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Given a finite number of stochastic systems, the goal of our problem is to dynamically allocate a finite
sampling budget to maximize the probability of selecting the “best” system. Systems are encoded with the
probability distributions that govern sample observations, which are unkown and only assumed to belong to a
broad family of distributions that need not admit any parametric representation. The “best” system is defined
as the one with the highest quantile value. The objective of maximizing the probability of selecting this
“best” system is not analytically tractable. In lieu of that we use the rate function for the probability of error
relying on large deviations theory. Our point of departure is an algorithm that naively combines sequential
estimation and myopic optimization. This algorithm is shown to be aymptotitcally optimal, however, it
exhibits poor finite-time performance and does not lead itself to implemention in settings with a large
number of systems. To address this we propose practically implementable variants that retain the asymptotic

performance of the former, while dramatically improving its finite-time performance.
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1. Introduction

Given a finite number of alternative distributions, henceforth referred to as systems, we
are concerned with the problem of selecting the “best” one, where performance of the
systems is initially unknown but it is possible to sequentially sample from each of them.
A critical assumption made in most academic studies is that a decision maker is primarily

interested in the mean performances of the systems, i.e., the means of underlying distribu-



Shin, Broadie, and Zeevi: Practical Nonparametric Sampling Strategies for Quantile-based Ordinal Optimization
2 Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!)

tions. However, such mean-based approaches do not accommodate various risk preferences
of the decision maker. In this paper, we explore cases where downside or upside risk is
more crucial than the average performance. In particular, the systems are compared based
on pth quantiles of their distributions, with the value of p chosen according to the decision
maker’s risk preference.

In most cases, the underlying probability distributions rarely admit a parametric repre-
sentation. Therefore, we focus on nonparametric settings where the probability distribu-
tions belong to a broad family that cannot be characterized by one or more parameters.
While nonparametric approaches have an extensive range of applications, the main diffi-
culty is loss of tractability. Hence, we are motivated to develop nonparametric sampling
strategies that are implementable and perform well in practice.

The problem described above arises in a variety of applications. A widely used example
is value-at-risk (VaR) that measures the pth quantile of a portfolio’s value, with p typically
chosen to be 1% or 5%. For large portfolios of complex derivative securities,! value-at-
risk can be evaluated through Monte Carlo methods, which typically entails substantial
computational burden. The quantile-based approach is quite relevant in the case where
a portfolio manager needs to identify the portfolio with largest value-at-risk out of many
alternatives; in particular, a portfolio manager needs to sequence the simulation trials in
an efficient manner given a certain amount of time to increase the likelihood of identifying
the portfolio with largest VaR.

Another example is selecting the best design of a telephone call center, where a typical
measure of interest is the quantile of waiting time. For instance, if a conservative decision
maker uses the quantiles for p =0.95 to compare different designs, then the best design
will have the smallest value of the 95% quantile of waiting times. The waiting time is a
complex function of design parameters, such as staffing and routing policies, and is often
evaluated through simulation. The decision maker’s job is to configure a finite number of
designs and to spend a certain amount of time testing different designs before deciding
which is best.

The main objective of this paper is to design a dynamic sampling algorithm that mini-

mizes the probability of selecting suboptimal systems subject to a given sampling budget.

L In practice, there can be some correlation in performance between portfolios if they consist of similar assets. However,
following most of papers in the area of ordinal optimization and ranking and selection, our model assumes independent
systems. (Our model serves as a good approximation when the degree of correlation is not significant.)
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Since the aforementioned objective is not analytically tractable, our departure point will
be an asymptotic benchmark characterized by a large sampling budget. In this regime,
the rate function (Dembo and Zeitouni 2009) of the probability of false selection, hereafter
simply referred to as the rate function, can be written in tractable form.

Exact evaluation of the rate function, however, is possible only when the decision maker
knows the underlying probability distributions in advance, and the absence of perfect
prior information introduces an important new component into the optimization problem.
Namely, one needs to allocate samples to maximize the rate function (exploitation) but at
the same time take sufficient samples from each system to learn the underlying distributions
(exploration).

As a benchmark for further analysis, we propose a naive algorithm that estimates
unknown values of the rate function from the history of sample observations, and then
allocates a sample in each subsequent stage as if the unknown values are equal to the
sample estimates; this is often referred to as a certainty-equivalence approach. As will be
explained later, this algorithm maximizes the objective asymptotically, however, its finite-
time performance is poor since it spends too much of the sampling budget on exploration,
which leaves less budget to exploit that knowledge and optimize the objective. Another
drawback of this approach is the heavy computational burden since it requires solving a
difficult nested optimization problem repeatedly, which makes the algorithm not practically
implementable in many applications with a large number of systems.

The main contribution of this paper is to introduce sampling strategies that are practical
to implement in applications with large number of systems, and improve their finite-time
performance relative to the aforementioned class of algorithms. In more detail, our contri-

butions are summarized as follows.

(i) We introduce an alternative performance metric and show that it is closely aligned
with the rate function when the gap between the quantiles of the best and second-best
systems is sufficiently small. The alternative performance metric is structured around
the quantiles and local density behavior, rather than global distribution functions,
which lends itself to some key structural insights about near-optimal allocations.

(ii) Building on the structural properties of the alternative performance metric, we pro-
pose a family of nonparametric dynamic sampling algorithms, hereafter referred to as

Quantile Divergence (QD), with the aim of improving the finite-time performance of
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the aforementioned naive algorithm. We rigorously show that this class of algorithms
is near-optimal in a precise mathematical sense.

(iii) We also propose variants of QD, hereafter referred to as Adaptive QD (AQD), that are
computationally efficient when the number of systems is large. We show via numerical
testing that these variants preserve the asymptotic performance of the QD algorithms

and improve the computation time dramatically.

Our proposed algorithms are nonparametric in the sense that they do not postulate
any parametric structure on underlying probability distributions. Despite having almost
no prior information, these algorithms allocate samples in a way that is close to the best
ex ante allocation under full information. When the underlying distributions are known to
belong to a parametric family, more efficient algorithms can be designed, albeit at the cost
of misspeciation; in particular, if the assumed parametric structure is not “close enough”
to that of the true underlying family of distributions, such parametric algorithms may fail
to identify the best system.

The remainder of this paper is organized as follows: In §2 we survey related literature
on ordinal optimization, and ranking and selection problems, and relevant studies from
the multi-armed bandit literature. In §3 we derive a tractable objective function using
large deviations theory and formulate a dynamic optimization problem. In §4 we suggest
dynamic algorithms and provide theoretical analyses on their performances. In §5 we pro-
pose adaptive variants of the algorithms that are practically implementable in large prob-
lem instances. In §6 we test the suggested policies numerically and compare with several
benchmark policies. This paper has an online supplement with three parts. Appendix A
states additional theoretical results; Appendix B contains the proofs of main theoretical
results and auxiliary lemmas; and Appendix C contains additional numerical results to

provide practical guideline on the implementation of proposed algorithms.?

2. Literature Review
Mean-based R&S Procedures. An area closely related to ordinal optimization is that of

ranking and selection (R&S). While the goal of this paper is to minimize the probability of

2 A very preliminary version of this paper appeared as Shin et al. (2016). In particular, §4 contains much stronger
theoretical results in §3 of the prior paper, and Appendix A provides further theoretical results. New algorithms to
improve those in the prior paper are given in §5. Lastly, §6 exhibits numerical experiments in more extensive settings
than those in §4 of the previous paper.
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false selection given a fixed sampling budget, the goal of the R&S problem is to take as few
samples as possible to satisfy a desired guarantee on the probability of correctly selecting
the best system; most of this literature considers “best” to be the largest mean. The
traditional R&S approach traces back to the work of Bechhofer (1954) who established the
Indifference Zone (I1Z) formulation. (See the survey paper by Kim and Nelson (2006).) Most
1Z procedures rely on the assumption that sample observations are normally distributed,
and hence raise the risk of misspecification alluded to earlier.

Quantile-based R&S Procedures. Despite the wide usage of quantiles as a perfor-
mance metric, the topic of quantile-based R&S procedure has not received much attention
in the literature. Bekki et al. (2007) modify the traditional two-stage 1Z procedure by
Rinott (1978) to suggest a heuristic technique that addresses the issue of non-normality
of quantile estimates, by averaging them over batches. (Thus the batch behavior would
be nearly normal by the central limit theorem.) Batur and Choobineh (2010) suggest a
two-stage procedure based on Rinott (1978), where a set of quantile values is compared
between two systems. Lastly, Lee and Nelson (2014) suggest an R&S procedure based on
bootstrapping, which can be applied to general performance measures including quantile,
albeit with a heavy computational load. In contrast to these papers, we show that the
(asymptotically) optimal allocation is unaffected by the use of batches, so that the alloca-
tion based on the normal approximation may give substantially suboptimal allocations.

Mean-based Ordinal Optimization Procedures. Several studies consider the prob-
ability of selecting the best system when a finite sampling budget is given. Notable recent
examples include the Optimal Computing Budget Allocation (OCBA) rule by Chen et al.
(2000), the Knowledge Gradient (KG) Bayesian framework of Frazier et al. (2008). These
formulations provide an attractive, stylized analysis but they rely heavily on normality
assumptions. In contrast, the “frequentist” approach of Glynn and Juneja (2004) based on
large deviations theory allows for much broader scope but is difficult to implement due to
(i) the challenges in estimating the moment generating function, as noted by Glynn and
Juneja (2015), and (ii) the computational burden in optimizing the large deviations rate
function, as noted by Pasupathy et al. (2015). Regarding (i), Glynn and Juneja show that
this issue can be mitigated in restricted settings where upper bounds on suitable moments
of underlying distributions are known (such information is rarely available in most prac-

tical applications). Regarding (ii), Pasupathy et al. show that the optimal allocation for
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the rate function becomes tractable in a certain asymptotic limit characterized by the
large number of systems. In the context of our work, the large deviations rate function
also entails issues (i) and (ii); see § 4.1. However, our work is significantly different from
previous papers in that we circumvent these issues by introducing an approximation to the
rate function in a certain asymptotic regime characterized by the quantiles of the systems.
The recent work of Shin et al. (2018) also addresses the issues with the large deviations
rate function approach of Glynn and Juneja (2004) by proposing a two moment approx-
imation and leveraging it to design a well-performing dynamic procedure called Welch
Divergence (WD). This paper shares an important common theme with Shin et al. (2018)
in that we too use the large deviations rate function to construct competitive sampling
procedures. On the other hand, the key conclusions from the two papers are fundamentally
different: the two-moment approximation of Shin et al. (2018) suggests that when systems
are compared based on means, the probability of false selection can be approximated by
the rate function corresponding to Gaussian distribution if the probability distributions
of the best and second-best systems are “close” to each other. In contrast, when systems
are compared based on quantiles, we show that the allocation based on the two-moment
approximation can be significantly sub-optimal, as the (asymptotically) near-optimal allo-
cation rule requires density information rather than just two moments. This calls into
further questions the Gaussian assumptions that are prevalent in the literature.
Quantile-based Ordinal Optimization Procedures. Pasupathy et al. (2010) char-
acterize the rate function associated with the probability of false selection using large
deviations theory. However to build on this one requires knowledge of the underlying dis-
tribution functions. This paper extends their work along three dimensions: we strengthen
their theoretical results on the rate function characterization by relaxing conditions on
the underlying distributions; we derive an approximation to the rate function using only
quantiles and local density estimates at particular points, which is simpler than having to
estimate an entire distribution function; and we propose sampling algorithms that judi-
ciously manage the issue of the lack of prior information on the underlying distributions.
Peng et al. (2019) propose Bayesian sampling algorithms for selecting the optimal quan-
tile based on the premise that underlying probability distributions are normal. They rigor-
ously show the (in)consistency properties of two algorithms and develop a switching strat-

egy between the two in order to provide balanced performance in small- and large-sample
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scenarios. They show via numerical testing the performance of the switching strategy in
cases with non-normal probability distributions, though the theoretical guarantee hinges
significantly on the normality assumption. Our focus is to design and analyze algorithms
that do not rely on any parametric distributional assumption, providing rigorous justifica-
tion for the efficacy of the proposed algorithms in the non-normal case.

Quantile-based Best-arm Identification. Our research is closely related to that of
pure exploration in the multi-armed bandit (MAB) problem, often referred to as best-arm
identification; see Bubeck and Cesa-Bianchi (2012) for a comprehensive overview. The best-
arm identification procedures seek the same goal of selecting the best arm (i.e., system,
in the language of our paper). In the context of quantile-based pure exploration, Yu and
Nikolova (2013) consider the problem where arms are compared based on value-at-risk.
Szorenyi et al. (2015) proposes quantile-based online learning algorithms when rewards
from the arms are not necessarily continuous real-valued. Our work differs significantly
from these papers in that we deal with the setting with a fixed sampling budget. Further,
from an analytical perspective, the two antecedent papers primarily use the concentration
property of quantile estimators to determine the number of samples taken to satisfy a
desired guarantee. In contrast, our main concern is to minimize the probability of false
selection given a (sufficiently large) number of samples, which gives rise to the question of
what is the behavior of the probability distributions of quantile estimators in the extreme
tails. This question is addressed in § 3.2.

3. Formulation
3.1. Model Primitives
Consider k stochastic systems, each of which is characterized by a distribution function
F;(-), j=1,...,k, with its support denoted as .7;. We define the system configuration as
F = {F,...,F;}; we denote F € ¥ if each distribution is continuous on its domain; and
F € 9 if each distribution is discrete and, without loss of generality, has a support in the
set of nonnegative integers. Fix p € (0,1) that represents the quantile of interest and define
the pth quantile of Fj(-) as

¢ =inf{z: Fj(z) > p}. (1)
Denote € = (£1,...,&) as the k-dimensional vector of the pth quantiles. Without loss of
generality, we take & > & > --- > &. We make the following assumptions throughout the

paper.
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(F1) &; is the unique solution z of Fj(x—) <p < F;(z) for each system j

(F2) [&,&] i 76
Note that (F1) is a mild assumption that ensures F;(-) is not flat around the pth quantile.
Assumption (F2) ensures that each quantile estimated from sample observations can take
any value in the interval [£, & ], in order to avoid trivial cases where the probability of false
selection is zero. In our model the decision maker does not know the system configuration F,
but is able to sequentially take T independent samples from the systems to infer quantiles
of the distributions, where T is exogenously given. The goal is to correctly identify the

system with the largest pth quantile, i.e., system 1.

Let m denote an algorithm, which is a sequence of random variables, 71, o, ..., taking
values in the set {1,...,k}; the event {m; = j} means a sample from system j is taken at
stage t. Define X, t =1,...,T, as a random sample from system j in stage ¢. The set

of non-anticipating policies is denoted as II, in which the sampling decision in stage t is
determined by all the sampling decisions and samples observed in previous stages.

Let N7 be the cumulative number of samples up to stage ¢ from system j induced by
algorithm 7, and define oj, :== N7, /t as the sampling rate for system j at stage t. The

sample distribution function for system j is defined as

t

. 1
Fiy(x) =~ > HX; <a}, (2)
th =1
Tr=j

where I{ A} is one if A is true and zero otherwise. Denote A;; as the quantile of the sample
distribution function, i.e.,

A;-rt =inf{z: Fﬁ(a@) >p}. (3)

It is useful to define a static algorithm denoted by 7(a) € II, where e € A with

k
A:{(al,...,ak)ERk:ZajzlandajZOforallj}. (4)

j=1
The static algorithm is summarized in Algorithm 1. Note that for static policies, m () is
fixed prior to stage 1, independent of sample observations, and hence, the order of sampling
does not affect the performance in the final stage. Also, under 7(a) the number of total

samples from system j is ;T ignoring non-integrality. We let A denote the interior of

A.
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ALGORITHM 1: Static(a)
Set ajo=0for j=1,...,k and set t =1.

repeat
Take a sample from system 7,, where

7, = argmax{a; —aj, }, (5)
G=1,...k

with ties broken arbitrarily. Let t =t + 1.
until ¢t <T';

Return: arg max; {&r}).

DEFINITION 1 (CONSISTENCY). An algorithm 7 € IT is consistent if N7, — oo in proba-
bility for each j as t — 00.3
In the optimization problem we consider, we further restrict attention to a set of consis-
tent policies, denoted as IT C II. Under such policies the sample quantiles are consistent

estimators of the population counterparts, as formalized in the following proposition.

PropoSITION 1 (Consistency of quantile estimators). Under (F1),
é;rt—>§j as t — oo (6)

in probability for any consistent algorithm 7 € I1.

Note that consistent algorithms ensure that the probability of false selection eventually
converges to zero as the sampling budget grows to infinity. We remark that the property of
consistency is not straightforward to verify for a dynamic algorithm, although any static
algorithm 7 with a € A” is consistent since Nj; = ajt — 00 as t — co. The following is a
simple example of a dynamic algorithm that is not consistent.

EXAMPLE 1 (A DYNAMIC ALGORITHM THAT IS NOT CONSISTENT). Suppose F € %
and each distribution has infinite support. Define a dynamic algorithm 7 in which ng
samples are initially taken from each system and m; = arg man{éjt} for t > kng. Suppose

k=2 and (&,&) = (1,0). At stage 2ng, it can be easily seen that the event A = {&; ., €

31n this paper, we consider the weak consistency but note that some of the results can be strengthened to strong
consistency, albeit with a stronger condition; the analysis of this case is available in Appendix A of the online
supplement.

4 See also the MAP algorithm in Peng et al. (2019), which is dynamic but not consistent if p < 1/2.
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(—o0,—1), 52,277,0 € (1,00)} occurs with positive probability. Conditional on this event, sys-
tem 1 would not be sampled in subsequent stages if égt > 0 for all t > 2ng. The latter event
occurs with positive probability because
P (sup o1 — & < 1) > 1%7"0, (7)
t>2ng Y
where v = exp(—2min(F2(&+ 1) —p,p— Fr(§2 — 1))) (see Section 2.3.2 of Serfling 2009).
Combined with the fact that P(A) > 0, system 1 is not sampled infinitely often with positive
probability, and hence, the algorithm is not consistent.
Notational conventions. Throughout the paper, we use Z; to denote sample estimate of an
unknown value z in stage t. For brevity, the superscript m may be dropped when it is clear
from the context. We use boldface letters for k-dimensional vectors; e.g., a == (aq,..., )

and o = (g, .., Qt)-

3.2. Large Deviations Preliminaries

The probability of false selection, denoted P(FST) with FST := {£7, < mMax;.4q é;rt}, is a widely
used criterion for the efficiency of a sampling algorithm (see, e.g., the survey paper by
Kim and Nelson (2006)). However, the exact evaluation of P(FS}) under dynamic sampling
policies is not analytically tractable. In this subsection, following Glynn and Juneja (2004)
we build a tractable objective associated with P(FST) based on large deviations theory. In
particular, we fix a static algorithm 7 = 7(a) for some a € A and characterize how fast
P(FSf(a)) converges to 0 as a function of aw € A. We eliminate 7(c) in the superscripts in
order to improve clarity.

To begin, observe that N;; is deterministic under the static algorithm 7(a) and that

Nji
P(éjt > I) =P ZI{X]'T]-(S) < Jf} < LpthJ ) (8)
s=1

where 7;(s) = inf{t : N;; > s} denotes the first time that system j is sampled s times
and |y| is the greatest integer less than y. Note that 7;(s) is deterministic under the
static algorithm so that I{ X, ) <z} are an independent Bernoulli random variables for
s=1,...,Nj. Applying Cramer’s theorem (Dembo and Zeitouni 2009), the large deviation
probability for éjt, j=1,...,k, can be characterized as follows (see Lemma B.1 in the
online supplement):

tlgilo % logP (£, > x) = —a;I;(z) for z>¢;

(9)

1 ~
lim ; lOg P(Ejt < $/) = —OéJIJ(.'L'/) for m/ < 6]7

t—o0
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where

I(x) = plog (%) (1 p)log (1_%;)) | (10)

ProposiTION 2 (Rate function). Suppose (F1) and (F2) hold. For a static algorithm

m(a) for some a€ A,
Jim ~logP(FS7) = —p(a), (11)
with p(a) = min; 1 {G;(e)}, where
Gj(a) =inf{a i(2) + a;1;(2)} . (12)

We remark that the result of Proposition 2 generalizes the results in Pasupathy et al.
(2010). Specifically, the analogous results in Pasupathy et al. (2010) require that Fj(-) is
twice differentiable in the continuous case, since their proof relies on a Taylor expansion
of the logarithmic moment generating function up to second order terms.

An important implication of Proposition 2 is that P(FSf(a)) behaves roughly like
exp(—p(a)t) for large values of ¢t. Hence, it follows that p(:) is an appropriate measure
of asymptotic efficiency that is closely associated with P(FS]). Note that for each x € R,
a1l (x) 4+ «a;l;(z) is a continuous, linear (hence, concave) function of (ay, ;). Since G; ()
in (12) is a point-wise infimum thereof, it is also concave. Therefore, p(a), being a minimum

of G;(a) for j=2,...,k, is concave for a« € A. We define p* = maxqea{p(a)}.

3.3. Problem Formulation
Based on the relationship between p(a) and P(FSZF(O‘)) provided in Proposition 2, we define
the relative efficiency Z; for any given algorithm 7 € II in stage ¢ to be

= pleg) (13)

*

By definition, the value of ZJ lies in the interval [0, 1].
We are interested in designing an algorithm that maximizes the expected relative effi-
ciency with the sampling budget 7"
sup E(Z7). (14)
rell
Note that an algorithm 7 is near optimal if af. is close to a* € argmax, ,{p(c)} with

high probability. However, the underlying distribution functions are not known a priori,
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hence neither is the function p(-) nor its maximizer a*. Therefore, it is not tractable to
obtain the optimal sampling algorithm for finite 7" using a rigorous dynamic programming
approach. Alternatively, we focus on the following asymptotic criteria.

DEFINITION 2 (ASYMPTOTIC OPTIMALITY). An algorithm 7 € Il is asymptotically
optimal if

E(Z)—1ast— 0. (15)

It is not difficult to check that an asymptotically optimal algorithm is consistent; otherwise,
there exists some system j for which «a;; — 0 as ¢ — oo with positive probability, which in

turn implies that the limit of E(Z]) is less than one as t — co.

4. Proposed Algorithms and Main Theoretical Results
4.1. A Naive Algorithm
We first suggest a naive algorithm that iteratively estimates the maximizer of the rate

function by utilizing the history of sample observations. Define j,(a) = min; . {G,(x)}

with b= arg maxj{éjt},
Gji(a) = iI%f {abfbt(ac) + ajfjt(a:)} for j #£0, (16)

and

fjt(x) =plog (Fp(:c)> +(1—p)log (%) for j=1,...,k. (17)

Note that p;(ax) is an estimator of p(a) in stage ¢ with each F;(-) replaced with its empirical
counterpart, Fj,(-). Define &, € argmax,ca{pi(c)} as a maximizer of the function py(c),
with ties broken arbitrarily. The naive algorithm is summarized in Algorithm 2, with nq,
m, and ¢ being tuning parameters; ng is the initial number of samples from each system, m
is the batch size, and ¢ controls the minimum sampling frequency. For ease of exposition,
we assume 71" is a multiple of m.

The naive algorithm makes the current allocation () close to the target allocation
(&) in each stage; see equation (18). Essentially, it attempts to sample the system with
greatest need of information; see, e.g., Chen and Lee (2011) for similar procedures of this
kind. Note also that the naive algorithm (as well as those to be introduced in what follows)
makes no use of the value of T', the problem horizon. A more forward looking approach

typically requires dynamic programming, which may not be practically implementable and
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ALGORITHM 2: Naive(ng,m,c)
For each j, take ng samples and let ¢t = kng.

repeat
If N;; <clogt for some j, let w4, =min;{N,;} for £=1,...,m, with ties broken arbitrarily.

Otherwise, solve for &; € argmax, . {p: ()}, with ties broken arbitrarily, and let

Mo = arg max{zijt — e} (18)
J

for£=1,...,m. Let t=t+m.
until ¢t <T';

Return: arg max; {1},

hence will not be discussed in this paper. Readers interested in dynamic programming
approaches are referred to Peng et al. (2018).

The following theorem shows that &; eventually approaches the optimal allocation a*,
and therefore o, converges to a* as t — oo, implying the algorithm is asymptotically

optimal.

THEOREM 1 (Asymptotic performance of the naive algorithm). Suppose F €

{€,2}. Under (F1)-(F2), the naive algorithm is consistent and asymptotically optimal.

REMARK 1 (POOR PERFORMANCE OF THE NAIVE ALGORITHM). From an implemen-
tion perspective, the naive algorithm requires a nested optimization in each stage. Specif-
ically, the inner optimization loop involves solving for the infimum in (16) to find G (cx)
for given a, and the outer optimization task is to maximize p;(c) = min;{G;i(c)} over
a e A. As we will see in Table 1 in § 5.1, this becomes a significant computational burden
as the number of systems increases. From a performance standpoint, despite the theoreti-
cal guarantee on its asymptotic performance, the naive algorithm exhibits poor finite-time
performance in terms of the probability of false selection. In particular, in the naive algo-
rithm we need to estimate the distribution functions in order to evaluate the rate function,
which results in relatively poor performance; see numerical results in §6.

REMARK 2 (FORCED SAMPLING IN THE NAIVE ALGORITHM). An issue that can arise
with the rate function estimator p;(-) based on the empirical distribution functions is a
long period of no sampling from a particular system. In this case, the maximizer &, €
argmax,ca{p:(a)} may lie at the boundary of A; that is, we may have &;; =0 for some

7. In this case, the naive algorithm does not sample system j in stage t. If this problem
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persists in subsequent stages, the empirical distribution may not converge to its theoretical
counterpart “fast enough”. In order to prevent this issue, the naive algorithm ensures that
each system is sampled at least clogt times in stage t. Note that the asymptotic result in
Theorem 1 holds when clogt is replaced with any sublinear function of ¢, although such a
change would affect the performance with finite ¢.

REMARK 3 (VARIANTS OF THE NAIVE ALGORITHM). In this paper we use the rate
function estimator p,(-) based on empirical distribution functions. In cases with F € €,
one can also estimate the rate function based on “smooth” estimators; for example, see
the kernel-type estimator in Reiss (1981). In cases with F € &, one can also use discrete
kernel estimators; for example, see Rajagopalan and Lall (1995). Smooth estimators can
be useful when the sample observations are sparse, although the efficiency of these estima-
tors depends on the choice of smoothing parameters whose optimal values are unknown
a priori. It is not our intention to compare different types of distribution estimators, but
we remark that the performance of the naive algorithm may vary with different choices of

these estimators.

4.2. Alternative Algorithm for Continuous Distributions
We discuss here the case in which the underlying distributions are continuous with the
following condition.

(F3) Fj(-) is twice continuously differentiable and possesses a positive continuous den-

sity f;(-) over the interval JZ;.

It is trivial to check that the smoothness assumption (F3) implies (F1) and (F2). Note that
F;(-) must be twice continuously differentiable in order to ensure that I;(z) can be closely
approximated, using a Taylor expansion, by a quadratic function of x in a neighborhood
of &;, which will be key to the theoretical results in this subsection.

Let 0 =& — & be the gap between the best and the second best systems and define
p° (o) = min; 1 {G(er) } with

Gé(a) _ (51 - éj)Q '
! 2p(1 —p) (1/ (1 f2 (&) + 1/ (e 3 (€))))

We provide some intuition behind the definition of p°(a). Under (F3), the sample quantile

(19)

from «;7T independent observations from system j is asymptotically normal with mean §;

and variance p(1 — p)/(a;Tf7(&;)) (see, e.g., pp. 77-79 of Serfling 2009). Hence, one may
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consider G?-(a) as a measure of divergence between two quantiles, measured in units of
standard errors. The greater the value of G?(a) the better we can distinguish whether
£ > &; or not with greater confidence. This in turn suggests that p°(c) is closely aligned
with p(a), the rate function of the probability of false selection. This intuitive observation

is formalized in the following proposition.

PROPOSITION 3 (Characteristics of p°). Consider a set of system configurations in
€, where each configuration F satisfies (F1)-(F3) and f;(&;) is in a compact set that does
not include zero. Then, p’(a) has a unique mazimum o € A and

p(a’)

— — 1 as6—0. (20)
P

Proposition 3 states that one can achieve near-optimal performance with respect to p(a) by
maximizing p°(a) when § is sufficiently close to 0. Note that the maximization of p’(c) is
much simpler than that of p(a) because the former is strongly concave in o (Appendix A.1)
and does not involve a nested optimization structure. In the preceding proposition, the
condition that f;(&;) lies in a compact set is a relatively mild restriction. We provide three
examples to illustrate the nature of this condition.

EXAMPLE 2 (EXPONENTIAL DISTRIBUTIONS). First, consider two exponential systems
with means (p+ 9, p) for pu> 0, for which (f1(£1), f2(&2)) = (1 —p) /1, (1 =p)/p) as 6 =0,
satisfying the condition in Proposition 3. Second, consider two exponential systems with
means (d +1/9,1/9), for which (&1,&) = (—(6+1/6)log(1 —p),—(1/0)log(1 —p)). In this
case, (f1(&1),f2(&2)) — (0,0) as 6 — 0, violating the condition in Proposition 3. Third,
consider two exponential systems with means (24,9), for which (&,&) = (—2d0log(1 —
p), —dlog(1l —p)). In this case, (f1(&1), f2(&2)) — (00,00) as 6 — 0, violating the condition
of Proposition 3.

Based on the approximation p°(-), we now propose an algorithm called Quantile Diver-

* =argmax,c{p’(a)}

from the history of sample observations. Specifically, denote ézf the estimator of &’ in stage

gence (QD) for continuous distributions that iteratively estimates

t. Formally, & = argmax,x{p(a)}, where

ﬁf(a) — min (ébt_éjt)Q

72 9p(1 = p) (1@ faEn)) +1/ (05 f2(E0)) -
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ALGORITHM 3: QD-C (ng,m,K(-),h(-))
For each j, take ng samples and let ¢t = kng.

repeat
Let b =argmax {{;:}. If &, =&, for system j # b, then take a sample from system

e = argmin{ oy, } (23)
i=3,b
for £=1,...,m, with ties broken arbitrarily. Otherwise, estimate the density estimators in (22)

using the kernel K () and the bandwidth parameter h(-). Solve for &) = argmax, A {p?(c)} and

let
Tiie = arg max{o??t — i} (24)
J
for{=1,...,m. Let t=t+m.
until t < T
Return: argmaxj{éﬂ}.
with b= arg maxj{éjt} and
1 J
fi(y) = N K (y — Xjs) (22)
Jt s=1
Ts=]

is the kernel-based estimator with kernel K (-) and bandwidth h(t) > 0 for each ¢. A kernel
with subscript £ is called a scaled kernel and defined as Kj(z) =h 'K (x/h). The optimal
choices of the kernel function and the bandwidth parameter depends on the true density
functions that are a priori unknown (see, e.g., Silverman (1986)), but we impose standard
regularity conditions on K () and h(t), which are satisfied by almost any conceivable kernel
such as normal, uniform, triangular, and others:

(K1) [|K(x)|dz <oo and [ K(x)dz=1

(K2) |zK(z)| — 0 as |z| = o0

(K3) h(t) — 0 and th(t) — oo as t — 0.

We propose an algorithm that matches a; with é\ef in each stage, simultaneously ensuring
that ézf approaches o’ as t — co. The procedure is summarized in Algorithm 3, with n,

and m being tuning parameters.

THEOREM 2 (Asymptotic performance of QD-C). Suppose F € €. Under (F1)-
(F2), the QD-C algorithm is consistent, and if (F3) is further satisfied, then

E(Z]) — '0(;:5) as t — oo. (25)
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To rephrase (25), the QD algorithm eventually allocates the sampling budget so that
p°() is maximized, and the loss in asymptotic efficiency due to maximizing p°(-) instead
of p(+) decreases to 0 as § — 0. Combining the preceding theorem with Proposition 3, it
can be seen that p(a®)/p* — 1 as § — 0, implying that the QD-C algorithm is near-optimal
in an asymptotic regime as t — oo and § — 0.

REMARK 4 (RELATION TO EXISTING ALGORITHMS). The QD-C algorithm shares the
common theme with two sampling algorithms in the literature of mean-based ordinal opti-
mization. First, QD-C is analogous to the WD algorithm proposed by Shin et al. (2018)
in the sense that the former (respectively, the latter) repeatedly maximizes the divergence
between sample quantiles (respectively, sample means). Second, QD-C can be related to
a family of sampling algorithms called OCBA (Chen and Lee 2011). Specifically, from the
first order conditions it can be seen that & of the QD-C algorithm satisfies

(ébt — éit>2 _ (ébt - éjt)Q
(A3, f2(60) "+ (A0 F3(En) ™ (A4, F2(Ew)) " + (A3, F2(E5))

" j#b " szt (ébt) '

for i,j=2,....k (26)

If we further assume that a7, > &9,, then the above formulas are equivalent to the OCBA
formulas, except that the means and variances of sample means are replaced with those
of sample quantiles. Both WD and OCBA are derived based on the premise that sample
means are normal, and hence, QD-C can be considered as a comparable algorithm when
sample quantiles are approximately normally distributed.

REMARK 5 (BIAS-VARIANCE TRADEOFF). The major advantage of QD-C over the naive
algorithm is that the estimation of p°(-) is more “localized” and does not require the
estimation of the entire distribution functions; see Remark 1 for a discussion about the
optimization error under the naive algorithm. In other words, exploration of the function
p°(+) requires less of the sampling budget than that of p(-), which allows us to exploit more
of the budget to maximize p°(-), with a sacrifice due to the gap between p°(-) and p(-). We
now rigorously analyze the bias and variance in this tradeoff. For ease of exposition, let
k =2 and, with a slight abuse of notation, denote p(ay;) = p(eay) for oy = (ayy, ). Using
a second-order Taylor expansion of p(-) at af, observe that
p"(ai)

5 (an —a)® +o((on — af)?), (28)

plar) = plon) = —
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Figure 1  Bias-variance tradeoff. For each naive (blue) and QD-C (red) algorithm, the solid line is the mean
squared error and the dotted (or dashed) line is its variance component. The gap between the solid
and dotted (or dashed) lines corresponds to the bias component. The system configurations are (a)
two normal systems with means (0,0) and standard deviations (1,3) and (b) two normal systems with
the same means (0,0) and standard deviations (1,2). The 10% quantiles are £ = (0.13,0.38) for (a)
and ¢ =(0.13,0.25) for (b). For both algorithms (no, m) = (20,10). Also, ¢= 10 for the naive algorithm
and we use the normal kernel with the bandwidth parameter h(n) = 1.060n~ Y/ for QD-C, where o is

replaced with sample standard deviation.

where p”(a7) is the second derivative of p(-) at aF, and the term o(ay; — ) is sublinear
in (o, — ) as this difference tends to zero. Hence, the loss in the asymptotic efficiency,
E(p(a}) — p(ay)), can be largely explained by the mean squared error (MSE), E(ay; — af)?,

which can be further decomposed as
E(a; — a7)® = E(an; — E(a1,))” + (E(ar,) — a7)*. (29)

The first term represents the variance component (due to noisy sample estimates) and
the second represents the bias component (due to maximizing p°(-) instead of p(-)). As
illustrated in Figure 1, most of the MSE contribution is due to variance under the naive
algorithm. On the other hand, QD-C significantly reduces the variance, while introducing
a small bias that decreases to zero as § — 0. Overall, the QD-C algorithm has lower MSE’s
than the naive counterpart for small ¢, indicating it is more suitable in settings with small
sampling budgets. Obviously, QD-C is even more attractive than the naive algorithm when

0 is “small” because the loss due to the bias is “small” as well.
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Figure 2 lllustration of hi2 and h2; defined in (30) for p = 0.55. The step functions in thin and thick solid lines rep-

resent the distributions F1(-) and F;(-), respectively, and the dashed lines are the linear approximations.

4.3. Alternative Algorithm for Discrete Distributions
We now develop an alternative algorithm for the case in which the underlying distributions

are discrete, i.e., F € . To this end, define

F(&) = F5(&))

h]’l —
§&1—¢&;
b _ P& - Fi(&) 30
! §&1—&;

for each j # 1 and let h = {(h;1,h1;) | j # 1}. Figure 2 illustrates the definitions of h;; and
hy; for j=2. Also define € € (0,1) as a constant such that, for each j#1 and z € [§;,&],

. B L= By
1 €§p+(x_§j)hj1’1—p—($_£j)hj1§1+€ (31)
l—e< Fi(z) 1 - Fi(z) <l+e

Tt (@ —&)hy 1-p— (2 —&)hy

The constant € represents (multiplicative) errors when Fj(x) is approximated by a linear
function, p+ (z —&;)hj1 or p+ (v — & )hyj.

We consider a set of discrete distributions that satisfies the following condition, which
ensures that h;; and hy; defined in (30) are strictly positive for each j # 1.

(F3’) The probability mass function, f;(x)= Fj(x)— F;(z —1), is positive for all integer

x € J;
Define p**(ar) = min; - {G*(a)} with

5e o) = (fl _é.j)z
G; (e0) 2p(1 —p) (1/(Oz1h%j)+1/(ajh?1)), )
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which has a similar structure as (19) in the continuous case, except that f;(&;) is replaced
with hj; or hy;. To provide some intuition behind the definition of Gj»’e(a), recall that
the asymptotic variance of éjt is inversely proportional to f;(&;) in the continuous case.
In other words, when hy; or hj; is high (low), samples from system j are denser (sparser)
around &; so that the asymptotic variance of the sample quantile is low (high). Therefore,
Gj’g(a) can be seen as an appropriate measure of divergence between two quantiles. The
following proposition validates this intuition rigorously. We use the following notation:
h =max, {max(hji, hi;)}, 7 =max;{& — &}/ mingz {& — &}, 0 =rhd, and u: Ry - R

is a non-decreasing function of 6 defined as

_ 20p(1—p)(6° +30p(1 —p) +p(1 —p))
3(p—0)*(1—p—0)* '

u(0) (33)

PROPOSITION 4 (Characteristic of p*¢(-)). Suppose F € 2. Under (F1)-(F2) and

(F3’), for any ac € A

pla®) _ (1—u(6))(1—¢)
pr— (I+u(8)(1+e)

for @ =rhd sufficiently small so that u(f) < 1.

(34)

Proposition 4 validates the approximation of p(-) by p>¢(-) for small § (equivalently, small
6) and e. This in turn implies a* and a®¢, the maximizers of p(-) and p®<(-), respectively,
are close when ¢ and e are sufficiently small.

REMARK 6 (TIGHTNESS OF THE LOWER BOUND IN PROPOSITION 4). We note that
u(f) is a continuous, increasing function of § > 0 with u(0) = 0. Hence, when 6 and e
are close to 0, the bound in (34) is tight. To see the tightness of the bound for different
values of 0, we provide a numerical example in Figure 3 for the case of discrete uniform
distributions. Note that the lower bound is tight for small values of 8, and while there is
a noticeable gap for large values of #, the actual values of p(a’)/p* are still close to one.

We now present the QD-D algorithm, which iteratively maximizes p>¢(-) from the history

€x

of sample observations. Let &0 = argmax,ca{p)‘} be the estimator of a®* in stage t,
where
R
pAf,e — mlil (&'bt . E_]t) - ’
77 ap(1—p) (1/(awh,) +1/(a;h3,))

(35)
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ALGORITHM 4: QD-D (ng,m)
For each j, take ng samples and let ¢t = kng

repeat
Let b =argmax {{;:}. If &, =&, for system j # b, then take a sample from system

Tpe = argmin,_; ,{a; } for £=1,...,m. If there are multiple such j’s, choose the one with the

smallest j. Otherwise, solve for & = argmax, {5y (c)} and let
M1l = arg max{djf — e} (37)
J

foré{=1,...,m. Let t=t+m
until t < T

Return: arg max; {&r}).

with b=arg maxj{éjt} and ﬁjbt and Bbjt defined as

P ) ) = G/ G =& i Foular) = Bl > 0
=19 . o )
(Eie(yjor) — Fie(&t)) [ (yjee — &je)  otherwise
(36)
_—— (Fye(&pr) — Fue(&5e)) /(e — &ie)  if Fre(&pe) — Fe(§5e) >0
t=94 ) )
\ (Fye(&pt) — Foe(ynje)/ (Eot — ynje)  otherwise,

where yjp = inf{y > E | th(y) — ﬁ}-t(éjt) > 0} is the smallest value of y > &y such that
the empirical distribution F ;+(+) has positive probability mass between éjt and y. Similarly,
Ypjt = sup{y < éjt’pbt(ébt) — Fbt(ybjt) > 0}. This ensures fAijt,bejt > 0 for each j # b. The
QD-D algorithm for the discrete case is summarized in Algorithm 4, with ny and m being
parameters of the algorithm.

We note that the event {&, = éjt} for some j # b can occur with positive probability, in
which case &) = argmax,x{p;} may not be well defined. When these cases occur, the
QD-D algorithm takes a sample from system j or b, whichever was sampled less. When

there are multiple systems satisfying such conditions, choose j arbitrarily.

THEOREM 3 (Asymptotic performance of QD-D). Suppose F € 9. Under (F1)-
(F'2), the QD-D algorithm is consistent, and if (F3’) is further satisfied, then

d,€
E(c@:)%”(; ) s t— o0 (38)

Note that the preceding theorem, combined with Proposition 4 implies that the QD-D

algorithm is near-optimal in an asymptotic regime as t — oo and 6 — 0.
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Figure 3  Asymptotic performance of the QD-D algorithm, p(a’¢)/p*, and its lower bound defined in (38),
as a function of 9 = rhd. The system configuration consists of three systems with discrete uniform
distributions with 10% quantiles (0,—d, —25), where the values of § range from 10 to 100 and the
length of supports is 10" for all three systems. The parameters for the QD-D algorithm are m = 10 and
no = 20.

5. Adaptive Heuristics for Fast Implementation

From an implementation standpoint, the QD algorithms (QD-C and QD-D) significantly
improves the computation time of the naive algorithm by replacing the two-layer optimiza-
tion problem with a single-layer one. The latter is a convex optimization problem that is
easy to solve in small-scale problems (k < 20), however, there still exists a heavy computa-
tional burden for larger problems since the convex optimization problem should be solved
repeatedly in every stage. (See Table 1 later in this section for computation times of the
proposed algorithms as the number of systems increases.) Hence, we suggest variants of the
QD algorithms for continuous and discrete distribution that are practically implementable
with a large number of systems.

In the case with continuous distributions, the adaptive variant of the QD-C algorithm,
AQD-C, is summarized in Algorithm 5. To provide some intuition behind AQD-C, recall
the first order conditions for the maximizer of p¢(a) in (26)-(27). While QD-C solves for
(26)-(27) in every stage, AQD-C attempts to balance the left and right sides of (26)-(27) so
that they are satisfied asymptotically as t — co. The adaptive variant of the QD algorithm
for discrete case (AQD-D) is similarly defined in Algorithm 6, with f;,(-) in AQD-C replaced

with hjbt or hbjt-
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ALGORITHM 5: AQD-C (ng,m,K(-),h(-))
For each j, take ng samples and let ¢t = kng

repeat
Let b =argmax {{;:}. If &, =&, for system j # b, then take a sample from system

Tere = argmin{oy;, } (39)
i=j,b

for £=1,...,m, with ties broken arbitrarily. If

(40)
set T4 =0 for £=1,...,m. Otherwise, estimate the density estimators in (22) using the kernel
K() and the bandwidth parameter h(-). Set
SR
Ty4¢ = argmin { > Egbt §0) 7 } (41)
i#b 1/ (e [t (§0)) + 1/ (e £, (E5¢))
for{=1,....,m. Let t=t+m
until ¢t <T;
Return: argmaxj{fﬂ}.
ALGORITHM 6: AQD-D (no,m)
For each j, take ng samples and let ¢t = knyg
repeat
Let b =argmax {{;:}. If &, =&, for some j # b, then take a sample from system
Ty =argmin,_; {a;} for £=1,...,m. Otherwise, set m, , =b for £=1,...,m if
2
oy < Zait T2 (42)
J#b bit
Otherwise, set
R
Tqp = arg min A(gbt §t) - (43)
R QYICT AR S VICTH )

for{=1,....,m. Let t=t+m
until ¢t <T;

5.1. Discussion

Comparison to QD. In the case with k =2 systems, the QD-C and AQD-C algorithms
are identical. To see this, note that, when (40) is satisfied for some stage ¢, AQD-C takes
a sample from system b. Further, (40) implies &) = argmax,,{p)} satisfies &), > o
and d?t < oy for j #b, and therefore, QD-C also samples system b. Since the preceding

argument is true for each ¢, one can conclude that QD-C and AQD-C are identical when
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Figure 4 The sampling frequencies (1) under the naive, QD-C, and AQD-C algorithms. The configuration is
characterized by k& = 4 normally distributed systems with ;= (0,...,0) and o = (1,...,1.2). In this case,
the 10% quantiles are £ = (0.13,0.38,0.38,0.38) and o7 = 0.33. For all algorithms (no,m) = (20,10).
Also, ¢ =10 for the naive algorithm and we use the normal kernel with the bandwidth parameter

h(n)= 1.060n"/5 for QD-C and AQD-C, where ¢ is replaced with sample standard deviation.

k = 2. The case with k > 2 is less obvious, but we show via numerical example that the
allocations under QD-C and AQD-C coincide eventually as t — oo (Figure 4). Observe
that the distributions of ay; under the QD-C and AQD-C algorithms are almost identical.
Also, Figure 4 illustrates that ay; — o] =0.33 as t — oo for all three algorithms, but the
convergence rate under the naive algorithm is slower than those of the QD-C and AQD-C,
which is consistent with Remark 1. A similar argument applies between the QD-D and
AQD-D algorithms.

Scalability. Compared to the naive and two QD algorithms, the AQD algorithms exhibit
orders of magnitude decrease in CPU time for larger k. Table 1 summarizes the computa-
tion time of the algorithms as a function of the number of systems with normal distributions
with zero means and 10% percentiles & — &; = 0.13 for all j # 1. The relative CPU times
illustrate the dramatic difference between the AQD and the other algorithms, in particular
scalability of the AQD algorithms. Indeed, we observe such a dramatic improvement in
CPU time with different system configurations.

Generality. In our main theoretical results in §4, certain conditions on the underlying

distributions, (F1)-(F3) or (F3’), are imposed in order to characterize the performance in
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Table 1 CPU times (in seconds) per stage. CPU times are estimated by taking averages over 100 simulation

trials. (Operating system: Windows 7; processor: Intel core i7 2.7GHz; memory: 32GB RAM; language: MATLAB.)
Algorithms k=4 k=40 k=400 k=4000
Naive 0.057 0.064  9.287 2379
QD 0.012 0.043  4.567 206
AQD 0.003 0.003 0.010 0.135

terms of the relative efficiency defined in (13). However, it is important to note that the
naive, QD-C, and QD-D algorithms are consistent so that P(FS7) — 0 as t — oo under the
mild conditions (F1)-(F2); see Theorems 1-3. We remark that the AQD-C and AQD-D

algorithms can be applied in general settings where (F3) or (F3’) is not necessarily satisfied.

6. Comparison with Benchmark Algorithms
6.1. Benchmark Sampling Algorithms

We compare the proposed algorithms with two benchmark algorithms: the equal allocation
(EA) and a heuristic algorithm based on Hoeffding’s inequality (HH). The HH algorithm
is introduced as a simple benchmark that uses confidence intervals of sample quantiles; see
Algorithm 7. It takes as input three tuning parameters: the number of initial samples ny,
the batch size m, and 3 € (0,1).

To provide some intuition behind the HH algorithm, let us denote &P as the pth quantile
and ép as the sample quantile from N independent samples. From Hoeffding’s inequality,

observe that
N

P({PHe<¢n) =P <Z<I{X@- <&t-p = CN> <e N (44)

i=1
Therefore, €77 is greater than £7 with probability greater than or equal to 1 —exp(—2N¢2).
In other words, for a given value of (, the value of 1 —exp(—2N(?), or equivalently, N(?,
can be considered as a proxy for the confidence level. The HH algorithm is designed to
take a sample from the system with the least value of such a measure, argmin;{NNj, ft},
in stage ¢t. The value of (;; for each j depends on the parameter 3. The optimal value of
£ may depend on underlying probability distributions, and hence, it may not be known
a priori. In the following numerical experiments, we test the HH algorithm for different
values of § =0.25,0.5,0.75 but only show the results for 5 = 0.5 which gives a better overall

performance in terms of the probability of false selection.
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ALGORITHM 7: HH (ng,m, )
For each j, take ng samples and let ¢t = kng.

repeat
Let b=argmax {;;} and V' = argmax,_, {§;¢}.

Fix v, = 55& + (1 - ﬁ)éb’t'
Define {(;:}¥_, as follows

=1

_ p_ﬁbt(vt) for j=b
e = {th(vt) —p for j#b. (45)

Set 7,1, =argmin {N;, (%} for £=1,...,m and let t =t +m.
until t < T

Return: arg max; {éjT}.

6.2. Numerical Experiments

We test our procedures for continuous (normal and Student’s ¢) and discrete (uniform and
Poisson) distributions. P(FS}) is estimated by counting the number of false selections out
of v simulation trials, which is chosen so that:

P(1-P P,
he-n I (46)
where P, is the order of magnitude of P(FSY). This implies standard errors for the estimates
of P(FS}]) are at least ten times smaller than the value of P(FS]) so that we have sufficiently
high confidence that the results are not driven by simulation error.

For the naive algorithm, we set ¢ =10 in all cases. For the QD-C and AQD-C algorithms
for continuous distributions, we use the normal kernel with the bandwidth parameter
h(n) = 1.060n~"/°, where ¢ is replaced with the usual sample standard deviation. The
tuning parameters chosen in our numerical experiments are by no means optimal but we
provide numerical examples in Appendix C of the online supplement to show the sensitivity
of performance with respect to these parameters.

In the following experiments, we test the naive and QD algorithms for cases with small
number of systems (k = 4) since they are not practically implementable with larger problem
instances; see CPU times of these algorithms in Table 1.

Normal distributions. We consider configurations where the quantiles are monotoni-
cally decreasing; in particular, we set p; =0 and 0; =1+~(j —1) for j=1,...,k for some
v > 0. We vary v=0.1,1 which corresponds to 6 =0.128,1.28, the gap in quantile between

the best and second best systems. Also, to show the performance of our procedure for
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P(FSY) as a function of stage ¢ on a log-linear scale in the normal cases. In all cases, means of systems

are equally set to zero and standard deviations are 0; =1+ ~(j — 1) for j=1,...,k, where we vary

v=0.1,1 for the cases with small and large values of J, respectively. We set k =4 and p=0.1 in panels
(a)-(b), k=4 and p=0.01 in panels (c)-(d), and k=400 and p=0.1 in panels (e)-(f). We take m =10
samples per batch for all cases and set ny = 20 for (a)-(b), no =100 for (c)-(d), and no = 10 for (e)-(f).

For the HH algorithm, the parameter (3 is tuned to be 0.5 for both configurations.

the cases with extreme quantiles and large number of systems, we vary p =0.1,0.01 and

k = 4,400.

In all cases of Figure 5, the QD-C and AQD-C algorithms outperform the others. In

light of Theorem 2, the QD-C and AQD-C policies are near-optimal asymptotically when

the gap ¢ in quantile between the best and second-best systems is sufficiently small. This

is consistent with the observations from panels (a),(c), and (e) of Figure 5, where 0 is
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sufficiently small and the finite-time performance of the two algorithms is competitive
in terms of the probability of false selection. Somewhat surprisingly, the performance of
QD-C and AQD-C are also preferable in cases with relatively large values of d; see panels
(b),(d), and (f) in Figure 5. These results indicate that the finite-time performance of the
two algorithms is competitive for both small and large values of §, which complements the
asymptotic results of Theorem 2 as § — 0. Further, note that AQD-C slightly outperforms
QD-C in some cases in Figure 5.

Notice that the poor performance of the naive algorithm is anticipated by Remark 1.
The performance of the HH algorithm varies significantly for different configurations; it
performs competitively with the AQD-C algorithm in panel (f) of Figure 5, but it is even
worse than EA in panels (a)-(c). This shows that the performance of the HH algorithm
highly depends on the choice of parameter 3, which is not known a priori. Lastly, note that
the EA algorithm performs very poorly in the case with k=400 since too many samples
are allocated to systems that are far from the best one, while the AQD-C algorithm safely
discards seemingly non-best systems in early stages.

Heavy tailed distributions. In Figure 6, we consider two system configurations, each
with four Student ¢-distributed systems. In both cases, we set means (0,0, 0,0) and standard
deviations (1,2,3,4) with p=0.1 so that the pth quantile values monotonically decrease
with system index.

It is noteworthy that the performance of quantile-based algorithms is robust against the
presence of heavy tails in the sense that P(FS}) converges to zero at an exponential rate
(Proposition 2), as opposed to mean-based procedures under which the probability of false
selection decreases to zero only at a polynomial rate (Broadie et al. 2007). This can be seen
in Figure 6: On the left panel, the degrees of freedom is set to v =1 so that the distributions
are significantly heavy-tailed, while we set v = 20 for the less heavy-tailed distributions on
the right panel of Figure 6. In both cases, the AQD-C and QD-C algorithms outperform
the others, with AQD-C performing slightly better than QD-C on the left panel. Also, note
that P(FSY) =~ ¢; exp(—csot) implies that log P(FS]) is approximately linear in ¢. Hence, it
can be seen that P(FST) converges to zero at an exponential rate under QD-C and AQD-
C, indicating these algorithms can be attractive alternatives to mean-based procedures in

many applications where heavy tails are prevalent.
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Figure 6 P(FST) as a function of stage ¢ on a log-linear scale in the ¢-distribution cases. For both cases, there
are four systems with means (0, 0,0,0) and standard deviations (1,2,3,4), while the degrees of freedom
are v =1 on the left panel and v =20 on the right panel. We set p =0.1, no = 10, and m = 10 for both

cases. For the HH algorithm, the parameter [ is tuned to be 0.5.

Discrete cases: uniform and Poisson distributions. Recall from Theorem 3 that
the asymptotic performance of the QD-D algorithm is characterized by p(a®€)/p*, which
depends on the gap in means between the best and second-best systems (§) and the error
due to linear approximation of distribution functions (€). To illustrate the effect of €, we
consider two families of discrete distributions: uniform distribution functions which can
be closely approximated by a linear function (i.e., small €) and Poisson distributions for
which e is relatively large. Also, to illustrate the effect of §, we consider small and large
values of 9 for each of the two distributions. We fix p=0.1 and k=4 in all of these cases.

In the top panels of Figure 7, two configurations with uniform distributions are consid-
ered. In each case, the support of the distribution function is {1,...,u;} for system j with
u; =1000—49(j —1); we let 6 =50 in (a) and 6 =200 in (b). The values of € are small (in the
order of 107?) in both cases, while § = 0.0064,0.15 for (a) and (b), respectively. Further,
the asymptotic efficiencies characterized in Theorem 3, p(a®®*)/p*, are 0.89 and 0.61 for
(a) and (b), respectively, because the gap in quantiles ¢ (or equivalently, #) is smaller in
the first configuration. It is interesting to observe that the performance of the AQD-D
algorithm is still superior to the others in terms of the probability of false selection even
with the relatively low asymptotic efficiency in Figure 7(b).

In the bottom panels of Figure 7, each system j is characterized by a Poisson distribution
with parameter \;. In particular, we let A\; = 1000 —§(j — 1) with 6 = 5,20 in panels (c)
and (d), respectively. As opposed to the uniform case, the values of € are relatively large

due to the non-linearity of Poisson distribution functions; in particular, e = 0.101,1.814
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Figure 7 P(FS}) as a function of stage ¢ on a log-linear scale in the discrete cases. In (a) and (b), the system

configuration is characterized by k = 4 discrete uniform distributions, each on the range [0,u;] with
u; =1000 —6(j — 1) for j=1,...,k. We set § =50,200 for (a) and (b), respectively. In (c) and (d),
the system configuration is characterized by k& = 4 Poisson distributions, each with parameter \; =
1000 —6(j — 1). We set 6 = 5,20 for (c) and (d), respectively. For all cases p=0.1. We set no =20 and
m =10 for (a)-(c) and no =10 and m =1 for (d). For the HH algorithm, the parameter §3 is tuned to
be 0.5.

for (c) and (d), respectively. The large values of e deteriorates the asymptotic efficiencies
significantly; p(a®<)/p* =0.72,0.56 for (c) and (d). Nevertheless, observe that the finite-
time performance of AQD-D in terms of the probability of false selection is still superior
to the other algorithms, indicating its performance is robust against a wide spectrum of €

and 9.

7.

We have shown how the problem of minimizing the probability of false selection can be

Concluding Remarks

analyzed using large deviations theory and certain approximations thereof. By analyzing
the rate function of the probability of false selection in an asymptotic regime, we obtain a
tractable objective function and structural insights that guide algorithm design. Although

it is tractable, the rate function is computationally expensive to estimate from sample
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observations. A significant contribution of our work is that a nearly-optimal algorithm is
obtained using a simple alternative to the rate function, which can be estimated using a
surprisingly small number of sample observations with high accuracy.

In a wide range of applications, selecting multiple systems is likely to be a topic of
interest. The theoretical results in our work can serve as a base for the case with multiple
selections. On a methodological level, one can use different nonparametric estimators for
quantiles, other than the sample quantile used in this paper, which can be leveraged to

design even more efficient algorithms.
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numerical results to provide practical guideline on the implementation of proposed algorithms.

Appendix A: Additional Theoretical Results
A.1. Properties of the Function p°(-)

Recall the definition of p°(ar) =min;.; {GS ()}, where

(& —§)?
2p(1 = p)(1/(ar f7(&1)) + 1/ (e f7(£:)))

It is trivial to check that G(a) is a smooth function of a € A°. However, p’(a) is only piecewise smooth

Gi(o) =

because its derivative does not exist at o such that G?(a) = G4(c) for some i # j.
LEMMA A.1. Assume (F1)-(F3). Then, G5(c) is strongly concave in c.

From the previous lemma, it is straightforward to see that p°(c), being the minimum of G’(cx) over j # 1,

is also strongly concave.
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A.2. Strong Consistency of the Proposed Algorithms

In the main text we have shown the (weak) consistency of the naive, QD-C, and QD-D algorithms, respectively
in Theorems 1, 2, and 3, respectively; that is, N7, — oo in probability as ¢ — oco. In this section, we are
interested in strengthening of these results to convergence with probability one. To this end, we need a
stronger notion of consistency:
DEFINITION A.1 (STRONG CONSISTENCY). An algorithm 7 € IT is strongly consistent if N7, — oo almost

surely for each j as t — oco.
Note that the naive and QD-D algorithms can be shown to be strongly consistent without additional condi-
tions. However, for the strong consistency of the QD-C algorithm, which is structured around the kernel-based
density estimators, we need the following additional conditions:

(F4) F;(-) possesses a positive, uniformly continuous density f;(-) over the interval ..

(K4) K is of bounded variation.

(K5) K(z)—0 as || — oo.

(K6) > exp(—7th(t)?) < oo for every v > 0.
Note that (F4) is different than (F3) because it does not require twice differentiable Fj(-), but instead
requires uniform continuity of the density function. Note also that (K5) does not follow from (K1); a sufficient
condition for (K5) is that the kernel K is uniformly continuous. The last condition (K6) is stronger than
(K3); for instance, the sequence of h(t) = log(t)/t satisfies (K3) but not (K6). The stronger consistency

results are summarized in the following proposition.

PROPOSITION A.1 (Strong consistency of the proposed algorithms). The naive algorithm s
strongly consistent. For F € 9, QD-D algorithm is strongly consistent under (F1)-(F2). For F € €, QD-C
algorithm is strongly consistent if underlying distributions satisfy (F1),(F2), and (F4) and the kernel and
bandwidth parameters satisfy (K1)-(K6).

A.3. Strengthening of Proposition 3

An important implication of Proposition 3 is that, after taking 7" — oo, the probability of false selection
(on a logarithmic scale) depends on the underlying distributions only through the densities at quantiles,
{f; (fj)}le, as the quantiles get closer to each other. To formalize this property more precisely, consider a
stylized sequence of system distributions indexed by ¢, denoted as {Fy (), ..., Fr..(-)}:2,. Let &;, denote the
p-th quantile of the distribution function Fj,(-) with & ;> ---> &, and define 6, =&; ; — &, ;. For t =1, we
fix F;1(-) = F;(-) so that &;; =&, for each j and 0, = 4. For t > 2, we fix F ,(-) = F1,1(-) for system 1 and
F;.(-) for system j # 1 is shifted from Fj(-) so that F},(z — 01+ J,) = F;(x). Essentially, this makes each ¢, ,
approaches &; , as t — 0, while maintaining the ranking, & ; > &3, > -+ > &, for each t. For brevity, we let
the system configuration, (Fy .(-),..., Fy.(:)), be characterized by d, and define P(FS;;d;) as the probability

of false selection under the configuration, (Fi .(-),..., Fr.(:)).

PROPOSITION A.2 (Strengthening of Proposition 3). Under assumptions (F1)-(F3), if t6? — co and
8, — 0 as t — oo, then for any static algorithm w(cx) that satisfies N/t — a; as t — oo for some o€ AP,
1

152 log P(FS7);68,) = —p () as t — oo. (A1)
t
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The proof for the preceding proposition is provided in §B.1. Proposition A.2 suggests a relationship between
the sampling budget T and the difference in quantiles 0. In particular, the asymptotic behavior of P(FS7.)
is related to 762 for sufficiently small § and large T'; if the difference in quantiles halves, one may need

approximately four times more sampling budget to lower P(FST.) to a certain level.

Appendix B: Proofs

This section is organized as follows. In §B.1 we present proofs for main results and those for auxiliary lemmas
are collected in §B.2. We use the following notation for the purpose of asymptotic analysis: for real-valued

functions ¢;(z) and ¢5(x), we write ¢1(z) = o(f2(x)) if |¢1(x)|/[€2(x)| — 0 as £2(x) — 0.

B.1. Proofs for Main Results

Proof of Proposition 1. Let %, be the o-field generated by the samples and sampling decisions taken

t
T=1

up to stage t (i.e., {(m;, X ;) ), with the convention that .# is the nominal o-algebra associated with
underlying probability space. Fix j and define a random variable P, so that N,p =n. (Note that P, depends
on the index j.) We show that {X;p, }2°, is a sequence of independent and identically distributed random
variables.

First, observe that the characteristic function of X; p is

[M]¢

E (eiexjpn) _ E (eingt |P, = t) P(P,=t)

1

-
Il

M

E (eieXi‘) P(P,=t)
=1

—E (eiexj) 7

where the second equality follows from the fact that the event {P, =t} is adapted to the filtration %, 1,

and the last follows from the fact that the sequence {X;,}°, is identically distributed.
Next, we show that X;p and X;p, are independent for n >m. Observe that, for any measurable sets A;

and Ag,
P(X,p, € A1,X,p, € A2)

= Z P(thl €A17th2 EAQ)P(Pm:tth:Q)

t1<ta
= Z E({Xi, € A I{ X0, € Ao}) P (P =11, P, = 1)
t1 <tz
= Z E(E(X{X;,, € A} Xy, € Ao}) [ Foy1) P (P =t1, Py =12)
t1<ta
@S E({ X, € AN E{ Xy, € A} P (P =t1, P =ts) (B2)
t1<to
= Z P(Xji, € A1) P (Xji, € A2) P (P =1, Py = t2)
t1<to
@ P(X; € 41)P(X; € Ay) Z P(Pn =t Py =12)

t1<tg

== P(XJ €A1) P(X] GAQ)
P (X, €A)P(X,p, €As),
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where (a) follows from the fact that X,,, € F;,_1 for ¢; <ty and (b) and (c¢) follow from (B.1). Therefore,
{X;p, }>, is independent and identically distributed. The sample pth quantile from an independent and
identically distributed sequence converges to the pth quantile of the distribution almost surely (see, e.g.,
p. 75 of Serfling 2009), and hence, also in probability. This completes the proof. O

The proof for Proposition 2 requires the following lemma. Proofs for all auxiliary lemmas are provided in

§B.2.

LeMMA B.1 (Large deviations for sample quantiles). Under (F1)-(F2), Equation (9) holds for a

static algorithm () for any a € A°.

Proof of Proposition 2. 1In this proof, we fix a static algorithm 7 = 7(a) for some v € A° and suppress

m in the superscripts to improve clarity. Observe that

max, P(£1: < &) <P(FS,) < (k—1) [ max, P61 < &) (B.3)
Hence, if, for each j =2,...,k,
1 2 2
lim ~1ogP (£, <€) = —Gy(), (B.4)
then
lim 1log P(FS;)=— min {G;(a)}. (B.5)
t—oo t J=2,....,k

Therefore, the rate function of P(FS;) can be immediately obtained once we prove (B.4) for some j # 1.

First, observe that

P (élt < éZt) >P (élt < x) P (5215 > x) (B~6)
for any = € R. Also, taking log on both sides and combining the result from Lemma B.1, it can be easily
seen that

| ° 2 .
liminf + log P (glt < ggt) >~ _inf {aih(2)+azly(@)}, (B.7)

where the inf follows from the fact that (B.6) holds for any x. Also, in the continuous case, observe that
I;(x) is non-increasing for = < ¢; and non-decreasing for x > &;, and therefore, it suffices to search for the
infimum for §{; <z <¢;. Likewise, in the discrete case, observe that I;(x) is non-increasing for x < ¢; —1 and

non-decreasing for z > &;, so that the infimum is achieved in [§3 —1,&;]. Therefore, (B.6) reduces to

.1 - - —inf, {an]1(z) + azlz(z)} for Fe¥
liminf - log P < > €lézal B.8
el (Ere &) 2 { inf,cre,—1.6,{onl1(x) + axlz(z)} for Fe 2. (B2
It remains to show the upper bound:
. 1 - - —inf, {an]i(z) + axlz(z)} for FE€¥
limsup — log P < < €léztal B.9
t_,oop 08 (glt - §2t) - {—iﬂfxe[g2—1,gl] {anIi(z) + asls(x)} for F € 9. (B-9)

(i) Continuous case. Let @ = (z1,22) € R? with x; < 24, fix n > 0, and consider a square centered at x,

Sn={x' € R? | |z} — x1| <1y, |2y — 22| <7,}, with 7, >0 chosen small enough so that

max {|I;(z}) — I;(z;)|} <n for any =’ € S. (B.10)

7j=1,2
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Note that r, always exists for each 7> 0 because I;(-) is a continuous function. Observe that
P ((éltaéZt) € SZ) =P (éu €lry—ryp 1 +7‘n]) P (éZt € xe—1y 20 —|—7"n])

<P (flt §m1+7‘n) P (fzt > T —m) .
Applying Lemma B.1, it follows that

(B.11)

. 1 s 2
hﬂil.}p n logP ((511&;5%) € 52) < —(aahi(1 +ry) +azlz (s —1y)) (B.12)

n— (o111 (1) + azlz(x2)),

IA

where the second inequality follows from (B.10).
Now, fix a > 0 and consider a compact set ', = {x € R? | |z, — &| < a,|rs — &| < a}. Then the set,
I,N{xeR? | x; <z}, can be covered by M < oo squares, each of which is centered at ' = (2},z5) €T,

with zi < z%. Hence, it follows that

(glt < §2ta (§1t,§2t el ) ZP ( fu,fzt) S S )

(B.13)
U
<M max {P ((éu,ﬁzt) € Szi) } :
Therefore,
hmbup " 10g P (flt < £2t7 (£1t7£2t) el )
t— oo
< Z_:T{I,%i(M {hiriboljp log P (flt < §2t, (flt, th) S S ) } (B.14)

< max {n— (a1 i (z}) + azlx(zh)) }

<n-— inf {ozlll(xl)JragIQ(:Ug)},

x1<zo,xel’

where the second inequality follows from (B.12). Since I;(x) is non-increasing for z < &; and non-decreasing for
x > ¢;, it suffices to search for the infimum with (z1,x2) that satisfies {3 < 21 = x9 < &;. By the arbitrariness

of n >0, we have that

limsup%logP (éu < égt, (éu,égt) € Fa) <— inf {ayli(z)+alz(x)}. (B.15)

t—o0 z€[€2,€1]

Finally, observe that

P (élt < 52::) <P (élt < é2t and (éltaéQt) € Fa,) +P <(élt752t) € FZ) , (B'16)
and hence,
. 1 2 2
hrtriigp n log P (é“u < é“gt)
. 1 2 2 2 2 pog c
< max {hm sup n log P (flt < &y and (&14,80) € Fa> lim Sup log P ((ﬁm §at) € Fa) } (B.17)
t—o00 t—o0

< max{ inf {alll( )+ aolz(x)}, limsup % log P ((élt,égt) € Fg)} ,

z€[€2,£1] t— 00
where the last inequality follows from (B.15). One can show that the first term on the right-hand side of
(B.17) is bounded below since I3 (x) and I(x) are bounded for z in the compact set [£2,&1]. Also, since

P((€1r,20) €TY)

<oms{p (6t ) P (6600) £ 6me) p(acera)).
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combined with Lemma B.1, it can be seen that

lim hmsup log P ((émém) € FZ)

a=00 oo
< - (}Lrlgo min {a1]1 (&1+a), a1l (& —a),asls (b4 a), a0l (E2 —a)} (B.19)
= —00,
where the equality follows from the fact that I;(z) — oo as |z| — oo for each j=1,2. This implies that one
can choose sufficiently large a so that the second term on the right-hand side of (B.17) is smaller than the
first term. This completes the proof for the upper bound (B.9) in the continuous case.
(ii) Discrete case. Let m = (n,ns) € N2 with n; <ny, where N is the set of non-negative integers, and

observe that

P ((éltvé%) = n) =P (élt = nl) P (ém = n2) . (B.20)
Applying Lemma B.1, it follows that
limsup log P ((élt,égt) = n) = —(a1L1(n1) + azlz(ng)). (B.21)
t— o0

Now, fix a > 0 and consider a compact set I', = {n € N? | |n; — & | < a,|ny — &| < a}. Denote {n'}*, be
the M < oo points such that n* €T, and n} <nj. Observe that

P (6 <én (o) el < ZP(&M‘% n')

(B.22)
<M max {P ((fu,fn) )}7
=1,...,
from which we establish that
hmsup log P (fu < ap, (€10,60) €T )
t—o0
< i=r{l,.%.},(M {hrtris;lp E log P (flt < 52“ (flt»&t) =n ) } (B.23)

< _max {—(a1[1 (n})+ onIg(ng)}
< — inf . {a1l1(ny) + aslz(ng)},

where the second inequality follows from (B.22). It is not hard to verify that I;(n) is non-increasing for
n < §; —1 and non-decreasing for n > ;. Hence, it suffices to search for (nq,n2) such that & —1 <n; =ny <&;.

Therefore, we have that

hmsup log P (glt < fzt, (§1t,§2t) el ) <— inf A{ay1(n)+azlz(n)}. (B.24)

t—oc0 n€léa—1,€2]
Finally, by the same argument as in the continuous case, the event {(éu, EQt) €T, } is negligible with a chosen
sufficiently large. This gives us the desired result for the discrete case, which concludes the proof of the
theorem. [
Proof of Theorem 1. First, it is straightforward to see that the naive algorithm is consistent since N;; >
clogt for sufficiently large t. Hence, it follows that p,(a) — p(c) as t — oo for each a because I;(x)
converges to I;(x) pointwise for each j and each quantile estimator fjt converges to &; by Proposition 1. Let

a* € argmax, A {p(a)} and observe that

|pe(6) — p(a”)| <max(|pe(é) — p(&u)l, |pe(a”) — pla”)]), (B.25)
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and therefore, p,(&;) — p(a*) as t — co. Combined with the fact that a; — &, — 0 as t — oo almost surely
by construction of Algorithm 2, it can be easily seen that Z; = p(a;)/p(a*) = 1 as t — oo almost surely.

Since Z] is a bounded random variable, we establish that

E(#])=E (Zgzii) —last—oo. O (B.26)

Proof of Proposition 3. As a slight abuse of notation, we consider a sequence of system configurations
where each configuration is uniquely parametrized by § > 0. We assume without loss of generality that
&1 > & =max;~o{;} for every system configuration. We prove the proposition in four steps.

Step 1. We first show that |G;(a) — G(a)| = 0(0?) if & —&; — 0 as 6 — 0. Fix j =2,...,k such that

& — &, —0as d — 0 and observe that

Gyle)=_inf_{auhy(x)+a,L(x)} (B.27)

z€e[€;,61]

and observe that

1@ =50 (5 - s
I/(2) = F/'(x) < F?(’x) -5 ! FL)> + (@) ( F]_fzx) e _1Fj fx)y) :

J

(B.28)

where I7(z) and I (x) are the first and the second derivatives of I;(-) at x, respectively. Hence, it can be
easily seen that I;(£;) =0, I;(&;) =0, and
f2(&)

(€ (B.29)
(&)= p(l—p)
Therefore, applying a second-order Taylor expansion at z =¢;, we obtain that
2
Ii(x) = &) I'(z) (B.30)

2
for some Z on the line segment between x and &;. By (F3) we know that I/ (z) is continuous. Since f?(&;) <
Jmax and (z —&;)? < (& —&;)?, we obtain that
(z—¢&)°
I(a) = XS0
(o) 2p(1—p)
for x € [¢;,&1]. Note that the observations from (B.28)-(B.31) also hold for j = 1. Define I,(x) = aq i (x) +
a;I;(z) and let

FRE) +o((&1—)%) as & —& —0. (B.31)

Iy(x) = a1 1} (z) + a3 ()

— o T8 e g0y U8 B2

o f5 (&)
Yop(i - iy
Now, let z* and 2°* be the minimizers of I1;(x) and I{ (x), respectively. Note that I7 (x) is a quadratic
function of x. Using first order conditions, we establish that
. & fi(&r) + ;& 2(E5)

arf (&) + oy f2(&)
8 Sx\ __ (51 - 5])2

Ilj (:v ) - 2 2 ’

2p(1—p) (1/ (1 f£(62)) + 1/ (05 £(£))))

From the definitions of I1;(z) and I7; () and using (B.31), it can be seen that |I;(z) — I7,(x)]| = o((&1 — §;)?)

(B.33)

for any x € [§;,&1]. Also, since I;(x) is non-increasing for < §; and non-decreasing for x > ¢; for any j, it
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can be easily seen that z* € [¢;,£;]. Likewise, IJ‘-S (x) is decreasing for z < §; and increasing for x > &; for any j,
and hence, 2°* € [£;,&]. Now, observe that |Iy;(z*) — I3, (2°*)| < max(|I(z*) — I°(x*)],[I1°(2°*) — I (2°*)|), and
each term of max is o((& —&;)?). Therefore, we obtain that Iy;(z*) = I7,(2°*) + 0 ((§&1 — &;)?), and therefore,
|Gj(a) = GS(e)| = 0(6%) as 6 — 0.

Step 2. Next, we show that if argmin,_,{G;(c)} — i as 6 — 0 for some i # 1, then & — & — 0 as § — 0.
Observe that G;(a) < Gy(a) for sufficiently small § since p(a) = G;(x) for 6 € (0,0¢). From the definition of
G,;(-) in (11) and the fact that I;(z) is strictly concave with I;(u;) =0, it can be easily seen that Ga(a) — 0
as d — 0, and therefore, we establish that G;(a) — 0 as § — 0. Now, towards a contradiction, suppose that
liminfs ,o(§ — &) > d for some constant d > 0. Recall that G,;(a) = inf,{a1 1 (x) + «;I;(z)} and let z} be

the minimizer which lies in [p;, p1]. Note that G,;(a) — 0 implies both I;(x}) and I;(x}) converge to zero.

k3

* *

However, due to (10) and the assumption (F3), it can be seen that I;(x}) and I;(z]

K3

) can converge to zero
only when 7 — & — 0 and =} — &, — 0 as § — 0, respectively. This is a contradiction due to the assumption
that liminfs_,o(p1 — p;) > d. Therefore, we have that & — & — 0 as § — 0. Exactly the same arguments can
be applied to show that if argmin,_, {G%(c)} — i as § — 0 for some i # 1, then it must be that & —& — 0
as 0 — 0, which will be omitted.

Step 3. Next, we show that |p(a) — p° ()| = 0(6?) as § — 0. We consider three cases.

Case (a). Suppose that the limits of argmin,_, {G;(a)} and argmin,_,{G’ ()} exist as § — 0

lim arg min{G; (a)} = lim arg min{ G () }. (B.34)
§—0 j#1 §—0 #1

In this case, we have that [p(a) — p’(a)| = |G;(a) — G} ()] for some j # 1 and sufficiently small §. Hence
we immediately establish from Step 1 that |p(a) — p°(a)| = 0(6?) as § — 0.
Case (b). Suppose that the limits of argmin,_,{G;(a)} and argmin,_, {G’(c)} exist as  — 0 and

lim arg min{G; ()} # lim arg min{G} (cx) }. (B.35)
60 21 =0 21

Without loss of generality, let argmin;_, {G;(a)} — 2 and argmin,_,{G}(a)} — 3 as 6 — 0. By Step 2, we
know that |&; — &3] — 0 as § — 0. Now, consider a sufficiently small 6 and observe that if Go(a) > G§(cx), then
|Ga(a) — G4 ()| < |G3(ar) — G5 ()| since Gs(ar) > G () for sufficiently small §. Similarly, if Go(a) < G5(av),
then |Ga(a) — G ()| < |Ga(a) — G5 ()] since G5(ar) < G5 (). Combining these observations, it can be seen

that
lp(@) = p°(a)] = |Ga(e) — G5 ()|
< max(|Gz(a) — Gy(@)], |Gs(a) — G3(av)]) (B.36)
=0(6?)

as 0 — 0, where the last equality follows from Step 1.
Case (c). Lastly, suppose that the limit of argmin,,{G;(c)} or argmin,_,{G}(a)} does not exist as
0 — 0. In this case, fix i # 1 and ¢’ # 1 and consider two sets of intervals such that
S;={06>0| arg;rllin{Gj(a)} =i}
J

B.37
Sy ={6>0] argmin{G}(c)} =1'}. ( )
J#1



Shin, Broadie, and Zeevi: Practical Nonparametric Sampling Strategies for Quantile-based Ordinal Optimization
Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!) 9

Let R;;; = S;US,, and observe that

lim argmin{G,(a)} =1
6—0 j#1
SER,

B.38
lim argmin{G} (o)} =1". ( )
§—0 G£1
SER
Hence, we can apply the analysis of Case (a) (respectively, Case (b)) if i =4’ (respectively, if i # ') to
establish that |p(a) — p°(et)| = 0(6?) as § — 0. These arguments hold for arbitrary i and i’, which completes
the proof of this step.
Step 4. Finally, we show that, for each o € A°, p(cx) > ¢6? for some positive constant c¢. From the obser-

vation in Step &, it can be easily seen that
Ip(a) = p(ad)] < max(|p(a”) — o' ()], [0 (@) — p(a)]) = 0(52) as 6 —0. (B.39)

Further, from the assumption that f;(§;) > fmin, we have that, for aeq = (1/k,...,1/k),

S . (&1—-¢;)°

p (aeq) > IJI;I{I 2p(1 — p) (2k/fmin)
> min > o
= 1 2p(1 _p) (2k/fmm)

> 62
for some positive constant c¢. Hence, from p°(a®) > p°(aeq) we establish that p°(a®) > ¢§2. By Proposition 3
and (B.39), p’(a’) > c¢6? implies p* > 6% — 0(6?) as § — 0, and therefore, we establish that
@:1—1—@—&&56%07 (B.41)
p p

which completes the proof. [J

To prove Theorem 2, we define additional notation. Let & = (z1,...,2;) € R and y = (y1,...,y:) € R
Define B(z) :={ie€{1,...,k} | z; =max;{z;}}. Note that we allow the case with |B(x)| > 1, where |B(x)|
represents the cardinality of the set B(x). Let © be the set of all (x,y) € R* x RY with |B(x)| < k. For each
(r,y) €© and a € A, define

J(ogx,y) = min (2 —2;)" . (B.42)
ieB(@),i¢8(=) (1/(auy?) +1/(a,y?))
Define a(x,y) to be the maximizer of J(a;x,vy), i.e.,
a(z,y) =argmax J(a;x,y). (B.43)

acA
Note that J(a;x,y) is a strictly concave function of a since it is the minimum of the strictly concave
functions. Hence, a(x,y) in (B.43) is well defined. The following two lemmas are required for the proof of

Theorem 2.

LEMMA B.2. Fiz (x,y) € ©. Consider a sequence of parameters (x*,y") € © such that x% — x; and y! — vy,

as t — oo for each j. Then, a(x?,y") = a(x,y) as t — oo and the vector a(x,y) is strictly positive.

LEMMA B.3. Suppose the kernel function and the bandwidth parameter satisfy (K1)-(K3). Then, if N;;, —
oo in probability as t — oo, fjt(éjt) — f;(&;) in probability as t — co. Suppose the kernel function and the
bandwidth parameter further satisfy (K4)-(K7) and that f;(-) is uniformly continuous. Then, if N;; — 0o

almost surely as t — oo, fjt(éjt) — f;(&) almost surely as t — oco.
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Proof of Theorem 2. (i) Consistency. It can be easily seen that a® = argmax, . {p°(a)} is in the interior
of A; otherwise, p®(a?) =0 which contradicts the definition of the maximizer o’ since p°(«®4) >0 for a4 =
(1/k,...,1/k). Using Proposition A.3 of Peng et al. (2016), we conclude that a;, — a® € A° in probability as
t — 0o, and hence the algorithm is consistent.

(ii) Relative efficiency. Given the consistency of the algorithm, it follows that éjt — &, and fjt — f;(&;) as
t — oo in probability for j =1,...,k by Proposition 1 and Lemma B.3. Applying Lemma B.2 with (z‘,y")
replaced with (,, f,) and (z,y) replaced with (&, f), where f = (f1(£1), ..., fo(&)), it follows that &, — o’
as t — co. Moreover, by construction of Algorithm 3 it is not difficult to see that the term o, — df — 0.
Consequently, we have that a; — @® as t — 0o and that p(a,)/p(a®) — 1 in probability as ¢ — co. Since

plar)/p(a’) is bounded, we also have that

E<§Zg>+1%tﬂm, (B.44)

from which (25) follows. From Proposition 3 we have that p(a®)/p(a*) — 1 as § — 0, which completes the
proof of this theorem. [

To show Proposition 4 we need the following lemma.

LEMMA B.4. Consider x = (xy,...,2;) € R* and y = (y1,...,yx) € R* with k> 1. Suppose that there
exists a constant ¢ >0 such that 1 —c<ux;/y; <1+c for each j=1,...,k, then

I<l+e (B.45)

Proof of Proposition 4. For ease of notation we define G;(a; h) = G?’E(a) for each j # 1 and let p(a; h) =
p>(a). Further, we define

B)— S N SR L=p
]U(x’h) =plog <p+ ($f1)h1j> +( p)l 5 <1 —p— (l'gl)hlj> (B 46)
. p— p 1_p .
I (xz;h) =plog <p+(x—§J)h]1> +(1—p)log (1 —p—(z —§j)hj1) :
It is useful to observe that
ple) _ plash) pla)  plash) pla) (B.47)

pi(a)  p(a) plash)  p*(osh) plash)’
Further, it can be seen that if argmin,_,{G;(a)} — i as § — 0 for some i # 1, then {; — & — 0 as § — 0.
The proof of the preceding statement follows exactly the same arguments given in Step 2 of the proof for
Proposition 3, and hence skipped.

Now, we prove the proposition in three steps. In Step 1, we find the lower and upper bounds of the second
term on the right-hand side of (B.47). In Step 2, we find the lower and upper bounds of the first term on
the right-hand side of (B.47). In Step 3, we combine these observations to conclude the proof.

Step 1. We first show that 1 — e < p(a)/p(a;h) <14 €. To this end, it suffices to show that 1 —e <
G;(a)/G;j(a;h) <1+ ¢ for each j, since the desired result follows immediately from Lemma B.4. Using the
relationship log(1 £ z) < £z for 0 < z < 1 and assumption (F3), it can be seen that

Lij(x)  Ij(x)
_ < J J < .
1 e_llj(a:;h)’ljl(x;h) <l+e (B.48)
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for each j #1 and x € [§;,&1]. Now, let 2* and z" be the minimizers of a1y () + o, I;(x) and aqIy;(x; k) +
a;l;1(x; h), respectively, so that G; () = a1 I (z*) + a;1;(x*) and G;(a; h) = aq I (2" h) + ;11 (2" h). We

establish that
G;(a) < arli(z") + oy 1;(2")
Gi(ash) — aily(xh;h) 4+ a1 (2" h)

where the first inequality follows by the definition of 2" and the second follows from (B.48). Likewise, we

<(1+e), (B.49)

can establish the lower bound as

Gila) o ahi(@)+ao;l;(a)
Gi(ash) — aijli(xz*; h) + oyl (z%; h)

> (1—e). (B.50)

This completes the proof of Step 1.

Step 2. It remains to bound the first term of (B.47); in particular, 1 —u(0) < p(a; h)/p’ (a; h) <1+ u(6).
Using Lemma B.4 it suffices to show that 1 —u() < G;(a;h)/GS(a;h) <1+ u(f) for each j. To this end,
recall the definitions of p(a; h) = min;., {G;(a;h)} and p°(a; h) = min; .1 {G}(a; h)}, where

G,(a;h) = igf{alllj (x;h) +a;11(z;h)}

) _ ) (B.51)
Gi(a;h) = 1I;f{a1]1j(3c; h)+a,1;1(x;h)},

and
(z—§)*
2p(1—p)/ h%j
(x—¢&)°
2p(1 _p)/hgz'l .
Applying a second-order Taylor expansion for I;;(z; h) at © =¢;, we obtain that

_ )2 3
L (esh) = L (€ 1) 4+ (o — )T (653 h) + = 1 e omy 4+ OS5 pray

2 6
S

2p(1—p)
T —Gj 3 11 [~
= Iy (eshy+ S )

for x € [§;,&1], where Z lies between z and §; and

Ifj (175 h) =
(B.52)

8

If1($§h):

"o, _ 3 —P 1_p
Ijl(w, h)= Qhﬂ ((P+ (—&)hn)? " (I-p—(z— 5j)hj1)3) - (B.54)

Note that the first equality of (B.53) follows from the fact that I;,(&;;h) =0 and I}, (£;;h) =0, and the last
equality follows from the definition of I9,(-) in (B.52). From (B.53), we have that

I- h _ _3[/_// ~;h 6
peih) | oGP | g 55)
I3 (z:h) (z—&)?hi/(2p(1—p))
which follows from the definition of u(f) and straightforward algebra. Likewise, we can establish the lower
bound as
= >1—u(h). B.56
ETE (2:50)
To summarize our observations in Step 4 so far, we have that
Liy(x:h
1= u(e) < @R g ). (B.57)

o I](';1(x§h)
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Further, exactly the same steps from (B.52) to (B.56) can be applied to show that

1—u(f) < W <1+u(f) (B.58)
(the detailed derivation is omitted).
Next, define 2" and " as the minimizers of oy I1;(x; h) + o I;1 (z; h) and an I7, (23 h) + o, I (23 h), respec-
tively. Then we can write
G;(a;h) - arly;(z" h) + a1 (2" h)

<1 )
Gilash) = anli (@i h) o, 15 (@ k) = O (B.59)

where the first inequality follows by the definition of 2" and the second follows from (B.57)-(B.58). Likewise,

we can write
Gilash) _ arly(z";h) + ;1 (2" h)
Gy (a;h) ~ ailf;(z";h) + ;19 (z"; h)

<1—u(h). (B.60)

The proof of this step is complete from the last two inequalities.
Step 3. Finally, observe that
 pla®) platih)
ple) — plarsh) plar)
pla®*;h)1—e
plarih) 1+e
B.61
pé(aée* h) ( 66*;h) 1—¢ ( )
plas;h) pl(a®*;h)1+e
p’(a’sh) pla®*ih) 1—¢
= plas;h) pPlade;h)1+¢€’

where the first inequality follows from the fact that 1 —e¢ < p(a)/p(a;h) <1+ ¢ for any e € A® and the
second inequality follows from the fact that a®<* is the maximizer of p°(-; h) = p®(-). Using the observations

from Step 2, it can be seen that
pPrlassh) 1
plaih) = T+u(d)
p(a®;h)
P (b h)
which establishes the desired result of the proposition. [

(B.62)

The proof of Theorem 3 requires the following lemma.

LEMMA B.5. If N;;, — oo almost surely (respectively, in probability) as t — oo for each j, then lAijt — hj

and hyje — hy; almost surely (respectively, in probability) as t — co.

Proof of Theorem 3. We omit the proof for consistency because it follows from the identical steps as
those in the proof of Theorem 2, with f;, being replaced by hjy, or hy;e and f;(€;) by h;1 or hy;, along with
Lemma B.5.

Given the consistency of the algorithm, it follows that éjt —&; and ﬁjt — h;(u) as t — oo in probability for
all 7 by Proposition 1 and Lemma B.5. Applying Lemma B.2 with (x*,y*) replaced with (ét,ﬁt) and (x, y)
replaced with (&,h), where h, = (hy,(u),..., by (v)) and h = (hy(u), ..., h(u)), it follows that &> — a®

Aée

as t — 0o. Moreover, by construction of Algorithm 4 it is not difficult to see that the term o, — — 0.
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Consequently, we have that a, — a®<* as t — oo and that p(a)/p(a®<*) — 1 in probability as t — co. Since
p(a)/p(a®<*) is bounded, we establish that

E (p’?gii)) —last—oo. O (B.63)

Proof of Lemma A.1. In the definition of G? (o), p, &, and f;(&;) are constants that are independent of

a. Hence, without loss of generality, we can show that the function ¢;(c), defined as

1
fila) = 1 o1+ 1/

is strongly concave. Observe that the Hessian matrix for ¢;(a) with respect to ay and «; is

(B.64)

1 l( 1jag 1) 2/aja’?
a3 \1/a1+1/a; 1/a1+1/a;
Vzéj(a) = | ! 557 J . (B.65)
1/aq +1/a;)? _2/e1eG 2 (Vo
( / 1t / J) l/al—‘rl/Jaj a_‘:.’ l/al—‘rlj/aj 1
After some straightforward algebra, the determinant of the Hessian can be written as
4((ar +a;) = (af +a)))
aray(ar +ay)3

[V2(@)| = (B.66)
In the remainder of the proof, we show that there exists a positive constant d such that

min |V, (a)| > 4d. (B.67)
First, it is trivial to check that [V2¢;(a)| = oo as a; — 0 and/or a;; — 0. Hence, there exists a small d € (0,1)
such that

. 2 _ . 2
min [V°4;(e)| = min  |v°4;(a)], (B.68)

where AY={a : d< 2521 a; <1—kd}. Further, since (z+1vy)/2 > \/xy, observe that for & € A4,

vy (e > 0L

> (a1 +a;) = (a1 +ay)*

(a1 +a;)® (B.69)
> (1 +a;) = (ay +ay)*

v

d,
which completes the proof of the lemma. [

Proof for Proposition A.1. First, the strong consistency of the naive algorithm immediately follows,
because N i clogt — 0o as t — 0o almost surely.

Next, we show that QD-C is strongly consistent under the additional assumptions in the statement of
Proposition A.1. Fix a sequence of samples, {(X,;1, X2, .. .)};?:1 and let A C {1,2,...,k} be the set of systems
that are sampled only finitely many times and let I:={1,2,...,k}\ A. Suppose, towards a contradiction,
that F' is non-empty and let 7 < co be the last time that the systems in A are sampled. It is straightforward
to see, using the proof of Proposition 1, that if QD-C is strongly consistent, then éﬁ — ¢; almost surely as
t — co. Further, from Lemma B.3 we observe that f]-t converges to f;(&;) almost surely as t — oo for each
system j € I. Also, for any system j € A, éjt and fjt are constant subsequent to the stage 7. Therefore, as

t — 00,
forjel

§jt = &joo = {éﬁ for j € A, (B.70)
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and

Jij(gi) for jel

fjt(fjt) fOI‘ j e A
Let ét = (flt, .. ,ékt) and ft = (fn(éjt), ... ,fkt(éjt)). We may assume that \B(éoo)| <k, ie., maxj{éjoo} >

min; {éjoo}, since the event, & = - -+ = &uo, Occurs with zero probability under the assumption (F3). Define

&, =al€,, f,) for each t > k and éoo = (€, f..). Applying Lemma B.2 with (!, y*) replaced with (€,, f,)

fjt(éjt) - fjoo = { (B.71)

and (x,y) replaced with (éoo, ]"oo), it follows that &; — G, as t — oo with &, > 0. Further, by construction
of the algorithm, a; — &; — 0, and therefore, a;, = &, as t — oo. However, this contradicts our assumption
because a;; — 0 for each j € A since such a system is sampled only finitely many times. Consequently, F' is
empty with probability 1 and QD-C is strongly consistent.

The proof for the strong consistency of QD-D follows using exactly the same logical steps as that for
QD-C, with fjt being replaced by ﬁjbt or iLbjt, fi(&) by hj1 or hy;, and Lemma B.3 by Lemma B.5. Hence,
this will be omitted. O

The proof for Proposition A.2 requires the following lemma.

LEMMA B.6 (Moderate deviations for sample quantiles). Under assumptions (F1)-(F3), for any
positive sequence {8,} such that t02 — oo and §, — 0 as t — oo, a static algorithm m(a) for some o € A°

satisﬁes
J / 2]9(1—]9) ’ ’

1
52

Proof of Proposition A.2. 1In this proof, we fix a static algorithm 7 = 7(a) for some o € A® and suppress

7 in the superscripts for clarity. Observe that

Jgaxk P(élt < éjt; 0y) SP(FSy;0,) < (k—1) Jgaxk P(élt < éjt; d¢)- (B.73)
Hence, if, for each j =2,...,k,
. 1 2 2
tlinolo @ log P (511 < §jt;5t) =—-G;(a), (B.74)
then
. 1 .
f,liglo @ logP (FS;;6,) = —]:ngnnk{Gj(a)} (B.75)

Therefore, the rate function of P(FS,;d,) can be immediately obtained once we prove (B.74) for some j # 1.
For simplicity, we consider a two-system case, but the proof can be extended in a straightforward manner
to k> 3. Without loss of generality, assume that §; =& — & = 1. Observe that
P(FS;8,) =P(é1r < &21301)

= P(élt — €10 <oy — o — 03 6¢)

=Pl —& <&u—&—0)

=P =& +0,/2< b — &= 6,/2).
Define 1y, = (flt —&1)/6,+1/2 and o, = (éZt —&3)/6, —1/2. Then, P(FS,;d,) can be written as

(B.76)

P(Fst; 5t) = P(nlt < 772t)~ (B.77)
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Note that for 2 <1/2, P(ny, <) = P(€1, < 8,(x —1/2) + &) and therefore,

1 1 2041f12(§1)
oL _ (L) afi&) B.78
Jim 53 To (e <) (m 2) 2p(1—p) o
Likewise, we have that, for z > —1/2,
e 1\? aaf3(E)
lim — log P == 2) 2p(1—p) 5
Jim 53 lo (M2 > ) <x+2> 2p(1-p) o

Using the same steps in the proof of Proposition 2, it can be easily seen that

.1 )
lim — log P(n1: <m2¢) = — inf {15 (z) + as H(x)}, (B.80)

t—oo t0? ze[—1/2,1/2]

where

1) fi(&)
2p(1—p)

Fi(z) = (ax -3

1N ) (50
2= (43 ity
Since a4 () + as-#2(x) is a quadratic function of z, using first order conditions, one can show that the
infimum is .
(1 )1/ TG + 1/ 3 E)) (5
which is attained at
a1 f7(§1) — 02 f3(&2) (B.83)

T = .
2(a1 fE (&) + a2 fF(62))
This completes the proof. [

B.2. Proofs for Auxiliary Lemmas

Proof of Lemma B.1. First, fix x < ¢; and observe that

p (A;.; < x) —p (Z 1{X,, <z}I{r, =j}> [pth]> . (B.84)

Note that I{X; <z} is a Bernoulli random variable with success probability F;(x). Hence, applying Cramer’s

theorem, it can be seen that

1 . .
n log P (Z KX, <z}I{m, =j}> [pth]> — —ay stip{/\x —A;(N)} (B.85)
=1
as t — 0o, where A;(\) =log E[exp(AI{X; <z})]. After some straightforward algebra one can show that
sup{Az — A;(\)} =plog <p) +(1—p)log (1p> . (B.86)
x Fy (@) 1= Fy(x)

From identical arguments, one can prove the case with z’ > ¢7 and this concludes the proof of the lemma.
a
Proof of Lemma B.2. First, we show that a(x,y) is strictly positive. Note that the objective function
of the optimization problem (B.43) is strictly positive at its optimal solution; to see this, notice that o, =
(1/k,...,1/k) is a feasible solution and the objective function is positive at a.. Suppose that a;(x,y) =0 for
some j. Then the objective function of the optimization problem (B.43) is 0, which contradicts the optimality

of a(x,y).
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Without loss of generality, assume that x; >--- >, and let b= |B(x)| < k. Define € € (0, (z1 — 2y11)/2)
and let o < oo such that max;{|z} —z;[} <€ and max;{|y} —y;|} < e for all t >¢,. That is, for each t > ¢,
(x',y") is in a compact set defined by (x,y) and e. Also, x is sufficiently close to z; for each j=1,...,k so
that B(x') = B(x) for t > to. In the rest of the proof, it suffices to consider ¢t > t.

Suppose, towards a contradiction, that a(x?,y") does not converge to a(x,y). Then there exists a con-

vergent subsequence, {t1,%s, ...}, such that
a(z',y'") - a#az,y), (B.87)
as n — 00. Since a(x,y) is the unique maximizer of H(o;x,y) and & # a(x,y), it can be seen that
H&;z,y) < Ha(z,y);z,y). (B.88)
On the other hand, since a(a'™,y') is the unique maximizer of H(a;x'", y'"),
H(a(z™,y™ )" y') > H(a(z,y);z',y'). (B.89)

Note that H(o;x,y) is continuous in « and (x,y) because it is minimum of the continuous functions,

dij(o; p, o). Since a(x',y') = &, ' — x, and y» — y, taking n — oo on both sides of (B.89), we obtain
that

H(&;x,y) > H(o(z,y);z,y), (B.90)

which contradicts (B.88). Therefore, a(x!,y') — a(x,y) as t — oo and the proof is complete. [

Proof of Lemma B.3. We first show weak convergence. From Proposition 1 we have that éﬁ — & in
probability as ¢ — co. Further, observe that {X,p, } is a sequence of independent random variables, where
a random variable P, is define as N;p, =n; see (B.1) in the proof of Proposition 1. Since fjt is the density
estimator of the independent sequence of random variables {X;p, }, we may apply Parzen (1962) and obtain
that fjt(x) — f(x) almost surely as t — oo for any = € 7. Using the continuous mapping theorem, we
establish the weak convergence of fjt(éjt) to f;(&;)-

To show strong convergence, it is easy to extend Proposition 1 to see that éjt — &; almost surely if N;; — 0o
almost surely as t — oo, which follows from the independence argument above and p. 75 of Silverman (1986).
Further, from Theorem 1 of Nadaraya (1965) we have that f;,(z) — f;(x) almost surely as ¢ — co under the
additional conditions on the bandwidth parameter and the kernel. Combined with the continuous mapping
theorem, the proof of the lemma is complete. [

Proof of Lemma B.4. Without loss of generality, let 1 =argmin {z;} and 2 =argmin,{y;}. Then,
ming{z;} 21 (B.91)
min;{y;} Y2

By definition, observe that

D cgqeand 2> 51—, (B.92)
Y2 Y2 Y2

which completes the proof of the lemma. [



Shin, Broadie, and Zeevi: Practical Nonparametric Sampling Strategies for Quantile-based Ordinal Optimization
Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!) 17

Proof of Lemma B.5. First, suppose N;; — oo in probability as ¢ —+ oo. Then, we have that éjt —&; in
probability from Proposition 1. Also, from the same argument as in the proof for Proposition 1, it can be
seen that F’ L+(x) is an average of indicator random variables that are independent and identically distributed.
Therefore, by Glivenko-Cantelli theorem, it follows that sup, ., |y (x) — F;(x)| — 0 in probability as t — oo.
Consequently, from continuous mapping theorem, we have that F jt(éﬁ) — F;(&;) in probability as ¢t — oo for
each j, from which the desired conclusion follows. The other case where N;, — oo almost surely as ¢t — oo
follows immediately from the same steps as above, which will be omitted. [

Proof of Lemma B.6. Note that N;, under the static policy 7(c) is a deterministic value for each j and
t, satisfying N/t — o, as t — oo. We first show the upper bound:

—a; f7(&)
hrtrisogpﬁlogpﬂﬁgt &1>00) S—ﬁ- (B.93)
Observe that, for 8 <0,
P&y > +0,) = (ZI{X <& +0,{r, = j} <pN )
. (B.94)
<exp(—6pN;,) E exprI{Xﬁ <& +0,{m, =j})
= (E(exp(0(I{X; <& +8.} —p)) ™",
where the inequality follows from Chernoff’s inequality. Further observe that
t52 logP (&, > € +4,) < —6—2 sup {0p —log E(exp(AI{X; <&; +4,}))}
t
(B.95)

= ?2 (plog (F](§Jp+5t)) +(1—p)log <1F1J(—§]p+5t)>)’

where the inequality follows from (B.94) and the fact that the inequality holds for every 6 < 0; the equality
follows from the fact that that I{X; <&, + d,} is a Bernoulli random variable with success probability
F;(& +6;). Now, from the second order Taylor expansion, we have that

fi(&) 6 (17&)  fi(&)
10g(p)—6t—p + 2( - )

e +0(87)

log(F;(&; +6:)) =

(B.96)
fi(&) &) £&) 2
log(1 — F;(& + ;) =log(1 —p) + 6, 1]_ 2 (1—p)2 - (1]—]7) +0(6;)-
Substituting (B.96) into (B.95) and taking limsup on both sides of the inequality, we establish that
1 : a; f} (&)
limsup — log P(&; 0 < -l B.97
im sup 55 log (&¢>& +0) < 500 —p) (B.97)
Similarly, one can easily show that
. 1 2 Q; f (&)
1 — log P(&; i —0) < — B.98
im sup - log (§¢ <& —6) <— (1—p) (B.98)
and we complete the proof for the upper bound, (B.93).
Next, we show the lower bound:
f2(¢.
liminf — log P(I&: — &> 6,) > — o1, (&) (B.99)

52 2p(1—p)
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To this end, define Y =I{X;, <&;+6,} for 7 <t and let Y =I{ X; <&; +0,} be identically distributed with
Y/, 7 <t Also define M;,(0) = E(exp(0Y})), q;: = F;(&; +0¢), and q;:(0) = F;(&; + 0¢) exp(0)/M;,(0). If we
let 0, = argmax, . {0p —log M;,(0)}, then it can be easily seen that 6§, > 0 is well defined and g¢;,(6,) = p. For
any function g: R* — R with E[g(Y};,...,Y}})| < oo, Es(g(Y}y,--.,Y};)) denotes the expectation with respect

to the measure g;,(¢) for which Y}, = 1 with probability g;,(¢) and 0 with probability 1 —g;,(¢). Observe that

(fﬁ >+ 5t (Z I{WT = ]} > pth)

t
—E (I {ZYJ.TI{WT =7} >pth}> (B.100)
=1
t t thTI{TrT=j} 1—a. (17yj?+)1{wf=j}
= Ey, <I{Z A{m. =7} >pN; }H (qﬁ> ( 1_q;f) )
=1

T

1
by the change of measure and the fact that ¢;;(6,) = p by definition of 6,. After some straightforward algebra,

we have that

f[ <qjt)yf+l{rr7=j} (w)uyﬁ)l{m:j}
=1 p l—p
¢
. p
mow| Tl S =4} | —log (1-Y ), =j B.101
< <q¥ { }> (1— Z T = j} (B.101)

—oxp (<N (ptog (2 ) + (1= ptog (=2 ) ) ey (—m >20% i, =j}> ,

where 31 =log(p/q;:) +1og((1—p)/(1 — gq;;)). Therefore, rewriting (B.100),
P(éje> & +0.)

con(C () o (152)-
Eo, (I {g Vi Hm, =j}> pth} exp (51 g(YfT -p)r, = j}>> ,

Further, for some 83 > 0, the expectation on the right-hand side of (B.102) can be bounded as

( { Vi H{m, =j}>pN; }eXP (—ﬂlz(Y}i—p)I{m=j}>>

> Eg, (I { Y. {r, =4} <pN,, + ﬂgN]Qt'S} exp (ﬂlﬂgN].Ot‘S)> (B.103)
xp (-0

182N %) P, ( Z {m =4} <pN +5152NJ~0{5> )

where the inequality follows from bounding the summation, >.!_, Y, I{r, = j}, in the indicator function.

Note that

t
" (pNﬂ<Zm{m:j}<pth+/3152Nf>

= Ps, <0< N Z Y, —p)l{r. = j} <B152>
T=1
—c€(0,1),

(B.104)
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since Y;,, 7 <t, is a Bernoulli random variable with success probability p under Py, (-). Combining (B.102),

(B.103), (B.104), and (B.96), we establish that

| s a; 7))
Likewise, one can easily obtain that
N | : a; f2(&;)
htrgg}f @ log P(&§;0 <& —6,) > —Ma (B.106)

which completes the proof for the lower bound (B.99). Combining (B.93) and (B.99), the proof for the lemma

is complete. [

Appendix C: Parameter Sensitivity of the Algorithms

The algorithms proposed in this paper commonly take the number of initial samples n and the batch size
m as parameters. These slightly affect the performance of the proposed algorithms, but we remark that the
qualitative conclusions from §6.2 are robust relative to the choice of these parameters. In this section, we
examine the sensitivity of performance with respect to parameters that are specific to each algorithm.

First, the naive algorithm takes ¢ as an additional parameter, which ensures that each system is sampled
at least at a logarithmic rate. To see how the performance of the naive algorithm is affected by the choice
of ¢, we consider a two-system configuration with binomial distributions; the number of trials is 10 for both
systems and the success probabilities are p = (0.62,0.55), respectively. We set p =0.1. In this case, the vector
a* =(0.76,0.24) maximizes the rate function. We vary ¢ =0, 20.

Figure 1(a) shows a sample path of a;; under the naive algorithm with ¢ =0, in which system 1 is not
sampled after ng = 10 initial samples. The relative frequency of a;, for ¢ = 4000 over many paths is illustrated
in Figure 1(b) using 10* simulation replications. As noted in Remark 2, the naive algorithm may not sample a
particular system for a long period without forced sampling, potentially increasing the likelihood of selecting
a non-best system. Figure 1(c) presents a typical sample path «y; under the naive algorithm with forced
sampling and Figure 1(d) gives the relative frequency chart of «;, for ¢t =4000.

Next, the QD-C and AQD-C algorithms take the kernel K(-) and h(-) as parameters. The optimal choice
of the bandwidth parameter is h(n) = dn~'/®, where n is the number of observations and the constant
d depends on the true density function that is a priori unknown (Silverman 1986). In order to show the
sensitivity of these algorithms with respect to the kernel and the bandwidth parameter, we use normal

1/5 where o is replaced with sample

and triangular kernels and four bandwidth functions; h(n) = 1.060n~
standard deviation, and h(n) = h =0.1,1,10. We use the configuration with k =4 normally distributed
systems with g =(0,0,0,0) and o =(1,1.1,1.2,1.3). We let p=0.1.

Figures 2(a)-(b) illustrate the performance of the QD-C and AQD-C algorithms in terms of the probability
of false selection when we use the normal kernel. It can be seen that the performance of the two algorithms is
degraded when the bandwidth parameter is h = 0.1 (too little smoothing) or h =10 (too much smoothing).
The performance is robust when we use the adaptive bandwidth h(n) = 1.060n~1/5. Figures 2(c)-(d) show

the same experiments with the triangular kernel, in which similar conclusions hold.
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Figure 1 The frequencies of a1; under the naive algorithms for different values of parameter c. In all cases, we
consider two systems with binomial distributions parameterized by the number of trials n = (10, 10) and
the success probability = (0.62,0.55). We set p = 0.1, in which case o] =0.76. We use no = 10 and
m =10. Panel (a) shows a sample path of the naive algorithm with ¢ =0, where the system 1 is not
sampled over the long horizon. Panel (c) shows a sample path of the naive algorithm with ¢ =20 using
the same sequence of random samples. Panels (b) and (d) give the relative frequence of o, at ¢t = 4000
using 10* trials of the naive algorithm.
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Figure 2
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(a) QD-C with normal kernel
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(c) QD-C with triangular kernel
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(b) AQD-C with normal kernel
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(d) AQD-C with triangular kernel
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P(FST) as a function of stage ¢ on a log-linear scale for different kernels and bandwidth parameters. We

test the QD-C and AQD-C algorithms in the case with four normally distributed systems; p = (0,0,0,0)
and o =(1,1.1,1.2,1.3). We let p=0.1 and (ng,m) = (20,10) for both algorithms. The performance of

the two algorithms is not sensitive with respect to the choice of the kernel, but it degrades when the

bandwidth parameter h(-) is too small or too large.



