regime and2, the high-volatility regime), which wasalso recordedduring our

simulations.Themodelusedin Figure(8) is theunivariateshortratemodelwith time-varying

probabilities.The“AverageRegime” functionhastheexactsameshapeasthevolatility function

does.

Figure(8) shows thatwearemorelikely to bein thefirst low-volatility regimeat low short
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rates(0-8%)while athighshortrates(above14%)wearemuchmorelikely to bein thesecond

high-volatility state.This patternis expectedfrom thestate-dependenttransitionprobabilities:

recall Figure(1) which plots the transitionprobabilitiesasa function of the laggedshortrate

for the samemodelasFigure (8). At low interestrates,the probability of remainingin the

low-volatility regime is high andastheshortrateincreases,theprobabilityof transitioningto

thesecondregimeincreasessteeply. At high interestrates,theprobabilityof remainingin the

secondregimeis high,while at low interestratesif wearein thesecondregimetheprobability

of transitioningto thefirst regimeincreases.

Notethattheleft columnof Figure(7) showsthattheconstanttransitionprobabilitymodels

show a J-shape,which is naturally sharedby the expectedregime asa function of ������� (not

shown). Thereis not muchdifferentiationof the regimesacrossshort ratesin thesemodels.

Theminimaof thevolatility curvescoincidewith thelowestvaluesof �t��
4��� , wherethemodel

is mostlikely to bein thelow-volatility regime. Theflatnessof thecurvesderivesfrom a large

anda relatively high stableprobabilityof beingin this regime. This meansthat themixing of

thetwo differentregimesdoesnot resultin noticeablydifferentmodesin thedistribution. For

example,for theunivariateshortratemodel,the regime-dependentunconditionalvolatility in

regime 2 is 2.8344(versus0.6523in regime 1), andthe stableprobability of beingin regime

2 is 0.3419.12 This high-volatility distribution tendsto flattenthe effect of the moreconcen-

tratedfirst distribution. In contrast,thestatedependenceof thetime-varyingprobabilitymodels

enablestheexpectedregimeto bemoredifferentiatedacrossthesupportof theshortrate.

4.3 Spread Drift and Volatility Functions from the Joint Estimation

The bivariateregime-switchingmodelspermit investigatingthe drifts andvolatilities of term

spreads.Thesearepresentedin Figure(9). In theconstantprobabilitymodel,thedrift function

for thespreadis linearanddownwardsloping,reflectingthehighermeanreversionfound for

spreads.The time-varyingprobability modelgeneratesa drift function that is very similar in

shapeto theonefrom theconstantprobabilitymodel,with only veryslight,almostimpercepti-

ble non-linearities.This is not sosurprisingsincethespreaddynamicsdo not differ verymuch

acrossregimes(SeeTable(5)).

However, spreadsaremuchmorevariablein thesecondregimeandthetransitionprobabil-

ities dependon thespreadin the time-varyingtransitionprobabilitymodel. Hence,we would

expectmoredivergencebetweenthetwo modelsfor thevolatility function.Figure(9) confirms

this. For the constantprobability model, the volatility function hasa U-shape. For normal
12 Theregime-dependentunconditionalvarianceis �¹Ï�dÐ {�µ«Ñ���Ï� � , andthestableprobabilityis {�µ«ÑÄÒ � Ð {�Ó«ÑÄÔÕÑÄÒ � .
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levelsof the spread(slightly negative to slightly over 1%), volatility is low, but high andlow

spreadsarebothassociatedwith higherspreadvolatility. In otherwords,high-volatility short

rateregimescancoincidebothwith upwardanddownwardslopingyield curves. In the time-

varyingtransitionprobabilitymodel,thespreadvolatility curve is no longersymmetricandits

rangeis larger. In particular, volatility decreasesuntil spreadsareabove thenormalrangeand

thenincreasesrapidly, but spreadvolatility at unusuallylargenegativespreadsis higherthanat

unusuallylargepositivespreads.

The mechanismfor this result lies in the state-dependenceof the transitionprobabilities.

Negative term spreadstypically coincidewith very high short ratesand henceone is likely

in the high volatility regime. As spreadstendto their normalrange,short ratesdrop andthe

probabilityof switchinginto thenormalregimeincreases.Thisis only partiallycounteractedby

thefact thatnegativespreadsgenerallydecreasetheprobabilityof stayingin thehigh variance

regime,aneffect thatweakensathigher, lessnegativespreads.At normal(positive)levelsof the

spread,theeconomyis in thefirst unit-rootregime,andvolatility is low. Whenspreadsincrease,

theprobabilityof stayingin this low-volatility regimedecreases(notethenegative �-� coefficient

in equation(4)). Sincetheprobabilityof switchinginto thehigh varianceregimeincreasesthe

volatility functionslopesupwardagain.Thecurve is steeperhere,sincethestate-dependence

in thefirst regimeis stronger(seeTable(5)).

4.4 Drift and Volatility Functions for the US

Giventhedifficulty in estimatingregime-switchingmodelsin general,andthelack of extreme

interestratedatain theUS,wefeelthatthejoint estimationis themostreliableguidetowardsthe

trueshapeof thedrift andvolatility functions.For completeness,Figures(10)and(11)plot drift

andvolatility functionsfor theestimationsthatuseonly US data.Becauseof thesuperiorityof

thetime-varyingtransitionprobabilitymodel,weonly show resultsfor thatmodel.

Figure (10) shows resultsfor the univariatemodel. Even for US data,the drift function

takesthe Stanton(1997)form, with a flat part andthena steeplydownward slopingpart, for

interestratesbeyond9 to 10%. Thevolatility curve alsolooks like whatStantonfinds,where

the low and high interestrangeportionsare now virtually entirely flat. The resultsfor the

bivariatemodel,reportedin Figure(11), arelessencouraging,but have to be interpretedwith

caution.Rememberthatwewerenotsuccessfulin obtainingconvergenceusingtheshortratein

thetransitionprobability functionsothestatedependencehereis of a different,lesscomplete

form thanin thefull modelwe discussedbefore.As a consequence,thedrift functionis linear

anddownwardslopingandthevolatility functionU-shaped.For spreads,we do get functions
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that resembletheonesreportedin the joint estimation.In particular, thedrift function is near

linear, andthevolatility functionhasanasymmetricU-shape,with two distinctionsrelative to

our previousfindings.First, theasymmetryin volatility betweenlow andhighspreadsis much

morestriking. This is primarily due to the fact that the identificationof the negative spread

partof thefunctionfor USdatais limited to the1979-1982monetarytargetingperiod.Second,

thereis analmostflat portionatvery low andhighspreads,which is dueto theexpectedregime

converging to remaincloseto 2 at thesevalues.

5 Conclusion

An economicallyintuitiveregime-switchingmodelreplicatesthenon-linearpatternsin thedrift

andvolatility functionsof shortratesfoundby non-parametricstudies.Thecritical featureof

the model that generatesthe requirednon-linearitiesis the statedependenceof the transition

probabilities. In our univariateshortrateregime-switchingmodelstheseprobabilitiesdepend

logistically on thelaggedlevel of theshortrate.In our bivariatemodelusingtheshortrateand

termspread,thesearelogistic functionsof laggedshortratesandspreads.At a detailedlevel,

our empiricalfindingsareremarkablycloseto thenon-parametricfindingsof Stanton(1997).

Althoughtheshapeswe foundaregenerallysimilar to Aı̈t-Sahalia(1996a)’s findings,thereare

somedifferences,especiallyat very low interestrates.Sincetherearefew datapointsat these

ranges,we suspectthat thesedifferencesmaybegeneratedby thesemi-non-parametricnature

of Aı̈t-Sahalia(1996a)’s method,which imposesa parametricform on the drift andvolatility

function.

Our resultshave several implications.First, for the termstructureliteratureit is important

to build modelsthatembedthesenon-linearities.It is unlikely for examplethataffine models

canevergeneratethenon-linearitiesdocumentedin boththedrift andvolatility functions.This

paperhasshown thatmodelswith regimeswitches,or perhapsjumpsarerich enoughto mimic

the non-parametricallyestimatedshort ratedrift andvolatility. Although someprogresshas

beenmadein this area,muchmore remainsto be done. Naik andLee (1994)andVeronesi

andYared(1999)developa continuous-timeregime-switchingtermstructuremodel,but allow

switchingonly in theconditionalmean.BansalandZhou(1999)andEvans(1999)haverecently

developeddiscrete-timeterm structuremodelsaccommodatingregime switches,but they do

not allow for state-dependenttransitionprobabilitiesandtheir solutiontechniquemakessome

strongassumptions.Consequently, theextantmodelsareunlikely to generatetherequirednon-

linearities.
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Second,our resultshave implicationsfor thevastmacro-economicliteratureon theeffects

of policy shockson theeconomyandassetprices(seefor example,Gali (1992)). Identifying

policy shocksfrom linearVAR’s seemsvery inappropriategiventhedynamicsof interestrates

illustratedhere.Sincetheregimesmaywell becausedby changesin monetarypolicy operating

procedures,policy analysisshouldtake theseregimedynamicsinto account.Ang andBekaert

(1998)specificallyconsiderhow dynamicimpulseresponsesmaydiffer betweenasimpleVAR

anda regime-switchingVAR.

Finally, althoughthenon-linearpatternsin itself areof muchinterest,eventuallyweshould

attemptto understandwhateconomicforcesdrivethem.Are they inducedby shiftsin expected

inflationor low-frequency changesin realrates?EvansandLewis (1995)documentthatregime

changesin inflation do not perfectlycoincidewith regime changesin interestrates,andon-

goingwork by BekaertandMarshall(2000)attemptsto traceregimechangesto changesin real

rateor inflation regimes.
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Table1: SummaryStatisticsof Data

US GER UK
shortrate spread shortrate spread shortrate spread

CentralMoments
Means 7.1104 1.2443 6.6350 0.6349 10.1008 0.2456
Stdev 2.8206 1.3776 2.6650 1.7285 3.0524 1.6802
Skew 0.9668 -0.7596 0.7878 -0.6988 -0.0076 -0.3503
Kurt 3.8689 3.7987 2.8478 3.5518 2.1834 2.7805

Autocorrelations� ² 0.9743 0.8689 0.9836 0.9670 0.9690 0.9380� Ï 0.9411 0.7698 0.9552 0.9204 0.9318 0.8866�ZÖ 0.9113 0.6982 0.9212 0.8708 0.8891 0.8351

Cross-correlations

US US GER GER UK
shortrate spread shortrate spread shortrate

US spread -0.5838
GERshortrate 0.4372 -0.3663

GERspread -0.2824 0.3350 -0.8861
UK shortrate 0.6706 -0.4289 0.4590 -0.3066

UK spread -0.3101 0.3216 -0.3245 0.3372 -0.7891

Sampleperiod January1972 to September1996. Short ratesare 3 month short rates,
spreadsarethedifferencebetween5 yearzerocouponbondlong ratesandtheshortrate.
The � -th autocorrelationis denotedby �d� .

Table2: UnivariateShortRateModel: JointEstimation

ConstantProbs Time-VaryingProbs
Parameter Estimate StdError p value Parameter Estimate StdError p valuez ² 0.0482 0.0274 0.0789 z ² 0.0502 0.0274 0.0670z Ï 0.7216 0.2188 0.0010 z Ï 0.7284 0.2276 0.0014� ² 0.9892 0.0004 0.0000 � ² 0.9896 0.0004 0.0000� Ï 0.9320 0.0055 0.0000 � Ï 0.9315 0.0056 0.0000� ² 0.2246 0.0122 0.0000 � ² 0.2180 0.0111 0.0000� Ï 1.0270 0.0500 0.0000 � Ï 1.0441 0.0513 0.0000Ô 0.9128 0.0210 0.0000 ×�² 4.0530 0.5385 0.0000Ø ² -0.2700 0.0655 0.0000Ò 0.8322 0.0411 0.0000 × Ï -0.0124 0.0916 0.8920Ø Ï 0.1182 0.0281 0.0000

Model givenby: · } ~Ùz;{�| } �¹Úi�U{#| } �§· })¸D² Úx�;{�| } ��Û } , Û }@Ü IID Ý0{�ÞZß�µl� . Thetransitionprobabilitiesaregiven
by ±W{�|�}r~àµ�¶s|�})¸D²@~´µl�F~ªÔ and±U{�|�};~´Ó�¶s|�})¸¹²�~àÓ-�;~ªÒ in thecaseof theconstantprobabilitymodel,and

±W{�|�}�~Ù�Q¶s|�})¸¹²�~á��â�ã«})¸¹²��r~ ä�å)æèç-é�æ�êSë§ì�í²#î ä å æ çZé æ ê ë�ì�í , �@~´µ-ß�ÓZï for thetime-varyingprobabilitymodel.Subscriptsin the
Tabledenotetheregime.Themodelsareestimatedcross-sectionallyacrosstheUS,Germany andtheUK. A
likelihoodratio testfor

Ø �`~àÞ yieldsa p-valueof 0.0000.
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Table3: UnivariateShortRateModel: Dif ferentParametersAcrossCountries

US results GERresults UK results Wald Test
Param SE Param SE Param SE p-valuez�² 0.0426 0.0789 -0.0283 0.0135 -0.0106 0.0492 0.6579z Ï 0.6847 0.5754 0.4157 0.2339 1.2308 0.4363 0.2544�¹² 0.9980 0.0129 1.0000 0.0000 0.9926 0.0050 0.9897� Ï 0.9265 0.0529 0.9536 0.0267 0.8956 0.0396 0.8006��² 0.2849 0.0162 0.1677 0.0104 0.2019 0.0161 0.0000� Ï 1.2552 0.1178 0.7114 0.0567 1.1435 0.0818 0.0000Ô 0.9782 0.0112 0.9407 0.0237 0.6882 0.0524 0.8078Ò 0.9216 0.0371 0.8780 0.0514 0.5630 0.0812 0.7830

Model givenby: · } ~Ùz;{�| } �¹Úi�U{#| } �§· })¸D² Úx�;{�| } ��Û } , Û }@Ü IID Ý0{�ÞZß�µl� . Thetransitionprobabilitiesaregiven
by ±W{#| } ~ðµ�¶s| })¸¹² ~ñµl�F~ñÔ and±W{�| } ~ðÓ�¶s| })¸¹² ~ñÓl�F~ñÒ . Eachcountryhasdifferentparameters.Subscripts
in theTabledenotetheregime. Themodelsareestimatedcross-sectionallyacrosstheUS,Germany andthe
UK. The lastcolumnlists a p-valueof a Wald Testof parameterequalityacrosstheUS, Germany andUK.
A likelihoodratio test for parametersbeingthe sameacrossthe US, Germany andUK yields a p-valueof
0.0000.

Table4: UnivariateShortRateModel: USEstimation

ConstantProbs Time-VaryingProbs
Parameter Estimate StdError p value Parameter Estimate StdError p valuez�² 0.0426 0.0789 0.5135 z�² 0.0364 0.0206 0.0776z Ï 0.6847 0.5754 0.2341 z Ï 0.6291 0.6275 0.3161�¹² 0.9980 0.0005 0.0000 �¹² 1.0000 0.0000 0.0604� Ï 0.9265 0.0142 0.0000 � Ï 0.9306 0.0149 0.0000�F² 0.2849 0.0162 0.0000 ��² 0.2863 0.0175 0.0000� Ï 1.2552 0.1178 0.0000 � Ï 1.2869 0.1325 0.0000Ô 0.9782 0.0112 0.0000 ×�² 7.4678 2.6077 0.0042Ø ² -0.5590 0.2945 0.0577Ò 0.9216 0.0370 0.0000 × Ï -7.1864 5.0917 0.1581Ø Ï 1.1202 0.7292 0.1245

Model givenby: ·"}�~Ùz;{�|�}#�¹Úi�U{#|�}��§·"})¸D²FÚx�;{�|�}#��ÛO} , ÛO} Ü IID Ý0{�ÞZß�µl� . Thetransitionprobabilitiesaregiven
by ±W{�|�}r~àµ�¶s|�})¸D²@~´µl�F~ªÔ and±U{�|�};~´Ó�¶s|�})¸¹²�~àÓ-�;~ªÒ in thecaseof theconstantprobabilitymodel,and

±W{�|�}�~Ù�Q¶s|�})¸¹²�~á��â�ã«})¸¹²��r~ ä å æ ç-é æ ê ë§ì�í²#î ä å�æSçZé�æ�êèë�ì�í , �@~´µ-ß�ÓZï for thetime-varyingprobabilitymodel.Subscriptsin the
Tabledenotethe regime. Themodelsareestimatedon US data. A likelihoodratio testfor

Ø � ~òÞ yields a
p-valueof 0.0001.
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Table5: BivariateSpreadModel: JointEstimation

ConstantProbs Time-VaryingProbs
Parameter Estimate StdError p value Parameter Estimate StdError p valuez ²#² -0.0985 0.0603 0.1024 z ²#² -0.0908 0.0620 0.1429z�² Ï 0.2507 0.0700 0.0003 z�² Ï 0.2498 0.0709 0.0004z Ï ² 0.8142 0.3013 0.0069 z Ï ² 0.9232 0.3395 0.0065z Ï#Ï -0.1649 0.2631 0.5308 z Ï#Ï -0.2419 0.2877 0.4004ó ²lô µ-ßQµ�õ 1.0048 0.0074 0.0000

ó ²Zô µZß�µ�õ 1.0040 0.0077 0.0000ó ²lô µ-ßQÓ�õ 0.0430 0.0136 0.0015
ó ²Zô µZß�Ó�õ 0.0427 0.0136 0.0016ó ²lô Ó-ßQµ�õ -0.0255 0.0086 0.0032
ó ²Zô ÓZß�µ�õ -0.0246 0.0088 0.0050ó ²lô Ó-ßQÓ�õ 0.9271 0.0156 0.0000
ó ²Zô ÓZß�Ó�õ 0.9253 0.0156 0.0000ó Ï ô µ-ßQµ�õ 0.9243 0.0281 0.0000
ó Ï ô µZß�µ�õ 0.9156 0.0309 0.0000ó Ï ô µ-ßQÓ�õ -0.0286 0.0438 0.5141
ó Ï ô µZß�Ó�õ -0.0375 0.0473 0.4281ó Ï ô Ó-ßQµ�õ 0.0178 0.0247 0.4708
ó Ï ô ÓZß�µ�õ 0.0234 0.0265 0.3777ó Ï ô Ó-ßQÓ�õ 0.9072 0.0385 0.0000
ó Ï ô ÓZß�Ó�õ 0.9124 0.0411 0.0000ö ² ô µ-ßQµ�õ 0.2313 0.0119 0.0000
ö ² ô µZß�µ�õ 0.2332 0.0137 0.0000ö ² ô µ-ßQÓ�õ -0.1110 0.0153 0.0000
ö ² ô µZß�Ó�õ -0.1223 0.0166 0.0000ö ²lô Ó-ßQÓ�õ 0.2504 0.0111 0.0000
ö ²-ô ÓZß�Ó�õ 0.2514 0.0096 0.0000ö Ï ô µ-ßQµ�õ 1.0318 0.0529 0.0000
ö Ï ô µZß�µ�õ 1.0614 0.0531 0.0000ö Ï ô µ-ßQÓ�õ -0.6974 0.0491 0.0000
ö Ï ô µZß�Ó�õ -0.7130 0.0508 0.0000ö Ï ô Ó-ßQÓ�õ 0.5789 0.0274 0.0000
ö Ï ô ÓZß�Ó�õ 0.5960 0.0289 0.0000Ô 0.9017 0.0182 0.0000 ×�² 7.1210 1.2215 0.0000Ø ² -0.6146 0.1283 0.0000÷ ² -0.5885 0.2152 0.0062Ò 0.8068 0.0408 0.0000 × Ï -1.1749 1.1249 0.2963Ø Ï 0.2074 0.1077 0.0542÷ Ï 0.2417 0.1541 0.1169

Model is ø¹}i~ ó {�|�}#��ø¹})¸¹²�Ú'ù�} , ù`} Ü IID Ý0{�ÞZß�ú�{�|�}���� with ø+}i~o{�·"}Uº�}��Sû , the short rate and spread,
and

ö {#|�}��ü~ chol{�ú�{#|�}#��� , |�}ü~qµ-ßQÓ . For the constantprobability model ±U{�|�}ü~qµ�¶s|�})¸¹²á~qµ-�x~vÔ
and ±W{#|�}/~ýÓZ¶þ|�})¸¹²ü~ýÓl�0~YÒ . For the time-varying probability model, ±U{�|�}�~¢�Q¶þ|�})¸D²ü~Ç��â�ã«})¸¹²��/~ÿ�������� æ î	� æ 
 ë�ì�í î�� æ 
 ë�ì�í �²�î ÿ������ ²�î � æ î�� æ 
 ë�ì�í î�� æ 
 ë�ì�í � ��~ªµZß�Ó . Thefirst subscriptdenotestheregime | } , andthesecondsubscript(or
numbersin squarebrackets)denotethe matrix element.The modelsareestimatedcross-sectionallyacross
theUS,Germany andtheUK. A likelihoodratio testfor

Ø �`~ ÷ �`~ñÞ yieldsa p-valueof 0.0000.
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Table6: BivariateSpreadModel: USEstimation

ConstantProbs Time-VaryingProbs
Parameter Estimate StdError p value Parameter Estimate StdError p valuez ²#² -0.1140 0.1307 0.3831 z ²#² -0.1049 0.1236 0.3963z�² Ï 0.5683 0.1142 0.0000 z�² Ï 0.6217 0.2746 0.0236z Ï ² 1.3415 0.7799 0.0854 z Ï ² 1.0415 0.7398 0.1592z Ï#Ï -1.0236 0.8885 0.2493 z Ï#Ï -0.8008 0.6406 0.2112ó ²lô µ-ßQµ�õ 1.0123 0.0156 0.0000

ó ²Zô µZß�µ�õ 1.0140 0.0154 0.0000ó ²lô µ-ßQÓ�õ 0.0456 0.0266 0.0865
ó ²Zô µZß�Ó�õ 0.0383 0.0367 0.2959ó ²lô Ó-ßQµ�õ -0.0621 0.0137 0.0000
ó ²Zô ÓZß�µ�õ -0.0707 0.0369 0.0553ó ²lô Ó-ßQÓ�õ 0.8430 0.0271 0.0000
ó ²Zô ÓZß�Ó�õ 0.8351 0.0531 0.0000ó Ï ô µ-ßQµ�õ 0.8723 0.0647 0.0000
ó Ï ô µZß�µ�õ 0.8958 0.0695 0.0000ó Ï ô µ-ßQÓ�õ -0.1371 0.0886 0.1218
ó Ï ô µZß�Ó�õ -0.1201 0.0823 0.1447ó Ï ô Ó-ßQµ�õ 0.1129 0.0735 0.1246
ó Ï ô ÓZß�µ�õ 0.0958 0.0616 0.1197ó Ï ô Ó-ßQÓ�õ 0.9119 0.0890 0.0000
ó Ï ô ÓZß�Ó�õ 0.9055 0.0820 0.0000ö ² ô µ-ßQµ�õ 0.2859 0.0135 0.0000
ö ² ô µZß�µ�õ 0.2819 0.0202 0.0000ö ² ô µ-ßQÓ�õ -0.1620 0.0239 0.0000
ö ² ô µZß�Ó�õ -0.1598 0.0252 0.0000ö ² ô Ó-ßQÓ�õ 0.2870 0.0139 0.0000
ö ² ô ÓZß�Ó�õ 0.2867 0.0194 0.0000ö Ï ô µ-ßQµ�õ 1.1847 0.1065 0.0000
ö Ï ô µZß�µ�õ 1.1688 0.1381 0.0000ö Ï ô µ-ßQÓ�õ -1.0106 0.1197 0.0000
ö Ï ô µZß�Ó�õ -0.9901 0.1477 0.0000ö Ï ô Ó-ßQÓ�õ 0.6516 0.0577 0.0000
ö Ï ô ÓZß�Ó�õ 0.6422 0.0719 0.0000Ô 0.9691 0.0139 0.0000 ×�² 2.7599 0.8448 0.0011Ø ²÷ ² 0.7599 0.4368 0.0819Ò 0.9004 0.0423 0.0000 × Ï 3.5121 3.6956 0.3419Ø Ï÷ Ï -0.6516 1.1189 0.5603

Model is ø¹}i~ ó {�|�}#��ø¹})¸¹²�Ú'ù�} , ù`} Ü IID Ý0{�ÞZß�ú�{�|�}���� with ø+}i~o{�·"}Uº�}��Sû , the short rate and spread,
and

ö {#|�}��ü~ chol{�ú�{#|�}#��� , |�}ü~qµ-ßQÓ . For the constantprobability model ±U{�|�}ü~qµ�¶s|�})¸¹²á~qµ-�x~vÔ
and ±W{#|�}/~ýÓZ¶þ|�})¸¹²ü~ýÓl�0~YÒ . For the time-varying probability model, ±U{�|�}�~¢�Q¶þ|�})¸D²ü~Ç��â�ã«})¸¹²��/~ÿ�������� æ î	� æ 
 ë�ì�í î�� æ 
 ë�ì�í �²�î ÿ������ ²�î � æ î�� æ 
 ë�ì�í î�� æ 
 ë�ì�í � ��~ªµZß�Ó . Thefirst subscriptdenotestheregime | } , andthesecondsubscript(or
numbersin squarebrackets)denotethe matrix element.The modelsareestimatedusingonly US data. A
full estimationfailed to convergeso we reporta restrictedestimationdependentonly on the spreadin the
time-varyingprobabilities.A likelihoodratio testfor ÷ �F~àÞ yieldsa p-valueof 0.0167.
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Time-varying transitionprobabilitiesfrom the univariateshortratemodelestimatedjointly acrossthe US,
UK andGermany. The transitionprobabilitiesarelogistic functionsgivenby ±W{�|�}B~ �Q¶s|�})¸D²G~¨��â�ã«})¸¹²�� ~
ä å æ çZé æ ê ë�ì�í²�î ä å)æSçZé�æSêSë§ì�í , �Ä~�µZß�Ó , where × ² ~��-ïþÞ����lÞ , Ø ² ~2Ñ�ÞZïsÓ��lÞlÞ , × Ï ~2Ñ�Þ-ïþÞlµ-Ó�� , Ø Ï ~�ÞZïsµ-µ��lÓ , asestimatedin

Table(2). Theshortrate· })¸¹² is on the � -axis.

Figure1: TransitionProbabilities
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In eachplot we show CPI inflation (percentagechangesover the last 12 months)andshortrates(top sub-
plot) and smoothedprobabilities ±U{�|�}/~ýÓZ¶ ã	�F� (bottom subplot). The correlationbetweeninflation and
the smoothedprobabilitiesis 0.5420,0.4994and0.3610for the US, Germany andUK respectively. The
smoothedprobabilitiesarecalculatedusingthebivariatespreadmodelwith time-varyingprobabilitiesesti-
matedcross-sectionallyacrosstheUS,Germany andUK.

Figure2: Inflation andSmoothedProbabilities
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We reproduceFigures4b and4c of Aı̈t-Sahalia(1996a).Thetop plot shows Aı̈t-Sahalia’s
estimatednon-lineardrift of theshortrateandthebottomplot showsAı̈t-Sahalia’snonlin-
eardiffusionof theshortrate.

Figure3: Aı̈t-Sahalia(1996a)’sShortRateDrift andDiffusion.
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We reproduceFigures4 and5 of Stanton(1997). Thetop plot shows Stanton’s estimated
non-lineardrift of theshortratewith estimatesof first, secondandthird orderapproxima-
tionsto thedrift. Thebottomplot showsStanton’snonlineardiffusionof theshortratewith
estimatesof first, secondandthird orderapproximationsto thediffusion.

Figure4: Stanton(1997)’sShortRateDrift andDiffusion
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Conditionaldrift of theshortratefor the joint estimationover US, UK andGermany. Fromtop left, clock-
wise: the univariatemodel with constanttransitionprobabilities; the univariatemodel with time-varying
probabilities;the bivariatespreadmodelwith time-varyingprobabilities;the bivariatemodelwith constant
probabilities.Theshortrateis on the � -axis.

Figure5: ShortRateDrifts from theJointEstimation
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We show theregime-dependentdrifts, andtheoverall shortratedrift for theunivariateshortratemodelwith
time-varyingprobabilities,jointly estimatedover theUS,UK andGermany. Theshortrateis on the � -axis.

Figure6: Regime-DependentDrifts
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Conditionalvolatility of the short ratefor the joint estimationover US, UK andGermany. From top left,
clockwise: the univariatemodelwith constanttransitionprobabilities;the univariatemodelwith constant
probabilities;the bivariatespreadmodelwith time-varyingprobabilities;the bivariatemodelwith constant
probabilities.Theshortrateis on the � -axis.

Figure7: ShortRateVolatility from theJointEstimation
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Plotsaredonefor the univariateshortratemodelwith time-varyingprobabilitiesestimatedjointly over the
US, UK andGermany. The top panelshows the volatility of the short rate. The bottompanelshows the
averageregime associatedwith eachshort rate(the regime caneitherbe 1 or 2). The short rate is on the
� -axis.

Figure8: Comparisonwith theAverageRegime
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Conditionaldrift andvolatility of the spreadfor the joint estimationover US, UK andGermany usingthe
bivariatespreadmodelwith constantandtime-varyingprobabilities.Thedrift andvolatility from thebivariate
modelwith constant(time-varying)probabilitiesis shown in the top (bottom)row. Thespreadis on the � -
axis.

Figure9: SpreadDrifts andVolatilities from theJointEstimation
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Conditionaldrift (toppanel)andvolatility (bottompanel)of theshortratefor theunivariateshortratemodel
with time-varyingprobabilitiesestimatedusingonly US data.TheUS shortrateis on the � -axis.

Figure10: USShortRateModel
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Conditionaldrifts andvolatilitiesof theshortrateandspreadfor thebivariatespreadmodelwith time-varying
probabilitiesestimatedusingonly US data. From top left, clockwise: shortratedrift, shortratevolatility,
spreadvolatility, andspreaddrift. TheUSshortrateor spreadis on the � -axis.

Figure11: USSpreadModel
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