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Abstract

Using non-parametri@stimationmethodsyariousauthorshave shavn distinct non-linearities
in the drift andvolatility function of the US shortrate, which areinconsistentwith standard
affinetermstructurenodels.We documentow aregime-switchingnodelwith statedependent
transitionprobabilitiesbetweerregimescanreplicatethe patterndound by the non-parametric
studies.To do so, we usedatafrom the UK andGermaly in additionto US dataandinclude
term spreadsn someof our models. We alsoexaminethe drift andvolatility function of the
termspread.



1 Introduction

Recentearshave seena proliferationof work onthe stochastigropertieof interestrates.In a
numberof influentialarticles Ait-Sahaliag1996a,1996b),Stanton(1997),Conley etal. (1997),
andBoudoukhet al. (1999)usenon-parametri¢echniquego show distinct non-linearitiesin
the drift function of the shortrate. The non-parametristudiesshov meanreversionat high
ratesto be much strongerthanin normalrangesof the shortrate, wherethe mean-regersion
is closeto zero. The conditionalvolatility estimatecby theseauthorsalsotakeson a corvex
shapewhich increaseswith the level of the shortrate. This finding is very importantfor the
modelingof thetermstructureandrelatedderiativespricing, sincemary modelstypically use
linear drift andvolatility models(suchasthe Duffie-Kan (1996)affine classof term structure
models).Neverthelessthesefindingsarestill somavhatcontroversialandthis line of research
hasbeencriticized from a numberof directions.

First, non-parametrienodelsin generalare over-parameterizeénd may have poor small
sampleproperties.In fact, with a Vasicek(1977)model,Pritzker (1999)findsthat2755years
of dataarerequiredto obtainthe accurag of the kernelestimatorimplied by the asymptotic
estimationusingAit-Sahalia(1996a)s samplelengthof 22 years.Worse,Chapmarand Pear
son(2000)shav that Ait-Sahalias findingsmay be entirely spurious primarily becausef the
lack of dataat the extremesof the interestrate ranges(wherethe non-linearitiesare found).
They show thatin smallsamplesanaffine parameterizationf the shortrateconditionalmean
may producethe non-linearitiesn non-parametriestimations.However, Joneg2000)usesa
Bayesiarsettingto shaw thatrejectionsof linear drifts may be drivenby implicit prior beliefs
that containa non-trivial amountof information aboutthe shapeof the drift function. Under
the Jefreys prior, a non-informatve prior robust to reparameterizatiorthe non-linearresults
disappear Downing (1999) shows that while finite samplebias of the non-parametrikernel
estimatoranay accountfor appareninon-linearitiesin conditionalmeans he stronglyrejects
thenull hypothesif linearvolatilities.

Secondthelack of aparametrianodelis of courseproblematidn termsof furthermodeling
of thetermstructure.In fact, thesearticlesgenerallyignoreinformationin termspreads. This
is surprisingsincetheinclusionof termspread$othfrom aneconometrigerspectie (they are
known to Grangercauseshortrates)andfrom a modelingperspectie (they arecloselylinked
to shortratedynamicsin mostterm structuremodels)would helpidentificationtremendously
Someprogresshasbeenmadehere. Ahn and Gao (1999) provide an interestingnon-linear
termstructuremodelthatcapturessomeof the dynamicsfound by Ait-Sahalia(1996a).Unlike

L with the exceptionof Boudoukh RichardsonStantonandWhitelav (1999).



the otherextantnon-afine term structuremodels? in Ahn andGao’s modelthe factorswhich
drive the shortratearethe samefactorswhich completelydeterminghe dynamicsof the entire
yield curwe, asin the affine term structuremodels. Ahn and Gao’s short rate model hasa
guadraticconditionalmeanand a cubic conditionalvariance. Their model matcheshe non-
parametricshapef the conditionalvariancevery accuratelybut capturedessadequatelyhe
sharpdownwardslopeof the non-parametriconditionalmeanat high interestrates.

In this article, we contrikute to this debatein a numberof ways. First, we provide an
alternatve, parametrianodelthatcanmatchthenon-lineapatterngdetectedefore.Our model
is a regime-switchingmodelwhich Gray (1996) and Ang and Bekaert(1998) have shawvn to
forecasinterestrateswell. In suchamodelthereis anunobseredstate(aregimevariable)that
follows a Markov chainand governsthe switching betweentwo potentially linear processes
(seeHamilton (1989)). Secondwe explicitly incorporateinformationin term spreadswhich
not only leadsto more efficient estimationbut alsoallows us to derive drift functionsfor the
termspread.Moreover, we showv thatthe probability of the transitionof oneregimeto another
regime depend®n the spreadandthatthe shortrateandspreadGrangefcausesachothet

Third, we useinformationfrom shortratesandspreadsn threedifferentcountries Because
of the extremely high persistencef shortrates,usinginformationfrom other countriesis a
muchmore effective way to increasethe samplesizethanlengtheningthe sampleitself. The
variousexperience®f differentcountriesareparticularlyhelpful to give usmoreobsenations
of the distribution of interestratesnearvery low andvery large shortrates. In particular in
additionto interestratesfrom the US we usedatafrom Germary andthe UK.

Fourth, mostterm structuremodelstreatthe stochasticsolatility of the shortrateasafunc-
tion of the shortrateitself, but only afew papersallow for time-variationin the coeficientsof
thevolatility function. While Ball andTorous(1999)modelstochastianterestratevolatility us-
ing anexponentialGARCH model,we let theshortratevolatility depenconly ontheprevailing
regime. Our modelalsogeneratestochastiosolatility, in a differentform: conditionalon the
regime,theinterestrateis homosledastichut stochastiaolatility is generatedby the switching
of regimes® As the probability of beingin a particularregime conditionalon pastinformation
variesthroughtime, theconditionalmomentsof theshortratealsovary throughtime. However,
morerapidmeanreversionpresumablyccursduringmuchmorevolatile periods,andhenceal-

2 SeeBeagleholeandTenng (1992),andin particularConstantinide$1992).
3 Bekaert,Hodrick and Marshall (2000) combineregime-switchingvolatility with volatility dependingon the

level of theinterestrateswithin theregime. In athree-statenodelappliedto interestratesfrom sevencountrieshey
find significantwithin-regimeheteroskdasticity Gray (1996)combinesGARCH andregime-switchingvariances
in a univariatemodel.



lowing for alink betweervolatility andmeandynamicamayimprove identification.Our model
accomplishethis.

Finally, regime-switchingnodelscanaccomodatenit root regimesandstill remaincovari-
ancestationary(SeeAng and Bekaert(1988) and Holst et al. (1994)). This makesregime-
switchingmodelsideal modelsto capturethe non-linearitiesof shortrates. In particular they
cancapturetheunit root (or nearunit root) behaior atnormallevelsof the shortrateby having
aunitrootregime. A secondegimecanhave ahigherconditionalmeanwith muchhighermean
reversionandhighervolatility. Thisenablesighershortratesto beassociateavith highermean
reversionandhigherconditionalvolatility.

Our paperis relatedto Brandt(1999)who finds that a regime-switchingmodelis a good
auxiliary modelto estimatecontinuous-timeshort rate dynamicswith non-lineardrifts and
volatilities in an Efficient Method of Momentssetting. Using this processhe cannotreject
theAit-Sahalia(1996a)andConley etal. (1997)specification®f theshortrate.In contrastwe
work directly with regime-switchingprocesseandinvestigateheirimplied drift andvolatility
functions.We alsousetermspreadandinternationakross-sectionalata.

This paperis organizedasfollows. Section2 setsout the variousregime-switchingmodels
we estimate. Section3 briefly describeghe dataand provides parameteestimatesandsome
simple hypothesesestsfor the variousmodels. We shov how the parameteestimategeveal
an economicallyintuitive modelthat could be the resultof aninteractionbetweenfundamen-
tal shocksto inflation or real ratesand monetarypolicy action. Section4 providesthe main
empiricalresultsgraphinganddiscussinghedrift andvolatility functionsimplied by themain
models.We find thatwhenwe allow the probability of transitioningfrom oneregimeto another
to dependdntheshortrateor spreadyve obtainplotsof theconditionalmeansandvolatilities of
shortratedynamicswhich closelymimic the non-parametriestimations Section5 concludes.

2 Models

We considermunivariateshortratemodelsandbivariatemodelswhich containthe shortrateand
spread' In eachregimetheshortrate(andspread)processs alinearfunction,andtheregime
variableitself follows a Markov chainwith possiblytime-varying transitionprobabilities. In
Section2.1 we describethe univariateshortrate modelsandin Section2.2 we describethe
bivariatetermspreadnodels.

4 Hamilton (1988),Lewis (1991),EvansandLewis (1995),SolaandDriffill (1994),Gray(1996),Evans(1999),
Ang andBekaert(1998),BansalandZhou(1999),VeronesiandYared(1999),andBekaertHodrick andMarshall
(2000)all examineempiricalmodelsof regime switchesn interestrates.




We estimatehe modelsby maximumlik elihoodusingtherecursve algorithmdevelopedby
Hamilton (1989)° We estimatethe modelsfor US data,and also estimatethe modelsjointly
over three countries(US, UK and Germary) using the cross-sectionahpproachof Bekaert,
Hodrick andMarshall(2000). For the three-countrycross-sectionagstimationwe assumehe
innovationsandregimesareindependenacrosscountries Althoughpair-wiseinterestratecor-
relationsacrosscountriesarenon-zeroMonte Carlo resultsin Bekaert,Hodrick andMarshall
(2000)suggesthatthe assumptiorof independences notrejectedby thedata.

2.1 Short Rate Univariate M odel

Thedynamicsof theshortrater; in the univariatemodelaregivenby:
e = p(8t) + p(Se)re-1 + o(st)€s (1)
wherethellD errorse; ~ N(0,1).° Equivalentlywe canwrite the modelasa functionof Ar;:
Ar, = plse) — (1= plse))ries +o(so)e

Conditionalontheregimes; theshortrateis a Vasicek(1977)modelandhasdrift pu(s;) — (1 —
p(s:))r:—1 andvolatility o(s;).
Theregime variables; is either1 or 2 andfollowing Diebold et al. (1994)hastransition

probabilities:
) . eaj+bj7't—1 )
p(st = jlst—1 = j; L1—1) = 1+ eas i1’ J=12 (2)
whereZ,_, is theinformationset. In thismodell,_; = {r;_1, r—2, ..., 70}. We considertwo

cases. The first casehasconstantransitionprobabilities,(b; = 0) wherewe denotep(s; =
ls; 1 = 157, 1) = Pandp(s; = 2|s; 1 = 2;Z;, 1) = Q. Thesecondcasehastime-varying
transitionprobabilities(b; # 0).

Thismodelis similarto themodelin BekaertHodrick andMarshall(2000)with the excep-
tion thatBekaert HodrickandMarshallallow for within-regimeheteroskdasticity By keeping
our within-regime processesinear, the non-linearitiesareentirely driven by regime-switching,
not by otherfeaturesof themodel.

5 SeealsoHamilton (1994)andGray (1996).
6wWe will denotethe regimevariableby subscriptssou(s; = i) = i, p(s; = i) = p; ando(s; = i) = 0;.




2.2 Term Spread Bivariate Model

The term spreadmodelis a switchingbivariatefirst-orderVAR of the shortrater, andspread

Y = pu(se) + A(s)Yaot + X2 (s1)e 3)

whereY; = (r; z;)', ande;, ~ N(0, I). We estimatethe Choleslk decomposition?(s;) of 3(s;)
whereX(s;) = R(s:)R(s:)".
Thetransitionprobabilitiesarelogistic functionsof bothlaggedshortratesandspreads:

_ exp(aj + bjri1 +cjz1) .
s¢=J|s =1,2. 4
p(sy = jlsi—1 = j; Tiq) = 1+exp(a]+brt1+c]zt ) J (4)
whereZ, ; = {Y;_1,Y, 5, ..., Yo}. As with the univariate case,we considerthe caseof
constantransitionprobabilities(b; = ¢; = 0) andtime-varyingtransitionprobabilities(b; # 0,

2.3 Drift and Volatility Functions

In a simple AR(1) specificationof the shortrater, = u + pr;_1 + o€, the conditionaldrift
of Ar, is givenby . — (1 — p)r;_1 andthe conditionalvolatility is givenby o. In a regime-
switchingmodel,suchasour shortrateunivariatemodel,the conditionaldrifts andvolatilities
will be functionsof the ex-anteprobability of beingin aregime p(s;|Z;_1). In this model,the
conditionaldrift f(r,_1;Z;_41) is givenby:

f(Tt—l;It—l) ATt|It 1 szt 1 1— Pz)Tt 1) (5)

wherep; ;1 = p(s: = i|Z;_;) is the ex-anteprobability andsubscripton y; andp; denotethe
regime. Equation(5) shavs the conditionaldrift is a weightedaverageof the drifts conditional
ontheregime.

In contrastthe conditionalvolatility in the regime-switchingshortratemodelis not simply
anaverageof theregime-dependentolatilities, aspointedout by Gray (1996). The conditional
volatility g(r;_1;Z; 1) is givenby:

Q(Tt71§It71)2 = E(T252|It71) - [E(Tt|It71)}2

2
= sz‘,tfl[(ﬂi + piri-1)’ + 07
=1
-2

= szt 10

Li=1

9 2
- [Z Pig1(pi + pire1)

i=1

+ pra-1P2e1[(p — p2) + (p1 — p2)ria]’ (6)




Thefirsttermis theaverageof theregime-dependenariancesandthesecondermaddsajump
componento thevariancedueto the switchingeffect of moving from oneregimeto another

Note that the conditionalmean f(r, 1;Z; ;) andvolatility g(r, 1;Z; ;) arefunctionsof
boththelaggedshortrateandtheinformationsetatt — 1 throughtheex-anteprobabilitiesp; ;_;.
Throughtime, the ex-anteprobabilitiesare updatedthrougha ratio of likelihoodswhich also
dependsn the transitionprobabilities(which canbe functionsof Z; ; asin our time-varying
transitionprobability models).The ex-anteprobability canbe written as:

2
Pig—1 = P(s¢ = i|L4—1) = ZP(St =i|si1 = Ji Li1)p(se-1 = J|Zi-1) (7)
j=1
wherethefirst termin the sumis the transitionprobability which canbe state-dependentor
theunivariatemodelthe secondermmaybe decomposetly Bayes'Ruleas:

¢(71t717 St—1 = j|Zt72)
¢(T’t—1 |It—2)
_ ¢(7"t—1|5t—1 = j;It—2)p(st—1 = j|It—2)
Sy O(ric1|sics = m, T_)p(si-1 = m|Ti_s)

where ¢(r,_1|s;—1 = j;Z;—») is the conditionaldensityof r,_; givens,_; = j. AS p;s

p(st—l = j|It—1) =

variesthroughtime, theregime-switchingnodelsproducebothstochastieneansandstochastic
volatilities.

To find thedrift andvolatility functionof Ar;_; asafunctionof r;,_; only, we mustintegrate
the effect of thepath{r; o, r;_3, ..., 79} outof thefunctionsf(r;_1;Z; 1) andg(r,_1,Z;_1).
Theconditionaldrift asafunctiononly of r,_;, denoteddy f(r;_1), is givenby:

f(,rtfl) A71t|71t 1 sz 2% 1 - pz)rt 1) (8)

wherep; is the stableprobability p; = p(s; = i|r;_1). The stableprobabilitywill be afunction
of r,_, andcanbe evaluatednumerically The conditionalvolatility asafunctiononly of r;_1,
denotedy g(r;_1), is givenby:

Q(Tt—l)z = E(Tt2|7“t—1) - [E(Tt|7“t—1)]2
[sz

The above two formulaeshov how the drift andvolatility of Ar; in aregime-switchingmodel

+ pip2[(p1 — p2) + (p1 — p2)rei)? 9)

canpotentiallybe non-linearfunctionsof r;,_;. Both equationg8) and(9) arefunctionsof the
regime-dependerparametersandthe stableprobability p; candependon r;_;. In particular
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for the conditionaldrift in equation(8) the drift will be a weightedaverageof thedrift in each
regime,with theweightsbeingthe stableprobabilitiesp;. As p; changescrosghelaggedshort
rate,thedrift will alsochange.

We integrateout the pathnumericallyasfollows. We simulateoutthe systenrecordingr;_,
andr;. We divide the obsenationsinto bins of r;,_; of 50 basispoints. Within eachbin we
calculatethevalues

E(Arrs 1)

whichis anempiricalestimateof thedrift f(r;_;) and

\/E[(ATt — E(Ar|ri—1))?|ri-]

which is an estimateof the volatility ¢g(r;,—;). We will plot the averagedrift and volatilities
within eachbin at the mid-point of the bin to obtainappropriatedrift and volatilities for the
regime-switchingmodelsasa functionof r, ;. We alsorecordthe regimerealizationgo esti-
mateE(s;|r,_1), theaverageregime.” Werequireover20 million obsenationsin thesimulation
to accuratelypin down thethe drifts andvolatilities at very low andhigh interestratelevels.

A similar analysisappliesfor the bivariatemodel,exceptin additionto integratingout s;,
the spreadz; mustalsobe integratedout to obtaindrift andvolatilities for the shortrateasa
functiononly of r;_;.

3 Dataand Estimation

3.1 Data

Our empiricalwork usesmonthly obsenationson 3 monthshortratesand5 yearlong rates
of zerocouponbondsfrom the US, Germary andGreatBritain from Januaryl972to August
1996. Thedatais anupdatedsetof the JorionandMishkin (1991)dataseries® Table(1) reports
centralmomentsandthefirst threeautocorrelation$or shortratesandspreadgor eachcountry
andthe correlationsbetweenthesevariables. We notethat shortratesfor Germary andshort
ratesandspreaddsor the UK do not shav excesskurtosis. Shortratesarevery persistentwith

the UK shawing the leastpersistence Spreadsare alsohighly autocorrelatedbut lessso than
shortrates. Spreadsareon averagelower in the UK andGermaiy thanin the US but they are

"We canequialentlycalculatep; = E(s; = 1|r;_1) andthenuseequationg8) and(9) to obtainthedrift and
volatility. This still involvessimulatinga large numberof interestrate paths. The procedurgaken hereis easily

adaptedo integratingout z; in additionto theinterestratepathsin thebivariatesystems.
8 SeeBekaertHodrick andMarshall(2000)for furtherdetails.



morevariable.Thecorrelationdetweershortratesacrosscountriesangebetweer0.44for the
US andGermarratesand0.67for theUS andUK shortrate.

3.2 Estimation Results

We first discusghe parameteestimategor the variousmodelsin moredetailin Sections3.2.1
and3.2.2andthenprovide an economicinterpretationof the main empirical patternsin Sec-
tion 3.2.3.

3.2.1 Univariate Short Rate Models

Theunivariateshortratemodelcoeficientsaregivenin Tables(2), (3) and(4) for thejoint, indi-
vidualandUS estimationsrespectrely. In Table(2) for thetime-varyingtransitionprobability
estimation the first regime hasa nearunit root (p; = 0.9896) with a constantwithin-regime
meanof 0.0502andwithin-regime volatility of 0.2180.In contrastthe secondregimeis much
moremean-reerting (p, = 0.9315), with a higherconstant(i., = 0.7284) andhigherregime-
dependenvolatility (o, = 1.0441). Althoughthe state-dependemtansitionprobabilitiesmake
thesenumbersharderto interpret,the within-regime means(u; /(1 — p;)) do not changevery
muchrelative to the constanttransitionprobability model. They are 4.83%for the first and
10.63%for thesecondegime.

Figure(1) shaws thetransitionprobabilitiesfrom the joint univariateshortratemodelwith
time-varying probabilities. The transitionprobabilitiesare significantly affectedby the lagged
shortrate. In particular in thefirst regime b, is significantlynegative, so asinterestratesrise
in the first regime thereis anincreasedorobability of transitioningto the secondregime. In
the secondregime, asshortratesrise, thereis anincreasechanceof remainingin the higher
volatileregime (b, > 0). A likelihoodratiotestrejectsthe null hypothesi®f constantransition
probabilities(p-value= 0.0000). The otherparametergor the constantransitionprobability
modelarevery similar to the onesobtainedn thetime-varyingtransitionprobabilitymodel.

In Table(3) we shaw resultsfor thejoint constanprobability modelestimatedallowing for
differentparametersacrosscountries. The parmeterpatternsacrossregimesare very similar,
but we still stronglyrejectthe overall equality of the parameterscrosscountries. Individual
Wald testsfor the differentparametersuggesthatthe rejectionis likely driven by the differ-
entvolatility levels acrosscountries. Neverthelessgiventhe qualitatve analogybetweenthe
parameteracrosscountrieswe will continueto focusmostof our attentionon the joint model
with equalparametersComparingthe standarcerrorsbetweenrable(2) and(3), the efficiency
gainin imposingequality of parameterss clear This efficiency gainis even more apparent
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for thetime-varying probabilitymodel,asis illustratedfor the US univariatemodelreportedn
Table(4). The parametepatternsare againsimilar, but the transitionprobability parameters
areestimatedvery impreciselywhereasn the joint modelwe obtainsignificancefor both pa-
rameterscapturingthe statedependencef the transitionprobabilities. We also notethat the
first regimein the US hasatrue unit rootin the time-varying transitionprobability model, but
is alsoextremelypersisten{p; = 0.9980) in the constantransitionprobability model. Given
the parametedifferencesve uncover acrosscountries,we will alsoreportdrift andvolatility
functionsfor the US estimation.

3.2.2 Bivariate Term Spread Models

The bivariateterm spreadmnodelcoeficientsarelistedin Tables(5) and(6). Theresultsshare
mary characteristicsvith the univariateresults. In additionto the constantin the shortrate
equatiorbeinglower (higher)in thefirst (secondyegime,the constanin the spreadequationis
positive in thefirst regime andnegative in the second.The high shortrateregimeis associated
with negativetermspreadsThepersistencef thesystenin eachregimecanbeseenby looking
atthemoduliof theeigervaluesfor thecompaniommatricesA;. For thetime-varyingprobabilty
systemestimatedverthe US, UK andGermary in Table(5), the moduli of the eigervaluesfor
A; are0.9870and0.9423andfor A, they are 0.9145(repeated)shaving the first regime to
be morepersistentln thefirst regime, boththe shortrateandspreadGrangefcausesachother
(significantp-valuesfor A, [1, 2] and A;[2, 1]), but in the secondregime we cannotrejectthe
hypothesighatlaggedshortratesandspreadslo not affect eachothet

Table(5) alsoshaws the conditionalcovariancego belargerin the secondregime. Pfann,
Schotmarand Tschernig(1996) shawv that the correlationsbetweenthe shortrateandspread
changeasthelevel of theshortratechangesTheimplied correlationsonditionalontheregime
of the shortrateandspreadare-0.4375(-0.7673)in regime 1 (2) for thejoint bivariatemodel
with time-varying probabilities.(For comparisorthe unconditionakorrelationfrom the datais
-0.5838.)A Wald testrejectsthe hypothesighatthe correlationsareequalacrossegimeswith
ap-valueof 0.0000.

Finally, the coeficientsin the transitionprobabilitiesare significantat the 1% level in the
first regime. As both shortratesand spreadsncrease the probability of stayingin the first
regimedecrease§positive a; andb,). In the secondegime, only the coeficient on thelagged
shortrateis borderline significant(p-valueof 0.0542)andthe p-valueof the seconccoeficient
is slightly over 0.11. However, the positive point estimatesndicatethatasboth shortratesand
spreadsncreasethe probability of stayingin the secondregime increasesA likelihoodratio



testrejectsthenull hypothesif constantransitionprobabilitieswith a p-valueof 0.0000.

The US bivariateterm spreadmodelparametersre presentedn Table(6). Theresultsare
gualitatively similar to the joint estimationresults. The time-varying probability modelfailed
to corverge dueto insufficient data, especiallyat higher interestrates. Instead,we reporta
restrictedmodel wherethe transition probabilitiesdependonly on the spread. A likelihood
ratio testfor coeficientson the laggedspreado be equalto zeroin the transitionprobabilities
is rejectedwith ap-valueof 0.0167.

3.2.3 Interpretation of the Results

The estimationresultsare characterizedy one regime producingunit root, or nearunit root
behaior with lower conditionalvolatility, anda secondregime which is moremean-rgerting
with higher conditional volatility. This resultis sharedacrossthe univariate shortrate and
bivariatetermspreadnodels.

Economistssuch as Mankiw and Miron (1986) argue that the smoothingactionsof the
US Fed make the shortrate behae like a randomwalk, and the first regime correspondgo
“normal” periods.Whenextraordinaryshocksoccurt interestratesswitchto the secondegime
andaredriven up, volatility becomesigherand interestratesbecomemore mean-rgerting.
In the secondregime, policy makersswitch from interest-ratesmoothingto inflation fighting.
This economicunderpinningof the estimationresultsis particularlyplausiblefor the US. One
of the marked high inflation rate episodesvas 1979-1982,and the high interestrateswere
clearly partially causedy highinflation. Thislogic couldalsomotivatethe dependencef the
transitionprobability on the level of the shortrate. Sinceshortratesreflectexpectedinflation,
they signalto theauthoritieghata highinflation regimeis likely to occur

To show the plausibility of this economicrationalefor the regime switching model, Fig-
ure (2) shows the smoothedprobabilities(the probability of the high interestrate regime) for
the three countriesover the sampleperiod togetherwith shortratesandinflation rates. The
modelusedis the spreadmodeljointly estimatedbver the US, UK and Germaly, becausehe
cross-sectiona¢stimationallows more power to pin down the coeficients of the non-linear
regime-switchingmodels particularlythe coeficientsof thetransitionprobabilities.

FortheUS, themajorinflationaryperiodsaround1975and1979-1982ndeedcoincidewith
high probabilitiesfor thehigh-interestateregime. Thefit is not perfect,aswasalsopointedout
by EvansandLewis (1995),andthe correlationbetweeninflation and smoothedorobabilities
is 0.54in the US. At 0.50, this correlationis very similar in Germary. Apart from the mid-
seventiesandearly eighties,Germaly alsowitnesseda relatively high-inflationperiodafterthe
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unificationwith EastGermaty in the early nineties. All of theseperiodscoincidewith high
probabilitiesfor the high-interestateregime. Theworstfit is for the UK. Theregimeswitching
model switchesregimesso often that it is difficult to distinguishhigh-interestrate episodes.
Thisbeingsaid,inflationis alsomorevariableandhigherin the UK thanin theUS or Germayy,
andthecorrelationbetweerinflation andthe high interestregime smoothegrobabilityremains
solidly positve at0.36.

4 Implied Nonlinearities of Regime-Switching M odels

We organizeour discussioninto four sub-sections.The first subsectiorreviews the results
reportedin the previous literature. Section4.2 discusse®ur resultsfor the drift andvolatility
functionsfor the shortratefrom our modelsestimatedusingdatafrom all countries. Section
4.3 reportsthe drifts andvolatility functionsfor the spread.Finally, in Section4.4 we check
robustnes$y graphingthedrift andvolatility functionsfor themodelsestimatedisingUS data
only.

4.1 Literature Review

Thereis now a large literature documentingempirical non-linearitiesin interestrates. Ait-
Sahalig(1996a)parametricallyspecifieghedrift andvolatility functionsfor US 7-dayEurodol-
lar spotratechangesisingnon-linearfunctions.Ait-Sahaligindsa highly non-lineardrift with
strongmean-rgersionat very low andhigh interestratesbut the drift is essentiallyzeroin the
middleregion. Thevolatility functionassumes J-shapeothespotrateis morevolatile outside
themiddleregion, with the highestvolatility occurringatvery highinterestrates.We reproduce
his findingsin Figure(3).° Ait-Sahaliausesthe following parameterizationfor the drift and
volatility functions:

fA(Tt—1) =g + a1ri—1 + CY27“t2_1 + az/ri—1

g (ri-1) = \/Bo + Burecs + Bl (10)

Theinverseas/r;_1 in theconditionalmeanimpartsanasymptoteof the shortratedrift atzero.
Ait-Sahaliaestimatesi; asapproximately2, whichimpartsa quadraticshapeo the conditional
variancen Figure(3).

%In Figure(3) the Figure4c of Ait-Sahalia(1996a)shaws the estimatedliffusionof Ar;, which is the condi-
tionalvariance.
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Conley et al. (1997)5s drift estimationson overnight Fed funds rate changedook very
similar to Ait-Sahalias plots, but without the strongmeanreversionat high interestrates. In
their formulation, stationarityat high interestratesis inducedby increasingvolatility. Stanton
(1997)'s non-parametricallyestimateddrift on daily 3 month T-bill rate changess zerountil
high interestrateswherethe drift becomesvery negative. Stanton$ non-parametricallyesti-
matedvolatility looks very similar to Ait-Sahalias, with volatility increasingat higherlevels
of interestrates. However, Stantonfinds the volatility to be mostly corvex over mostshort
rate levels, exceptat very high shortrateswherethe conditionalvolatility becomesconcae,
andthe lowestvolatility happensat the lowestrates. Stantons$ picturesdiffer someavhatfrom
Ait-Sahalia(1996a)ashe doesnotimposea parametridorm ontothe drift andvolatility func-
tions. Ait-Sahalia(1996a)5 parameterizationsay not be sufficiently rich enoughto capture
thenon-parametrishapesvhich Stantonfinds. We reproduceStantons figuresin Figure(4).

Thesefindingssuggesthatinterestratesexhibit strongnon-lineardrifts, with thedrift being
zeroover muchof the supportof the data,but stronglymean-rgerting at low or high interest
rates. Thevolatility of interestratesgenerallyincreasesvith the level of the interestratewith
the lowestvolatility appearingn the low to middle rangeof the supportl® In the next section
we show that the drift and volatility functionsimplied by the regime-switchingmodelscan
mimic thesefeatures.

We notethat regime-switchingmodelsmay not be the only modelswhich canreproduce
the non-parametriestimationsof the drift and volatility. If multiple factorsdrive the term
structure thenconditioningonly on the shortrate may induceapparenton-linearitiesin the
drift andvolatility functionsbecause¢hesenow dependon the entire history of the shortrate
process. However, certainclassesof multi-factormodelscanbe ruled out. For example,in
the Duffie-Kan (1996) affine classthe shortrate canalwaysbe written asa linear function of
factors.In this casethedrift will bealinearfunctionof asinglestatevariable afterintegrating
outotherstatevariables.In addition,in multi-factorCIR modelsthe factorsmustbe positively
correlatedto ensureadmissibility Single-factor modelswithout regime-switchingmay also
capturesomenon-linearities.For example,the constantlasticity of volatility modelof Chan,
Karolyi, Longstaf and Sanderg1992)is ableto capturethe corvex shapeof the conditional
volatility by specifyingthe conditionalvarianceto be a cubicfunction. However, thesemodels
still parameterizeéhe conditionaldrift to be affine. Ahn andGao(1999)usea quadraticdrift,
but this model doesnot satishctorily capturethe highly mean-reerting drift at high interest
rateslevels. Regime-switchingmodelscanreproducehe non-parametri@stimationsof both

10 Johanne§1999)shaws thatthe high mean-reersionat high interestratessurvivesthe additionof jumpsin the
shortrateprocesshut introducingjumpscauseshe conditionalvolatility to appeamorelinear.
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the conditionalmeanandconditionalvolatility.

4.2 Short Rate Drift and Volatilities from the Joint Estimation
421 Drift Function

Figure(5) reportsthe shortratedrift function for the four modelswe estimate:the univariate
shortratemodelwith constaneandtime-varyingtransitionprobabilities,andthe bivariateshort
rate-termspreadmodelswith constantandtime-varying probabilities. Figure (5) shavs very
clearly that the featureof the modelwhich drivesthe shapeof the drift functionis the time-
varyinglogistictransitionprobability. Themodelswith constantransitionprobabilitiesproduce
a drift function thatis nearlylinear, exceptat the very edgeswheresomeslight cunatureis
presenwhichis dueto samplingerror!! Thiskind of functioncould be well approximatedy
asimplelinearautorgressve model. Thedrift functionsfrom themodelswith thetime-varying
transitionprobabilitiesonthe otherhandcloselyresemblehedrift presentedh Stanton(1997).

Thedrift functionis atfirst very flat (but downward sloping)until aninterestrate of about
10% andthenturnssteeplynegative at higherinterestrates. Stantons drift startsturning neg-
ative around14%. For mostof the range,the function looks similar to Ait-Sahalias (1996a)
but the drift therestartsturning negative at only 18%. We do not generatehe non-linearityhe
producesat very low shortrates,but thatis exactly the rangeof interestrateswherethe biases
documentedby ChapmarandPearsor{2000)play alargerole. Ait-Sahalias increasingrift at
low interestratesmay alsobe dueto the a3 /r;_; functionheimposesin the conditionalmean
(seeequation(10)). Despitesomesmalldifferencesn thedetails,which areperhapsiueto the
useof differentdatasets whatis remarkabléhereis thatthe state-dependepirobability model
canreproducehe shapeof the non-parametricallgstimatedirift functions.

What drivesthe drift functionin the regime-switchingmodels? The drift functionfor the
regime-switchingprocesss aweightedaverageof thelineardrift functionsin eachregime,with
theweightsdeterminedy thedifferentamountof time spentin eachregimeatdifferentinterest
ratelevels. The non-linearityis inducedby this weighting. Whentransitionprobabilitiesare
constantthereis little scopefor non-linearityandthedrift functionretainsafairly linearshape.
However, in the state-dependemhodel, asinterestratesincreasea muchfastertransitioninto
the strongemmean-rgerting regime occursand muchmoretime is spentin the secondregime
at higher shortrates. This non-linearweightingis illustratedin Figure (6). The dottedline

11 At very low or very high interestrates becausehesearein the extremesof the interestratedistribution, not
mary obsenationsare present:for example,in the constanfprobability bivariatespreadmodel,the proportionof
obsenationslying in therangel8-20%is simulatedo be only 0.0018.
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representshe linear drift in the first regime, which featuresa nearunit root and hencevery
flat drift function. The dashedine representshe linear drift in the secondmuch moremean
-revertingregime, wherethe drift slopesdownwardsmuchmoresteeply At low interestrates,
thefirst regimetotally dominatesandthedrift functionis flat, but wheninterestratesreachl10%,
it becomesnoreandmorelik ely thattheinterestratesaredravn from thesecondegimeandthe
functioncurvessteeplydownward. The non-parametricesultfoundbeforecannow potentially
be givenan economicexplanation. It is well known that monetaryauthoritiessmoothinterest
rates,asdocumentedby Mankiw andMiron (1986)). This explainsthe nearunit root behaior

of shortratesin thenormalrangegiving riseto analmostflat drift function. It takeslargeshocks
to bring interestratesoutsidethis rangeandoncethereboth policy actionsandmeanreversion
in fundamentalginflation for example)bring aboutrapid meanreversion.

4.2.2 Volatility Function

Figure 7 plots the conditionalvolatility functionsof the shortrate for the samefour models
consideredn Figure(5). The constanfprobability universeandbivariatemodelsyield similar
shapedor the conditionalvolatility andbeara strongresemblancéo Ait-Sahalia(1996a)5 J-
shapecestimationgseeFigure(3)). Thetime-varying probability modelsproducea dravn-out
S-shapevolatility. The volatility first is ratherflat at very low interestrates(0-4%) andthen
increasestronglywith interestrates,andfinally flattensout around15%. This shapeis very
similar to what Stanton(1997)finds (seeFigure(4)). As in the caseof thedrift functions,the
time-varyingprobabilitiesallow morenon-linearitieghanthe constantransitionprobabilities.

Whatdrivesthe volatility functionsin the regime-switchingmodels?Although the condi-
tional volatility is a complex function of the modelparametergseeSection2), a major com-
ponentis a simple weighting of the two volatility parametersn the two regimes, which are
assumedaonstantHence the expectedregimealsoplaysa critical role in driving the volatility
function. This explainswhy therangeof volatilities reachedn theconstanprobabilitymodelis
muchlower thanin thetime-varyingprobability model,sincethe weightingof the two regimes
doesnot vary very muchwith the interestrate. Figure (8) explicitly shavs the link between
the shapeof the volatility functionandE(s;) the expectedvalueof the regime (betweenl, the
low-volatility regime and 2, the high-wolatility regime), which was also recordedduring our
simulations.The modelusedin Figure(8) is the univariateshortratemodelwith time-varying
probabilities. The“AverageReggime” functionhastheexactsameshapeasthevolatility function
does.

Figure(8) shonvsthatwe aremorelik ely to bein thefirst low-volatility regime atlow short
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rates(0-8%)while at high shortrates(above 14%)we aremuchmorelik ely to bein thesecond
high-wolatility state.This patternis expectedfrom the state-dependemtansitionprobabilities:
recall Figure (1) which plots the transitionprobabilitiesas a function of the laggedshortrate
for the samemodelasFigure (8). At low interestrates,the probability of remainingin the
low-volatility regimeis high andasthe shortrateincreasesthe probability of transitioningto

the secondregime increasesteeply At high interestrates,the probability of remainingin the
secondegimeis high,while atlow interestratesif we arein the secondegimethe probability
of transitioningto thefirst regimeincreases.

Notethattheleft columnof Figure(7) shavs thatthe constantransitionprobabilitymodels
shav a J-shapewhich is naturally sharedby the expectedregime as a function of r, ; (not
shawvn). Thereis not muchdifferentiationof the regimesacrossshortratesin thesemodels.
Theminimaof the volatility curvescoincidewith thelowestvaluesof E(s;), wherethe model
is mostlikely to bein thelow-volatility regime. Theflatnessf the curvesderivesfrom alarge
anda relatively high stableprobability of beingin this regime. This meanghatthe mixing of
the two differentregimesdoesnot resultin noticeablydifferentmodesin the distribution. For
example,for the univariateshortrate model, the regime-dependentinconditionalvolatility in
regime 2 is 2.8344(versus0.6523in regime 1), andthe stableprobability of beingin regime
2is 0.3419% This high-wolatility distribution tendsto flattenthe effect of the more concen-
tratedfirst distribution. In contrastthe statedependencef thetime-varyingprobabilitymodels
enableghe expectedregimeto be moredifferentiatedacrosshe supportof theshortrate.

4.3 Spread Drift and Volatility Functions from the Joint Estimation

The bivariateregime-switchingmodelspermitinvestigatingthe drifts and volatilities of term
spreadsThesearepresentedn Figure(9). In the constaniprobabilitymodel,thedrift function
for the spreads linear anddownward sloping, reflectingthe highermeanreversionfound for
spreads.The time-varying probability modelgenerates drift functionthatis very similar in
shapeo the onefrom the constanprobability model,with only very slight, almostimpercepti-
ble non-linearities.Thisis not sosurprisingsincethe spreaddynamicsdo not differ very much
acrosgegimes(SeeTable(5)).

However, spreadsaaremuchmorevariablein the secondegime andthetransitionprobabil-
ities dependon the spreadn the time-varying transitionprobability model. Hence,we would
expectmoredivergencebetweerthetwo modelsfor thevolatility function. Figure(9) confirms
this. For the constantprobability model, the volatility function hasa U-shape. For normal

12 Theregime-dependentnconditionalvariances o2 /(1 p2), andthestableprobabilityis (1-Q)/(2— P—Q).
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levels of the spread(slightly negative to slightly over 1%), volatility is low, but high andlow
spreadsareboth associateavith higherspreadvolatility. In otherwords, high-volatility short
rateregimescancoincideboth with upward anddownward slopingyield curves. In the time-
varyingtransitionprobability model,the spreadvolatility curve is no longersymmetricandits
rangeis larger. In particular volatility decreasesntil spreadsreabove the normalrangeand
thenincreasesapidly, but spreadvolatility atunusuallylarge negative spreadss higherthanat
unusuallylarge positive spreads.

The mechanisnfor this resultlies in the state-dependenagf the transitionprobabilities.
Negative term spreaddypically coincidewith very high shortratesand henceoneis likely
in the high volatility regime. As spreadgendto their normalrange,shortratesdrop andthe
probabilityof switchinginto thenormalregimeincreasesThisis only partially counteractetby
thefactthatnegative spreadgenerallydecreasehe probability of stayingin the high variance
regime,aneffectthatwealensathigher lessnegative spreadsAt normal(positive) levelsof the
spreadtheeconomyis in thefirst unit-rootregime,andvolatility is low. Whenspreadsncrease,
theprobabilityof stayingin thislow-volatility regimedecreasegotethenegative c; coeficient
in equation(4)). Sincethe probability of switchinginto the high varianceregime increaseshe
volatility function slopesupward again. The curwe is steepethere,sincethe state-dependence
in thefirst regimeis stronger(seeTable(5)).

4.4 Drift and Volatility Functionsfor the US

Giventhedifficulty in estimatingregime-switchingmodelsin generalandthelack of extreme
interestratedatain theUS, we feelthatthejoint estimationis themostreliableguidetowardsthe
trueshapeof thedrift andvolatility functions.For completenesgsigures(10)and(11) plot drift
andvolatility functionsfor the estimationghatuseonly US data.Becausef the superiorityof
thetime-varyingtransitionprobability model,we only show resultsfor thatmodel.

Figure (10) shaws resultsfor the univariatemodel. Even for US data,the drift function
takesthe Stanton(1997)form, with a flat part andthena steeplydownward sloping part, for
interestratesbeyond 9 to 10%. The volatility curve alsolooks like what Stantonfinds, where
the low and high interestrangeportionsare now virtually entirely flat. The resultsfor the
bivariatemodel,reportedin Figure(11), arelessencouragingbut have to be interpretedwith
caution.Remembethatwe werenot successfuin obtainingconvergenceusingtheshortratein
the transitionprobability function sothe statedependencéereis of a different,lesscomplete
form thanin thefull modelwe discussedbefore.As a consequencehedrift functionis linear
anddownward slopingandthe volatility function U-shaped.For spreadsyve do getfunctions
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thatresemblehe onesreportedin the joint estimation.In particular the drift functionis near
linear, andthe volatility function hasanasymmetridJ-shapewith two distinctionsrelative to

our previousfindings. First, theasymmetryin volatility betweernow andhigh spreadss much
more striking. This is primarily due to the fact that the identificationof the negative spread
partof thefunctionfor US datais limited to the 1979-1982monetarytargetingperiod. Second,
thereis analmostflat portionatverylow andhigh spreadswhichis dueto the expectedregime

cornvemgingto remaincloseto 2 atthesevalues.

5 Conclusion

An economicallyintuitive regime-switchingmodelreplicateghe non-linearpatternsn thedrift
andvolatility functionsof shortratesfound by non-parametristudies. The critical featureof
the modelthat generateshe requirednon-linearitiesis the statedependencef the transition
probabilities. In our univariateshortrate regime-switchingmodelstheseprobabilitiesdepend
logistically onthe laggedlevel of the shortrate. In our bivariatemodelusingthe shortrateand
term spreadthesearelogistic functionsof laggedshortratesandspreads At a detailedlevel,
our empiricalfindingsareremarkablycloseto the non-parametridindingsof Stanton(1997).
Althoughthe shapesve foundaregenerallysimilar to Ait-Sahalia(1996a)s findings,thereare
somedifferencesgespeciallyat very low interestrates. Sincetherearefew datapointsatthese
rangeswe suspecthatthesedifferencegnay be generatedy the semi-non-parametrioature
of Ait-Sahalia(1996a)5 method,which imposesa parametridorm on the drift andvolatility
function.

Our resultshave severalimplications. First, for the term structureliteratureit is important
to build modelsthatembedthesenon-linearities.It is unlikely for examplethataffine models
canever generatehe non-linearitiesdocumentedn boththedrift andvolatility functions.This
paperhasshavn thatmodelswith regime switches or perhapgumpsarerich enoughto mimic
the non-parametricallyestimatedshort rate drift andvolatility. Although someprogresshas
beenmadein this area,much more remainsto be done. Naik and Lee (1994) and Veronesi
andYared(1999)developa continuous-timeegime-switchingterm structuremodel, but allow
switchingonly in theconditionalmean.BansalandZhou(1999)andEvans(1999)haverecently
developeddiscrete-timeterm structuremodelsaccommodatingegime switches,but they do
not allow for state-dependemitansitionprobabilitiesandtheir solutiontechniguemalkessome
strongassumptionsConsequentlythe extantmodelsareunlikely to generateherequirednon-
linearities.
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Secondpur resultshave implicationsfor the vastmacro-economititeratureon the effects
of policy shockson the economyandassetprices(seefor example,Gali (1992)). Identifying
policy shocksfrom linear VAR’s seemsrery inappropriategiventhe dynamicsof interestrates
illustratedhere.Sincetheregimesmaywell be causedy change$n monetarypolicy operating
procedurespolicy analysisshouldtake theseregime dynamicsinto account.Ang andBekaert
(1998)specificallyconsidethow dynamicimpulseresponsemaydiffer betweera simpleVAR
anda regime-switchingvAR.

Finally, althoughthe non-linearpatterngn itself areof muchinterest,eventuallywe should
attemptto understandvhateconomidorcesdrive them. Are they inducedby shiftsin expected
inflation or low-frequeng changesn realrates?EvansandLewis (1995)documenthatregime
changesdn inflation do not perfectly coincidewith regime changesn interestrates,and on-
goingwork by BekaertandMarshall(2000)attemptdo traceregime changeso changesn real
rateor inflation regimes.
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Tablel: SummaryStatisticsof Data

us GER UK
shortrate spread shortrate spread shortrate spread

CentralMoments
Means 7.1104 1.2443 6.6350 0.6349 10.1008 0.2456
Stdes 2.8206 1.3776 2.6650 1.7285 3.0524 1.6802
Skew 0.9668 -0.7596 0.7878 -0.6988 -0.0076 -0.3503
Kurt 3.8689 3.7987 2.8478 3.5518 2.1834 2.7805

Autocorrelations
p1 0.9743 0.8689 0.9836 0.9670 0.9690 0.9380
P2 0.9411 0.7698 0.9552 0.9204 0.9318 0.8866
03 0.9113 0.6982 0.9212 0.8708 0.8891 0.8351

Cross-correlations

us us GER GER UK
shortrate spread shortrate spread shortrate
USspread -0.5838
GERshortrate 0.4372 -0.3663
GERspread -0.2824 0.3350 -0.8861
UK shortrate 0.6706 -0.4289 0.4590 -0.3066
UK spread -0.3101 0.3216 -0.3245 0.3372 -0.7891

Sampleperiod January1972 to Septemberl996. Short ratesare 3 month short rates,
spreadsarethe differencebetweerb yearzerocouponbondlong ratesandthe shortrate.
The-th autocorrelatioris denotedoy p;.

Table2: UnivariateShortRateModel: JointEstimation

ConstanProbs Time-VaryingProbs

Parameter Estimate StdError pvalue| Parameter Estimate StdError pvalue
11 0.0482 0.0274 0.0789 1 0.0502 0.0274 0.0670
Lo 0.7216  0.2188 0.0010 %) 0.7284 0.2276 0.0014
01 0.9892  0.0004 0.0000 p1 0.9896 0.0004 0.0000
P2 0.9320 0.0055 0.0000 P2 0.9315 0.0056 0.0000
o1 0.2246  0.0122 0.0000 o1 0.2180 0.0111 0.0000
o2 1.0270 0.0500 0.0000 09 1.0441 0.0513 0.0000
r 0.9128 0.0210 0.0000 a; 4.0530 0.5385 0.0000
by -0.2700 0.0655 0.0000

Q 0.8322 0.0411 0.0000 as -0.0124 0.0916 0.8920
b 0.1182 0.0281 0.0000

Model givenby: r; = u(st) + p(st)r:—1 + o(st)er, € ~ 1ID N(0,1). Thetransitionprobabilitiesaregiven
by p(st = 1|st—1 = 1) = P andp(s; = 2|s;—1 = 2) = @ in the caseof the constanfprobabilitymodel,and
p(s; =ilsp 1 =1L 1) = % i = 1, 2. for thetime-varyingprobabilitymodel. Subscriptsn the
Tabledenotetheregime. The modelsareestimatedtross-sectionallacrosshe US, Germary andthe UK. A
likelihoodratio testfor b; = 0 yieldsa p-valueof 0.0000.
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Table3: UnivariateShortRateModel: DifferentParameterdcrossCountries

USresults GERresults UK results Wald Test

Param SE Param SE Param SE p-value

w1 0.0426 0.0789| -0.0283 0.0135| -0.0106 0.0492| 0.6579
ua 0.6847 0.5754| 0.4157 0.2339| 1.2308 0.4363| 0.2544
p1 0.9980 0.0129| 1.0000 0.0000| 0.9926 0.0050| 0.9897
p2 0.9265 0.0529| 0.9536 0.0267| 0.8956 0.0396| 0.8006
o1 0.2849 0.0162| 0.1677 0.0104| 0.2019 0.0161| 0.0000
oo 1.2552 0.1178| 0.7114 0.0567| 1.1435 0.0818| 0.0000
P 0.9782 0.0112| 0.9407 0.0237| 0.6882 0.0524| 0.8078
@ 0.9216 0.0371| 0.8780 0.0514| 0.5630 0.0812| 0.7830

Model givenby: r; = u(st) + p(st)re—1 + o(st)er, € ~ 1ID N (0, 1). Thetransitionprobabilitiesaregiven
byp(s; = 1|s;—1 = 1) = P andp(s; = 2|s;—1 = 2) = Q. EachcountryhasdifferentparametersSubscripts
in the Tabledenotetheregime. The modelsareestimateccross-sectionallacrosshe US, Germary andthe
UK. Thelastcolumnlists a p-valueof a Wald Testof parameteequalityacrosshe US, Germaly and UK.
A likelihoodratio testfor parameterdbeingthe sameacrossthe US, Germaty and UK vyields a p-value of
0.0000.

Table4: UnivariateShortRateModel: US Estimation

ConstanProbs Time-VaryingProbs

Parameter Estimate StdError pvalue| Parameter Estimate StdError pvalue
2] 0.0426 0.0789 0.5135 1 0.0364 0.0206 0.0776
42 0.6847 0.5754 0.2341 15 0.6291 0.6275 0.3161
o1 0.9980 0.0005 0.0000 p1 1.0000 0.0000 0.0604
02 0.9265 0.0142 0.0000 02 0.9306 0.0149 0.0000
o1 0.2849  0.0162 0.0000 o1 0.2863 0.0175 0.0000
o2 1.2552  0.1178 0.0000 09 1.2869 0.1325 0.0000
r 0.9782 0.0112 0.0000 aq 7.4678 2.6077 0.0042
by -0.5590 0.2945 0.0577

Q 0.9216  0.0370 0.0000 as -7.1864 5.0917 0.1581
b 1.1202 0.7292 0.1245

Model givenby: r, = p(s) + p(s1)ri—1 + o(s¢)er, € ~ 11D N(0, 1). Thetransitionprobabilitiesaregiven
by p(s; = 1|s;—1 = 1) = P andp(s; = 2|s;—1 = 2) = @ in thecaseof the constanprobabilitymodel,and
plse =ilsg1 =1L 1) = % i = 1, 2. for thetime-varying probability model. Subscriptsn the
Table denotethe regime. The modelsare estimatecbn US data. A likelihoodratio testfor b; = 0 yieldsa
p-valueof 0.0001.
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Table5: BivariateSpreadviodel: JointEstimation

ConstanProbs Time-VaryingProbs
Parameter Estimate StdError pvalue| Parameter Estimate StdError pvalue
H11 -0.0985 0.0603 0.1024 H11 -0.0908 0.0620 0.1429
112 0.2507 0.0700 0.0003 H12 0.2498 0.0709 0.0004
121 0.8142 0.3013 0.0069 21 0.9232 0.3395 0.0065
122 -0.1649 0.2631 0.5308 122 -0.2419 0.2877 0.4004
Aq[1,1] 1.0048 0.0074 0.0000| A;[1,1] 1.0040 0.0077 0.0000
Aq[1, 2] 0.0430 0.0136 0.0015| Aq[1,2] 0.0427 0.0136 0.0016
A1[2,1] -0.0255 0.0086 0.0032| A;[2,1] -0.0246 0.0088 0.0050
A1[2,2] 0.9271 0.0156 0.0000| A;[2,2] 0.9253 0.0156 0.0000
As[1,1] 0.9243 0.0281 0.0000| Ao[1,1] 0.9156 0.0309 0.0000
As[1,2] -0.0286 0.0438 0.5141| A,[1,2] -0.0375 0.0473 0.4281
As[2,1] 0.0178 0.0247 0.4708| A.[2,1] 0.0234 0.0265 0.3777
As[2,2] 0.9072 0.0385 0.0000| As[2,2] 0.9124 0.0411 0.0000
Ry[1,1] 0.2313 0.0119 0.0000| Ry[1,1] 0.2332 0.0137 0.0000
Ry[1,2] -0.1110 0.0153 0.0000| R4[1,2] -0.1223 0.0166 0.0000
R1[2,2] 0.2504 0.0111 0.0000| R;:[2,2] 0.2514 0.0096 0.0000
R5[1,1] 1.0318 0.0529 0.0000| Rs[1,1] 1.0614 0.0531 0.0000
R[1,2] -0.6974 0.0491 0.0000| R»[1,2] -0.7130 0.0508 0.0000
R2[2,2] 0.5789 0.0274 0.0000| R:[2,2] 0.5960 0.0289 0.0000
P 0.9017 0.0182 0.0000 a1 7.1210 1.2215 0.0000
b1 -0.6146 0.1283 0.0000
c1 -0.5885 0.2152 0.0062
Q 0.8068 0.0408 0.0000 as -1.1749 1.1249 0.2963
by 0.2074 0.1077 0.0542
Co 0.2417 0.1541 0.1169

Modelis Y; = A(s:)Yi—1 + Ui, Uy ~ IID N(0,%(s;)) with Y; = (r; 2;)’, the shortrate and spread,
and R(s;) = chol(X(s;)), s = 1,2. For the constantprobability modelp(s; = 1|s;1 = 1) = P
andp(s; = 2|s;_1 = 2) = Q. For the time-varying probability model, p(s; = i|s;-1 = ;Z;1) =
5 +§§gg‘fﬁ?ﬁ;ﬁf2;}ﬂ) i = 1, 2. Thefirst subscriptdenotegheregime s;, andthe secondsubscript(or
numbersin squarebraclets)denotethe matrix element. The modelsare estimateccross-sectionallyacross
theUS, Germaly andthe UK. A likelihoodratio testfor b; = ¢; = 0 yieldsa p-valueof 0.0000.
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Table6: BivariateSpreadviodel: US Estimation

ConstanProbs Time-VaryingProbs
Parameter Estimate StdError pvalue| Parameter Estimate StdError pvalue
H11 -0.1140 0.1307 0.3831 H11 -0.1049 0.1236 0.3963
112 0.5683 0.1142 0.0000 H12 0.6217 0.2746 0.0236
121 1.3415 0.7799 0.0854 21 1.0415 0.7398 0.1592
22 -1.0236 0.8885 0.2493 22 -0.8008 0.6406 0.2112
Aq[1,1] 1.0123 0.0156 0.0000| A;[1,1] 1.0140 0.0154 0.0000
Aq[1, 2] 0.0456 0.0266 0.0865| Ai[l,2] 0.0383 0.0367 0.2959
A1]2,1] -0.0621 0.0137 0.0000| A1[2,1] -0.0707 0.0369 0.0553
A1[2,2] 0.8430 0.0271 0.0000| A;[2,2] 0.8351 0.0531 0.0000
As[1,1] 0.8723 0.0647 0.0000| Ao[1,1] 0.8958 0.0695 0.0000
As[1,2] -0.1371 0.0886 0.1218| A[1,2] -0.1201 0.0823 0.1447
As[2,1] 0.1129 0.0735 0.1246| A.[2,1] 0.0958 0.0616 0.1197
As[2,2] 0.9119 0.0890 0.0000| A:[2,2] 0.9055 0.0820 0.0000
Ry[1,1] 0.2859 0.0135 0.0000| Ry[1,1] 0.2819 0.0202 0.0000
Ry[1,2] -0.1620 0.0239 0.0000| Ry[1,2] -0.1598 0.0252 0.0000
Ry[2,2] 0.2870 0.0139 0.0000| R;[2,2] 0.2867 0.0194 0.0000
R5[1,1] 1.1847 0.1065 0.0000| Rs[1,1] 1.1688 0.1381 0.0000
R[1,2] -1.0106 0.1197 0.0000| R-[1,2] -0.9901 0.1477 0.0000
R2[2,2] 0.6516 0.0577 0.0000| R:[2,2] 0.6422 0.0719 0.0000
P 0.9691 0.0139 0.0000 a1 2.7599 0.8448 0.0011
by
c1 0.7599 0.4368 0.0819
Q 0.9004 0.0423 0.0000 as 3.5121 3.6956 0.3419
ba
Co -0.6516 1.1189 0.5603

Modelis Y; = A(s:)Yi—1 + Ui, Uy ~ IID N(0,%(s;)) with Y; = (r; 2;)’, the shortrate and spread,
and R(s;) = chol(X(s;)), sy = 1,2. For the constantprobability modelp(s; = 1|s;—1 = 1) = P
andp(s; = 2|s;_1 = 2) = Q. For the time-varying probability model, p(s; = i|s;-1 = ;Z;1) =
5 +§§gg‘fﬁ?ﬁ;ﬁf2;}ﬂ) i = 1, 2. Thefirst subscriptdenotegheregime s;, andthe secondsubscript(or
numbersin squarebrackets)denotethe matrix element. The modelsare estimatedusingonly US data. A
full estimationfailed to corverge so we reporta restrictedestimationdependenbnly on the spreadin the

time-varyingprobabilities.A likelihoodratio testfor ¢; = 0 yieldsa p-valueof 0.0167.
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Transition Probabilities: Short Rate Model (Joint)
1 T T T T

_ p(st:1|st_1:1;lt_1)
— - PSS =2l )

02 1 1
0 2

| | | | | | |
4 6 8 10 12 14 16 18 20
Time-varying transitionprobabilitiesfrom the univariateshortrate model estimatedointly acrossthe US,

UK andGermary. Thetransitionprobabilitiesarelogistic functionsgivenby p(s; = ils;-1 = i;Z; 1)
e®itbiTE—1 .

14e®itbiTe—1"

1 = 1,2, wherea; = 4.0530, by = —0.2700, a» = —0.0124, by = 0.1182, asestimatedn
Table(2). Theshortrater; ; is onthez-axis.

Figurel: TransitionProbabilities
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In eachplot we shav CPl inflation (percentagehangesover the last 12 months)andshortrates(top sub-
plot) and smoothedprobabilitiesp(s; = 2|Zr) (bottom subplot). The correlationbetweeninflation and
the smoothedprobabilitiesis 0.5420,0.4994and 0.3610for the US, Germaty and UK respectiely. The
smoothedprobabilitiesare calculatedusingthe bivariatespreadmodelwith time-varying probabilitiesesti-
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Figure2: Inflation andSmoothedProbabilities
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We reproduceriguresd4b and4c of Ait-Sahalia(1996a).Thetop plot shavs Ait-Sahalias
estimatechon-lineardrift of the shortrateandthe bottomplot shows Ait-Sahalias nonlin-
eardiffusionof theshortrate.

Figure3: Ait-Sahalia(1996a)s ShortRateDrift andDiffusion.
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We reproducd-igures4 and5 of Stanton(19975. Thetop plot shavs Stantons$ estimated
non-lineardrift of the shortratewith estimate®f first, secondandthird orderapproxima-
tionsto thedrift. Thebottomplot shovs Stantons nonlineardiffusionof theshortratewith
estimate®f first, secondandthird orderapproximationgo the diffusion.

Figure4: Stanton(1997)s ShortRateDrift andDiffusion
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Short Rate Drift — Joint Estimation

Short rate model, const probs Short rate model, time-varying probs
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Conditionaldrift of the shortratefor the joint estimationover US, UK andGermalry. Fromtop left, clock-

wise: the univariate model with constanttransition probabilities;the univariate model with time-varying

probabilities;the bivariatespreadmodelwith time-varying probabilities;the bivariatemodelwith constant
probabilities. The shortrateis on the z-axis.

Figure5: ShortRateDrifts from the JointEstimation
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We shaw the regime-dependentrifts, andthe overall shortratedrift for the univariateshortrate modelwith
time-varying probabilities jointly estimatedvertheUS, UK andGermary. Theshortrateis on the z-axis.

Figure6: Regime-DependerDrifts
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Short Rate Volatility — Joint Estimation

Short rate model, const probs Short rate model, time—varying probs
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Conditionalvolatility of the shortratefor the joint estimationover US, UK and Germary. From top left,
clockwise: the univariatemodel with constanttransition probabilities;the univariatemodelwith constant
probabilities;the bivariatespreadmodelwith time-varying probabilities;the bivariatemodelwith constant
probabilities. The shortrateis on the z-axis.

Figure7: ShortRateVolatility from the JointEstimation
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Short Rate Model, Time-Varying Probs (Joint)

Short Rate Volatility
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Plotsaredonefor the univariateshortrate modelwith time-varying probabilitiesestimatedointly over the
US, UK andGermary. The top panelshaws the volatility of the shortrate. The bottom panelshaws the
averageregime associatedvith eachshortrate (the regime caneitherbe 1 or 2). The shortrateis on the

T-axis.

Figure8: Comparisorwith the AverageRegime
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Drift and Volatility of Spread (Joint)

Drift: const probs Volatility: const probs
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Conditionaldrift andvolatility of the spreadfor the joint estimationover US, UK and Germary usingthe
bivariatespreadnodelwith constanandtime-varyingprobabilities.Thedrift andvolatility from thebivariate
modelwith constanf(time-varying) probabilitiesis shavn in thetop (bottom)row. The spreads on the x-
axis.

Figure9: SpreadDrifts andVolatilities from the JointEstimation

33



US short rate model, time-varying probs

Short rate drift
T T T T T T T T T

|
o
N

T

|

|
o
N

T

I

|
o
D

T

!

-08 ! ! ! ! ! ! ! ! !
0 2 4 6 8 10 12 14 16 18 20

Short rate volatility
15 T T T T T T T T T

0.5

0
0 2 4 6 8 10 12 14 16 18 20
Conditionaldrift (top panel)andvolatility (bottompanel)of the shortratefor the univariateshortratemodel
with time-varyingprobabilitiesestimatedusingonly US data. The US shortrateis on the z-axis.

Figurel0: US ShortRateModel
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US spread model, time-varying probs
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Conditionaldrifts andvolatilities of theshortrateandspreador thebivariatespreadnodelwith time-varying
probabilitiesestimatedusing only US data. From top left, clockwise: shortrate drift, shortrate volatility,
spreadvolatility, andspreaddrift. The US shortrateor spreads on the z-axis.

Figurell: US Spreadviodel

35



