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This paper studies product ranking mechanisms of a monopolistic online platform in the presence of social
learning. The products’ quality is initially unknown, but consumers can sequentially learn it as online reviews
accumulate. A salient aspect of our problem is that consumers, who want to purchase a product from a
list of items displayed by the platform, incur a search cost while scrolling down the list. In this setting,
the social learning dynamics, and hence the demand, is affected by the interplay of two unique features:
substitution and ranking effects. The platform can influence the social learning dynamics by adjusting the
ranking of the products to ultimately maximize the revenue collected from commission fees for sold items.
To formulate the problem in a tractable form, we use a large-market (fluid) approximation and show that
consumers eventually learn the products’ quality and characterize the speed of learning. Armed with this
backing, we formulate the platform’s ranking problem in the fluid setting, where we assume the perspective
of an uninformed platform that does not know the true quality vector but rather learns it through consumers’
review process. We compare different ranking policies based on the worst-case regret with respect to a fully-
informed platform benchmark. Our analysis yields three main insights. First, a greedy policy that maximizes
immediate revenue by displaying products based on current ratings may incur highly suboptimal worst-case
regret, as it may relegate the most profitable products to the lowest positions in the ranking if their current
rating is not high enough. Second, a simple variant of the greedy policy can sufficiently alleviate the regret
by balancing the trade-off between exploration and exploitation. Third, we characterize the critical level of

search cost for which the regret does not grow exponentially with the number of products.
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1. Introduction
1.1. Motivation

It is common for consumers to rely on online review platforms, such as Amazon, TripAdvisor, Yelp,
IMDDb, etc., when planning to purchase a new product (or service). In such online environments,

owing to a marked increase in product variety and complexity, consumers often refer to online reviews
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to estimate the quality of a product. As consumers observe and report online reviews over time, they
engage in what is called a social learning process; namely, through online reviews, consumers share
their experiences and opinions about products with other consumers. As more reviews accumulate,
consumers can have a more reliable estimate of the quality of different products to make better-
informed purchase decisions. In the past decades, online reviews have gained an increasingly central
role in the consumer decision process. As a consequence, the literature in operations management
and economics has recently dealt with review-based social learning problems. However, despite the
fact that users typically choose among many competing alternatives in online marketplaces, most
academic studies of social learning concern single-product settings. In this paper, we shed light on
new challenges that platforms face when social learning involves consumers’ choice among multiple
products. In particular, we focus on the challenges that emerge from the interplay of two unique
features: substitution effects and ranking effects among displayed products.

In the presence of product choice, the social learning processes are correlated across products:
information accumulates faster for products that consumers perceive as more appealing in terms
of online ratings and price, as these products will be selected more frequently and produce more
reviews. In other words, alongside the usual questions on what the final outcomes of the social
learning process are (that is, whether consumers’ beliefs converge and where), when product choice
is considered, it is also important to understand how these quality beliefs converge to their limiting
points, that is, how learning paths interfere with each other, and how this coupling depends on the
market parameters (number of alternatives, prices, true qualities, consumers’ prior beliefs).

In most online review platforms, multiple items are displayed with a rank, and consumers exert
more cognitive (and physical) effort while scrolling down a list of items (Kempe and Mahdian,
2008, Craswell et al., 2008, Ghose et al., 2013, Lerman and Hogg, 2014). This ranking effect can be
costly for platforms: since the product’s quality is typically unknown to platforms, due to possible
misalignment between perceived and actual qualities, a high-quality product may be ranked low,
and consumers would then require an increased cognitive effort to purchase it. Such additional effort
can be modeled in the consumers’ choice model as the so-called search cost (Stigler, 1961): due to
this extra cost, high quality products may remain underexplored relative to other (possibly inferior)
products. At the same time, the ranking effect gives the platform a control mechanism; that is,
by picking the product ranking, the platform can affect product choice and stimulate information
acquisition to ultimately maximize revenues. Without an understanding of the consumer learning
dynamics and the influence of product choice, the question of how to best choose the product ranking
cannot be properly addressed. In this paper, we seek to improve our understanding by modeling the

aforementioned market circumstances, as we briefly describe next.
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1.2. High-level Overview of the Model

We study a model of a marketplace where consumers arrive sequentially over time and decide
whether to buy one of the available products or to take an outside option. Consumers are het-
erogeneous in their preferences towards the observable features of the products. Although initially
uninformed about the intrinsic quality of the products, consumers observe the binary online reviews
reported by earlier purchasers and infer the unknown quality via Bayesian updating. The probability
of purchasing a product, which we refer to as the demand function, depends on consumers’ qual-
ity estimates, their idiosyncratic preferences, and the prices of the available products; we assume
Multinomial Logit (MNL) demand for our main analysis, while some of our preliminary analysis
holds for a general class of demand models. Each product is characterized by a uni-dimensional
quality parameter that represents the probability that a customer has a positive post-purchase expe-
rience. We assume that purchasers of a given product report “like”/“dislike” reviews that truthfully
express whether they liked the product or not. Reviews are gathered and displayed to the upcoming
consumers by an information aggregator, the platform.

As alluded to earlier, consumers in our model perceive an additional “search cost” which is an
increasing function of the ranking in which the product is displayed by the platform and, in turn,
affects the multinomial choice probabilities. Consequently, the presence of the search cost allows the
platform to influence information acquisition and the learning transient by choosing the ordering in
which the products are displayed to arriving consumers. In particular, the platform can boost infor-
mation acquisition for a product by showing it in the top positions of the list, so that consumers can
learn its quality sooner. The platform receives a constant payment from every purchase and wants
to maximize cumulative revenues over a finite selling horizon. The platform is initially uninformed
about the true product qualities but can learn them by dynamically adjusting the product ranking
over time.

In this problem setting, the platform should simultaneously attempt to acquire information about
the unknown qualities (called “exploration”) and optimize the ranking decisions based on that
information (called “exploitation”). This intrinsic trade-off is a salient characteristic of the ranking
problem in the presence of social learning. Our goal is to illuminate two aspects in this regard: the
impact of search cost on the social learning behavior of consumers; and the manner in which the
ranking decisions interact with social learning. Can consumers learn the unknown quality in the
presence of product choice and search cost, and if so, how fast? To what extent should the platform
rely on exploration rather than on exploitation for different levels of search cost? An overarching

goal of the paper is to shed light on the aforementioned questions.



1.3. Summary of the Main Results

As alluded to earlier, the interplay between the substitution and ranking effects significantly com-
plicates the study of optimal ranking policies. To have a tractable characterization of the learning
transient, we derive a large-market asymptotic (fluid) model, which provides a good approximation
of the learning transient when the volume of sales is large. In this fluid model, the learning transient
is described by ordinary differential equations, which are sufficiently tractable to deduce structural
insights on the fundamental trade-off between exploration and exploitation in the platform’s ranking
problem.

We characterize the transient dynamics of the learning paths in this deterministic approximation.
To isolate the substitution effect from the ranking effect, we focus on the case without search cost
and provide a comparative statics analysis for how the speed of the learning transients depends on
the parameters of multiple products with substitutable demand. At a high level, our findings indicate
that the substitution effect is intensified by social learning: consumers tend to choose products that
are more appealing in terms of review rating/price difference, which not only reduces the demand
for less-appealing products but also delays their learning transients over time.

In the presence of search costs, we show that, through its ranking policy, the platform can dra-
matically influence the speed of learning. For example, consider a fixed (say, alphabetical) product
display ordering and linearly increasing search costs. In this case, due to search costs, many low-
ranked products will be very undesirable alternatives from the consumers’ viewpoint. As a result,
products displayed towards the end of the list will experience a slowdown as the number of products
increases. In other words, as consumers take the relative positioning of products into account in their
choice mechanism, consumers may need a potentially very long time to discover the high-quality
products, resulting in suboptimal revenues for the platform.

For a tractable analysis of the platform’s ranking problem, we continue to focus on the fluid
model. In a full-information setting where the platform knows the true quality of each product,
we analytically characterize the optimal ranking policy. Interestingly, the optimal ranking policy is
static; that is, the optimal product ranking is fixed throughout the selling horizon, and corresponds
to the ranking that maximizes the revenue rate in the full-information scenario where consumers
know the products’ quality. The revenue obtained by this “oracle” platform serves as an upper bound
for the attainable revenue.

In our focal setting where the platform is not informed about the true quality of products, it
may be beneficial for the platform to induce consumers to sufficiently explore all products (perhaps
sacrificing initial revenues) in order for them to learn the products’ quality faster, and to exploit

this information later on. The goal of the platform is to judiciously balance the tradeoff between
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exploration and exploitation to achieve the revenue that is close to the aforementioned upper bound.
The performance metric we use to characterize a given ranking policy is the long-term regret, defined
as the revenue gap between such policy and the previously mentioned oracle ranking policy for a
sufficiently large selling horizon.

Our departure point is the greedy ranking policy, in which, at any point in time, products are
ranked to maximize the revenue in the next period. Our analysis reveals that the greedy policy is
under-explorative: in the worst case (in terms of initial quality beliefs and true quality), the regret
grows with the number of products and the growth rate depends critically on the extent to which the
search cost increases with product position. Our explicit characterization of the worst-case regret
(Theorem 4.1) provides rough guidelines for practitioners not just in assessing the revenue loss due
to the simple (and easily implementable) ranking strategy, but also in choosing the optimal number
of products to display in different search environments.

Somewhat surprisingly, we show that a simple variation of the greedy policy can effectively allay
the negative effect of under-exploration. This policy is referred to as semi-greedy: instead of assigning
the top position to the most appealing product at present, the semi-greedy policy assigns the ranking
based on an “index” that amalgamates the estimated quality as well as the term that represents the
degree of exploration for each product. We characterize the worst-case regret under the semi-greedy
policy and show, both theoretically and numerically, that the regret grows at a substantially slower
rate compared to the greedy policy. By comparing the greedy and semi-greedy policies in different
settings for search cost, we provide qualitative insights into the benefit of exploration relative to the

extent to which the ranking effect affects consumers’ decision-making.

1.4. Related Literature

Early examples of papers focusing on social learning trace back to the observational learning models
studied in Banerjee (1992) and Bikhchandani et al. (1992); in a model with private signals, observable
actions, and Bayesian updating, they demonstrate that rational agents may eventually ignore their
private signals and decide to imitate their predecessors. Following these seminal papers, a recent
stream of papers has studied social learning from consumer reviews as opposed to signals. Ifrach et al.
(2019) provided sufficient conditions for perfect learning in a monopolistic market with Bayesian
consumers and binary reviews, whereas Besbes and Scarsini (2018), again in a Bayesian setting,
addressed the issue of self-selection bias when consumers report their ex-post utility. While the
latter focused on a single-product setting, Chen et al. (2021) identified the self-selection bias in a
multiproduct setting with boundedly rational consumers. Acemoglu et al. (2017) characterized the
speed of learning under different rating systems in a monopolistic model of Bayesian social learning.

The impact of asymmetry in learning technologies in a duopolistic market was analyzed by Kakhbod



et al. (2021), who studied a model where consumers are Bayesian and differ in the way they process
the online review information.

In the field of revenue management, several papers have studied social learning from consumer
reviews in various contexts; see, e.g., pricing problems (Crapis et al., 2017, Papanastasiou and
Savva, 2017, He and Chen, 2017, Yang and Zhang, 2018, Shin et al., 2021, Stenzel et al., 2020);
product design problems (Feldman et al., 2019, Shin and Zeevi, 2021); and information provision
problem (Papanastasiou et al., 2018). In particular, our model of consumer reviews is closely related
to the one in Papanastasiou et al. (2018) in that they, too, assumed that binary reviews follow
a Bernoulli distribution with unknown mean and consumers use Bayesian updating (with a beta
prior) to infer it. Papanastasiou et al. (2018) studied a platform’s messaging policies and how they
influence consumers’ learning, whereas our paper concerns product ranking policies. Crapis et al.
(2017) studied social learning from binary reviews in a market with non-Bayesian agents and a
monopolist who makes the pricing decision; their analysis, based on a fluid approximation, is closely
related to the one used in this paper.

Whereas the aforementioned papers focused on single-product settings, Pixton and Simchi-Levi
(2020) studied the dynamics of social learning in the case of many products with substitutable
demand. Using a fluid approximation, they proved that social learning makes the product substi-
tution effects stronger; that is, consumers tend to buy and report reviews for incumbent products,
leaving a new product underexplored for very long periods of time. They showed that asynchronous
launch times may lead to doubly-exponential differences in market share. In our paper we assume
that products are launched simultaneously and consumers incur search costs when browsing dis-
played items with rank, which introduces new challenges to the platform since the social learning
transients can be influenced by the platform’s ranking decision.

Mostly owing to the proliferation of online platforms, the analysis of information disclosure policies
designed to incentivize consumers to learn about products has recently attracted quite a lot of
attention. See, for instance, Frazier et al. (2014), Kremer et al. (2014), Papanastasiou et al. (2018),
Bimpikis et al. (2019), Che and Hérner (2018). Whereas these papers focused on a platform’s
incentive mechanisms to facilitate learning, Zhao (2021) studied how a monopolistic platform can
influence consumers’ learning via product ranking. In her model, consumers form a consideration set
consisting of some number of top-ranked products and then make a selection from the set following a
choice model-—hence, consumers’ learning is influenced by product ranking. Zhao (2021) proposed an
upper confidence bound (UCB) ranking algorithm that balances exploration-exploitation trade-offs
and characterized its performance bounds. Golrezaei et al. (2021) studied the problem of learning
product rankings when a platform faces a mixture of real and fake users. They proposed efficient

learning algorithms and characterized their worst-case performance bounds. Our work, too, concerns
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the platform’s problem of learning product rankings, but differs from Zhao (2021) and Golrezaei
et al. (2021) at least in two dimensions: our model assumes rank-dependent search cost; and our
analysis focuses on a fluid formulation in which the performance of our proposed ranking policies
can be expressed in semi-closed forms, rather than as bounds.

The product display problem analyzed in Section 4 belongs to the family of dynamic assortment
optimization problems with multiple products under a general choice model. Starting with Talluri
and Van Ryzin (2004), this type of problems has been investigated when the distribution of con-
sumers’ preferences is a priori known (Davis et al., 2014) and when preferences have to be learned
by the designer along the selling horizon (Rusmevichientong et al., 2010, Sauré and Zeevi, 2013,
Agrawal et al., 2019). Extant empirical works provided evidence of the ranking effects due to search
cost in online market environments; see, e.g., Kempe and Mahdian (2008), Craswell et al. (2008),
Lerman and Hogg (2014), and Ghose et al. (2013). In the context of search cost, L’Ecuyer et al.
(2017) considered the static optimal ranking policy of a revenue-maximizing search engine. They
investigated the platform’s dilemma of balancing between minimizing expected consumers’ regret
and maximizing long-term profits. We use a similar approach with the additional complexity due to
learning effects on the consumers’ side. Abeliuk et al. (2016) studied the assortment optimization
problem when consumers are influenced by the aggregate past purchases. They showed that a static
ranking policy can be optimal despite the time-varying demand due to social influence. In a related
paper Berbeglia et al. (2021) showed that a platform always benefits from market segmentation
when consumers are shown a ranking of products relevant to their own segment, rather than show-
ing a ranking of all products. Whereas these papers examined the platform’s assortment/ranking
problem when the platform is well informed about consumers’ valuations of underlying products,
our paper considers an uninformed platform that must learn them on the fly.

The platform’s learning and ranking problem in the current paper is related to the literature
of dynamic pricing when sellers do not know the demand function (see, e.g., Besbes and Zeevi,
2009, Broder and Rusmevichientong, 2012, den Boer and Zwart, 2014, Keskin and Zeevi, 2014).
These studies highlighted the trade-off between exploration (learning) and exploitation (earning);
in particular, most extant studies show poor performance of myopic/greedy policies that do not put
explicit efforts in exploration and, as a consequence, suffer from a phenomenon called incomplete
learning. Our paper shares an important common theme with these papers in that we rigorously
characterize the performance loss incurred under a greedy ranking policy and modify it to guard
against poor performance.

Notation. Throughout the paper, for any pair of functions f(-), g(-), the notation f(x) = O(g(x))
indicates that there exists a positive constant M such that f(z) < Mg(z) for z — oo, whereas

f(x) =Q(g(x)) means that there exist two positive constants M such that f(x) > Mg(z) for x — co.



Moreover, f(x)=0(g(z)) if f(z) =0(g(x)) and f(z)=Q(g(z)). We use “~” to denote asymptotic
equivalence; formally, given functions f(z) and g(x), we define a binary relation f(x) ~ g(z) as
x — oo if and only if f(z)/g(x) — 1 as x — co. Additionally, the terms decreasing and increasing are
to be taken in the strict sense representing strictly increasing and strictly decreasing, respectively.

The organization of the paper. In Section 2 we introduce a demand model that incorporates
review information and search cost, and formulate a platform’s ranking problem. In Section 3 we
provide a preliminary analysis of the consumer learning dynamics using a fluid approximation. In
Section 4 we present our main theoretical results: we reformulate the platform’s ranking problem
using the aforementioned fluid approximation (Section 4.1); we characterize the optimal ranking
policy in the full-information setting as a benchmark (Section 4.2); we propose the greedy policy and
characterize the performance gap with the fully informed platform (Section 4.3); and we introduce
the semi-greedy policy for performance improvement and examine its effectiveness (Section 4.4). In
Section 5, we show via simulation studies the performance of the two ranking policies in a wide
spectrum of scenarios. In Appendix A we examine several extensions to the basic settings. Proofs

are collected in Appendix B.

2. Modeling Framework
2.1. Discrete Consumers Setting

Model overview. We consider a marketplace where a set of K substitutable goods or services—
henceforth, called the products—are offered to a market of consumers who decide whether to buy
one of them, or to choose a no-purchase option. For each k € {1,..., K}, ¢ €[0,1] represents the
intrinsic quality of product k and p; is the fixed price of the product. The index k =0 indicates the
no-purchase option, which has known intrinsic quality gy =0 and a price py = 0.

Consumers are indexed by n =1,2, ..., and arrive at random times t;, ¢, ... according to a Poisson
process with rate A > 0; they make a once-and-for-all decision, and never re-enter the market.
Without loss of generality, we assume the normalization A = 1 throughout the paper. Initially,
consumers do not know the quality of the products and, in order to make their purchase decision,
use their available information to compute a vector of quality estimates q,, == (G1.n,-- -, Gk .n), where
dr.n denotes the estimate of the quality of product k evaluated by consumer n.

In case consumer n decides to buy product k, she may have a positive or a negative experience
with it; namely, consumer n’ experience is vy ,,, where the 14 ,,’s are i.i.d. binary variables that take

values L (like) or D (dislike), with
P(Vhn=L)=1=P(vkn=D)=gy. (2.1)

So, the quality ¢, represents the probability that a buyer of product k gets a positive experience.
A similar model was considered by Papanastasiou et al. (2018). In what follows, we formalize the

functional relationships among demand, reviews, and product rankings.
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Product rankings and search costs. The search cost associated with a given product depends on the
position in which the product is displayed to consumers. To formalize the search cost as a function of
product ranking, we let ZX denote the set of all permutations of {1,..., K} and let A(Z%) represent
the space of all probability distributions over Z¥. Elements of Z% will be referred to as position
assignments or, more simply, as rankings. Given a product ranking z = (21,...,2x) € Z5, zp = j
indicates that product k occupies the j-th highest position in the ranking. For instance, when z, =1
(z = K), product k occupies the highest (lowest) position. In particular, if a product occupies the
j-th highest position in the ranking, customers incur a search cost g(j), where g: N — R is a strictly
increasing function; without loss of generality, we normalize g(1) = 0.

Purchase decision. Consider a class of i.i.d. random variables (ay,,), with £ =0,1,..., K and
n € N. The random variable oy, ,, represents the idiosyncratic preference of consumer n for product k.
The distribution of «y ,, is common knowledge, but its realization is private information of consumer
n. Given a vector of quality estimates q,, and a position assignment z € Z% consumer n assigns a
utility o + Gr.n — Pr — g(2k) to the purchase of product k, and a utility of g, + g0 — po = o to
the outside option. Then, she buys the product ¢, that maximizes her estimated utility, i.e., ¢, =
argmax,_o g { ®n + Qe — Pr — 9(21) }, where we let g(zo) :=0. Under the above assumptions,
consumer n purchases product k with probability d(q,,, z), hereafter referred to as the demand

function; formally,
di(@y,,2) =P(c. =k|q,, 2). (2.2)
We make the following assumption on the demand function.

ASSUMPTION 2.1. For fized K, there exists a positive constant 6 < 1 such that for any k €
{1,...,K}, dip(q,z) > 8 for any vector of quality estimates q € [0,1]% and ranking z € Z¥.

The preceding assumption implies that the demand for each product is strictly positive (although
possibly small) for any consumer, which ensures that a new review for each product will eventually
enter the learning process. Assumption 2.1 is satisfied for well-known multinomial choice models with
unbounded support for preference {y ,,}, including the multinomial logit (MNL) and nested logit
models. For example, the MNL model postulates that consumers’ preferences {ay.,, : k=0,1,..., K}
have a standard Gumbel distribution, i.e., P(ay,; < z) =exp (—exp(—=z)), where the demand func-
tion in (2.2) is written as

_ exp(qx —pr — 9(21))
1+ S exp(d; —p; — 9(2))

In Section 3 we consider general demand functions that satisfy Assumption 2.1 for our analysis of

dk(q,Z) :

(2.3)

learning transient. From Section 4 and on, we focus on the MNL demand function for our analysis of
the platform’s ranking problem to elucidate the key features of the problem in analytically tractable

forms.
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Review mechanism and information structure. Consumers who buy one product truthfully report
online their experience. So consumer n, after purchasing product k, reports the online review vy ,.
The quantities Ly, == Z?;ll 1{c, =k and vy, =L} and Dy, = Zf;ll 1{c, =k and v, = D},
respectively, represent the numbers of positive and negative reviews for product k observed by
consumer n, and By, == Ly, + Dy, is the total number of purchases (and, consequently, of reviews)
for product k observed by consumer n. The symbol I,, .= {(Lkn,Drn):k=1,..., K} denotes the
whole information available to consumer n.

Quality estimation procedure. We assume that consumers use Bayesian updating for the unknown
qualities and their common prior for product k is Beta(Ly o, Dy o)." This implies that the posterior
belief over gy, is Beta(Ly,, + L0, Dk n + Dy o). Hence, consumer n’s Bayesian estimate of the quality
of product £ is given by

Lyn+ Lo _ Lgp+ Lo
Lyt +Lyo+Dipn+Diro Bin+ Bk-,o'

As it is apparent in (2.4), By o:= Ly o+ Dy represents the weight that consumers assign to the

(2.4)

qu.,n =

prior belief Gy o.”

2.2. The Platform’s Ranking Problem

The platform does not know q and receives a share 0 < p <1 of every payment that takes place on its
website, i.e., the platform realizes a revenue p p, whenever product & is sold. Let o, = (01,5, - -+, Ok .n)
be the position assignment observed by consumer n, where o, = j indicates that product £ is
displayed in position j to consumer n. Consider the selling horizon of length 7' > 0 and let Nr be
the index of the last consumer; although we consider a finite horizon T here, our main analyses in
Sections 3 and 4 focus on performance metrics as functions of 7' (when T is sufficiently large). The
platform commits to a non-anticipating® ranking policy Ily :={II,:n=1,..., Ny} which, given an
information state I, available to consumer n, returns a randomized ranking II,, € A(ZX), i.e., a
probability distribution over the set of possible rankings Z%. More formally, for any consumer n,
the probability distribution II, defines a vector (7., n, T2y ns---s T2y, n), Where 7., =P(o, = 2z)
satisfies the obvious normalization constraint ZZGZK Tam = 1.

Given the quality estimate @,, of consumer n, the expected demand for product k£ under a ran-

domized ranking II,, is given by

(@ TL) =) Tendi(@,2)- (2.5)

The platform’s objective is to choose a non-anticipating ranking policy that maximizes its expected
cumulative revenue over a selling horizon. Formally, the platform’s optimal control problem can be

stated as follows:
Nr K

maximize E, ZZ ppedi (@, 101,) | . (2.6)

II
{Tr} n=1 k=1
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It is quite difficult—if not impossible—to find an exact solution to the stochastic dynamic pro-
gramming problem (2.6). If the true quality vector g were known, one could characterize the optimal
solution to (2.6) via the Bellman equation, although obtaining it in closed form would be difficult. A
more fundamental challenge arises from the fact the true quality vector q is unknown. In particular,
the expected value in (2.6) is taken with respect to the unknown true quality vector g, and hence the
platform does not know how the current ranking would change beliefs and optimal ranking decisions
for subsequent consumers.* In the following sections, we provide alternative methods to characterize
consumers’ learning transient in tractable form, which will be leveraged to derive structural insights

into the platform’s ranking problem.

REMARK 2.1. In solving (2.6), the platform should learn the unknown quality while ultimately
maximizing the accumulated revenue over time. Hence, the platform should judiciously balance the
trade-off between learning and earning. In this regard, our ranking problem resembles combinatorial
multi-armed bandit (CMAB) problems (Chen et al., 2013); specifically, for every customer arriving
in the market, the platform has to choose an arm, i.e, a ranking z € Z%, and receives a reward
given by the profit generated by the customer. However, there are fundamental differences between
our ranking problem and CMAB problems: in CMAB problems, the expected reward for each arm
is static but unknown, whereas in our ranking problem, the expected reward for each arm (ranking)
is known but time-varying, depending on the previous ranking decisions. Specifically, the platform
does not know how the demand function evolves over time (i.e., the ODE in (3.1)) because of the
unknown quality vector q. Thus, the methodologies used in CMAB problems cannot be directly
applied to our setting.

3. Preliminaries: Fluid Approximation and Learning Transient

In this section we introduce a fluid model where the learning transients can be described as solutions
of deterministic ordinary differential equation (ODE) systems, which is a significantly more tractable
framework in many settings; see Crapis et al. (2017), Shin et al. (2021) for examples of recent
applications of fluid models to revenue management problems in the presence of online reviews. In
what follows, we will omit the detailed derivation of the fluid formulation, which can be found in

Appendix C, and we only illustrate the intuition behind it.

3.1. Associated Fluid Approximation of the Learning Dynamics

For the sake of building insights, assume that consumers arrive continuously over time at a constant
rate A =1 so that over a small interval [t,t + dt) a mass dt of consumers enters the market. In a
small interval [t,t + dt), the ranking z € Z¥ is fixed and the state variables vary at a rate which is

given by the expected variation of their discrete counterpart over [t, ¢+ dt). That is, among the total
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mass of dt consumers arriving in the market during the infinitesimal interval [t,t + dt), roughly a
fraction di(q,,, z) will purchase product k. The dynamics for the state variables Ly, and Dy, can
be described in the same spirit as above, and the fluid approximation is obtained by taking limit
dt — 0 in the system dynamics, along with a suitable scaling of the arrival rate A.

In what follows, we use the argument ¢ in parenthesis to denote variables in continuous time;
for example, §i(t) represents consumers’ quality estimate for product k at time ¢, which can be
considered as counterparts of g, for consumer n in the discrete consumers setting. Let o (t) =
(o1(t),...,0k(t)) be the position assignment observed by consumer t. The platform commits to a
non-anticipating ranking policy II(T) .= {II(¢) : t € [0, T]} which, given an information state I(¢) at
any time ¢ € [0,7], returns a randomized ranking II(t) € A(Z%), i.e., a probability distribution over
the set of possible rankings Z¥.

Along with the initial conditions ¢, (0) = Gr 0 and By (0) =0, the learning trajectories in the fluid
approximation are governed by the following ODE system: for k=1,..., K,

dk(t) = Bk(gk‘(:)BkO [Qk - qu(t)] ’ (31)
By(t) = di(a(t), 11(t)),

and Ly (t) = ¢, By, (t) and D, (t) = (1 — ) By (t). From the ODE, one can show that ¢ (t) satisfies

B Ly.(t)+ Lk o

ar(t) = Bu(t) + By’ (3.2)

which resembles the quality estimate (2.4) in the discrete consumers setting. Notice that in (3.1)
the time derivative of the number of purchases for product k is given by the expected value of the
ranking-dependent demand function di(q(t),I1(t)) defined in (2.5). In contrast, the time derivative
of the quality estimate §;(¢) is not dependent on the ranking policy II(¢) since the latter has no
direct impact on the consumers’ belief updating procedure. Consequently, the ranking policy does

not influence the direction of the change in g (t), but affects the speed of the learning process.

3.2. Structural Properties of the Learning Transient

Monotonicity and convergence. Using the fact that Ly (t) = g, Bx(t) in the fluid formulation, the
quality estimate ¢x(f) in (3.2) can be rewritten as

Bk,O

By +Bk(t). (3.3)

4r(t) = qx — (qx — Gr.0)
Therefore, the learning transient exhibits some monotonicity properties as is formalized in the

following proposition.

PROPOSITION 3.1. Consider the ODE system in (3.1). For any randomized ranking policy T1(t) €
A(ZE) fort >0, q(t) — q as t — co. Furthermore,
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® if Gro= qx, then Gi(t) = qi for all t > 0;
® if Gro < qk, then qx(t) is monotonically increasing for all t > 0;

® if k.o > qi, then Gi(t) is monotonically decreasing for all t > 0.

To paraphrase the preceding proposition, consumers’ quality estimates converge to the true quality
vector q irrespective of the ranking policy adopted by the platform. Furthermore, consumers’ per-
ceived quality increases (decreases) if the true quality is higher (lower) than their initial estimate.
These properties are useful in analyzing the speed of learning in the presence of product choice,
which we discuss next.

Time-to-learn analysis. We now investigate how fast consumers’ quality estimates converge to
their limits and discuss how the speed of learning depends on various model primitives. To this end,
we temporarily assume that there is no search cost (i.e., g(-) =0). For fixed k€ {1,..., K}, let us

focus on the phase of the learning process for t < 75 (¢), where, given a small positive constant ¢,
78 (e) :i=inf{t > 0:|G(t) —qu| <} (3.4)

is the e-time-to-learn for product k when the market contains K products, which we use as a measure
of the learning speed. Below, we provide insights on how 7/(¢) depends on the market parameters
relative to both product k and its competing products, which will be indicated with the index j # k.
It is evident that the e-time-to-learn depends on various model parameters: however, to limit the
notation burden, we will not indicate this dependence explicitly in the definition of 7/<(¢).

In single-product settings, the e-time-to-learn can be obtained in closed form; see, e.g., a similar
discussion in Crapis et al. (2017). In multiproduct settings, 7/(¢) does not admit a closed form
owing to the substitution effect between products. However, we can make a number of qualitative
statements about the e-time-to-learn with respect to model primitives. We summarize these in the

following theorem, where we use S* = {(pg,qr,Gro) : k=1,..., K} to describe a market with K

products.

THEOREM 3.1. Assume g(-) :=0. Fiz ¢ >0 and assume that |q, — G| > €. Let 7i<(e) and 757" (¢)

be respectively the e-time-to-learn for product k in the markets SX and SE+! such that SE! =
SEU{(Pr+1,qr+1,q541.0)} Then, T (e) < 71 (). Moreover, for fized K, 7K () is

(1) decreasing (increasing) in o and increasing (decreasing) in qx if Qro < qr (Qro > Qx);

(ii) increasing in q; and ;o for j #k;

(ili) increasing in py and By, and decreasing in p; and B, for j #k.

Based on the above result, we can provide several insights on the factors that influence the learning

transient the most.
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(a)

Number of product options: The time-to-learn 7% (£) increases with K, the number of products,®

because the demand for each product is diluted when a new product is added in the market.
The effect of the new product on the time-to-learn is further analyzed in Proposition B.1 in
Section B.1, where we provide a tight upper bound for 7/ (¢); for instance, when prices are all

set equal to p, there exists a certain market condition in which
K Bk.O p—1
T (s)fv?’(e +K) as €—0. (3.5)

In particular, 7/ (¢) increases linearly with K for a sufficiently small ¢ > 0, which is a conse-
quence of the increased substitution effect when a new product is added in the market.

Prior belief: The time-to-learn is increasing in the distance of the prior from the truth; for
example, the more consumers initially underestimate (or overestimate) the true quality of a
product, the longer it takes for consumers to learn the truth. Furthermore, the time-to-learn is
increasing with By, o, the weight of prior estimate; that is, the higher the weight assigned to the
prior belief, the larger the number of reviews required to forget prior estimates, thus slowing
down learning.

Relative attractiveness vs. competing alternatives: The time-to-learn for a product depends on
how the product is attractive relative to other products. Specifically, Theorem 3.1 implies that
7 (e) increases with both ;0 — p; and g; — pj, i.e., the initial and the eventual attractiveness
of its competing products j # k, respectively. In other words, more attractive products (either
because they started from a higher prior belief, or because they have higher intrinsic quality, or
because they are cheaper) will be selected more frequently by consumers, hindering information

accumulation for their competitors.

4. The Platform’s Ranking Problem: A Fluid Formulation

In the absence of search cost, Theorem 3.1 suggests that consumers’ learning transients are cor-

related across products due to the substitution effects. In this section, we assume that the search

cost is positive and strictly increasing with the position in the ranking. The interplay between the

substitution and ranking effects makes the learning transients more complicated. To facilitate trans-

parent analysis of the platform’s ranking problem, we will focus on the MNL model throughout this

section, where the demand function is given as (2.3).

41.

Fluid Formulation under Multinomial Logit Demand

The platform’s ranking problem in the fluid formulation. Recall from Theorem 3.1 that irrespec-

tive of the ranking policy adopted by the platform, consumers’ quality estimates converge to the

true quality g via social learning. As a result, the platform has no control over the asymptotic
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learning outcome. Conversely, search cost can have a potentially significant impact on the learning
speed since, by picking the product ordering, the platform can affect product choice and the speed
of information acquisition. In particular, information acquisition for products placed in the highest
positions is much faster with search cost, compared to the case without search cost. The opposite
happens for products displayed in the lowest positions in the ranking: the platform may need a
high number of iterations—possibly, exponential in the number of products—to discover the most
profitable products in the market.

For the sake of building intuition, suppose that search cost increases linearly with the displayed
position, i.e., g(k) =~y(k — 1), where « is a positive constant. Consider two deterministic position
assignments z and 2z’, and suppose that z places product k exactly one position lower than 2z’ does,
that is, 2 = 2, + 1. It is easy to see that, for large enough values of K and all other things being
equal, di.(q(t),z) ~e 7d,(q(t), z’). Namely, the demand function of product k roughly decreases of
a factor e=” when the ranking of product k is decreased by exactly one unit. In other words, the
demand, and hence the learning speed, of the product at position k is roughly e™* times smaller
than that of the top-ranked product. Concretely, if v = 0.2, then customers effectively restrict their
option set to the first 15-20 products, whereas if v = 0.8, then this is true only for the top 4-6
products.

The platform does not know g and receives a share 0 < p <1 of every payment that takes place
on its website, i.e., the platform realizes a revenue pp; whenever product k is sold. The platform’s
objective is to choose a non-anticipating ranking policy that maximizes its expected cumulative
revenue over a selling horizon of length 7' > 0. Formally, given a quality configuration Q = (q,q,) €

QK the platform’s optimal control problem can be stated as follows:

{I(T)}
subject to ODE in (3.1).

R:(Q) :=maximize E, [A Z pprdi(@(t), TI(t)) dt (4.1)

Notice that the expected value in (4.1) is taken with respect to the unknown true quality vector
q. That is, even though the fluid model approximation removes the discreteness and stochasticity of
consumer demand and the heterogeneity of consumers’ preferences and of the ex-post quality noise,
enabling a deterministic description of the learning transients, the platform still faces a stochastic
control problem with respect to the unknown true quality vector q, which affects the learning

dynamics and the achievable revenue objective.
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4.2. Full Information Benchmark and the Notion of Regret

The oracle platform. Define z., as the position assignment that maximizes revenues if consumers

make decisions based on q:

K
Zoo '= arg max {Zpkdk(q, z)} .

zczK k=1
For simplicity, it will be assumed that z.. is unique in the remainder of the paper.® The optimal

revenie rate ro, is defined accordingly as

K
"o :Zpkdk(q7zoo) (42)
k=1

The following proposition characterizes the optimal policy for the control problem in (4.1) for an
oracle platform that knows the true quality vector q. In this full-information benchmark, the oracle
platform’s ranking decision may convey information about the product’s quality, but we assume

that consumers do not adjust their quality estimate in response to that information.

PROPOSITION 4.1. If the platform knows q, then, there exists a unique solution II*(t) to the platform
optimal control problem (4.1). Moreover, there exists Ty < oo such that for oll T > Ty, I1*(t) satisfies
.. (t) =1 for all t €]0,T).

In the preceding proposition, the condition T' > Tj ensures that the time horizon is sufficiently large
such that under the optimal policy, the true ranking can be recovered at the end of the selling
horizon”; that is, Gx, (T) < G, (T) if qr, < qx, for any ki # ko. Note that the threshold T, depends on
the search cost ¢(-); for example, in the case of linear search cost g(k) =~y(k—1), the demand for the
product at the kth position is roughly of order e=7*, so T must be of order e”¥ to ensure sufficient
time to learn the qualities of all products. Proposition 4.1 establishes that, if the selling horizon
is large enough, then it is optimal for the platform to adopt a static deterministic ranking policy
that displays products according to the asymptotically optimal ranking z., throughout [0,77]. The
optimality of II* guarantees that the revenue achieved by an oracle platform that knows q (and,
hence, z..), henceforth denoted by R, provides an upper bound for the revenue achieved by any
other policy II implemented without knowing the optimal ranking z.

Proposition 4.1 highlights another important aspect of the interplay between this profit maximiz-
ing platform and the consumer learning process. Specifically, since the optimal policy is static and
displays products according to the asymptotically optimal ranking z.., for an uninformed platform
it is beneficial to design ranking policies that allow to discover z., as quickly as possible. This
suggests that the platform and the consumers have aligned interests, as they both have a strong
incentive to discover g in the shortest amount of time. Specifically, if consumers knew g, they would
be able to choose the product that, given their personal preferences and the price, best fits their
needs, whereas, if the platform knew q, it would use this information to derive z., and achieve the

optimal revenue rate 7.
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The regret of a ranking policy. The performance metric we will use throughout this study is the

long-run regret, defined as
Ru(Q) = lim {R;(Q) - RY(Q)}, (4.3)

where, given a configuration @ :=(q, q,), R}-(Q) is the T-period optimal revenue achieved by the ora-
cle platform characterized in Proposition 4.1 under @, and R (Q) is the T-period revenue achieved
by the ranking policy IT under Q. Note that the regret R (Q) can be infinite for some policies whose
ranking does not converge to z, in the long run. However, it will be shown later that the regret is
finite for reasonable ranking policies: among such policies our analysis will focus on asymptotically
optimal ranking policies such that 7, __(t) — 1 as t — 0.

Instead of solving the stochastic dynamic programming problem (4.1), throughout the paper we
adopt a worst-case scenario approach to the ranking optimization problem, that is, we take on the
challenge of identifying the market circumstances that are most adversarial to the ranking policy
adopted by the platform. The worst-case analysis provides an important piece of information for
a more complete evaluation of the platform’s ranking policy. In particular, we aim at identifying
the configuration @ € Q¥ that maximizes the regret Ry (Q). Formally, given the ranking policy
IT € A(Z¥X), the worst-case regret is denoted by

RE = max {Rn(Q)}- (4.9)
QeQ

The maximizer of (4.4) is denoted by QF, henceforth referred to as the worst-case configuration

under the ranking policy II over K products.

4.3. Regret Analysis for the Greedy Policy

The greedy ranking policy. In online marketplaces, the ranking decision must be made on a real-
time basis. The platform, uninformed of the true quality vector, may not be able to efficiently solve
the stochastic dynamic programming problem (4.1) but rather employs a computationally tractable
solution. In this section, we focus on the greedy policy where the platform makes the ranking
decision to maximize the instantaneous revenue rate as if the current estimates of the qualities were
accurate. In general contexts of dynamic programming that involve learning, this type of policy
is often dismissed by practitioners since it does not acquire sufficient information about unknown
features of the model, incurring a significant loss in revenue (see, e.g., den Boer and Zwart, 2014,
Keskin and Zeevi, 2014). In our problem, such a policy does not suffer from incomplete learning
because the true quality of each product will be eventually revealed to the market, even though the
platform does not exert an explicit effort to explore the product quality (Theorem 3.1). As will be

shown below, this policy passes a basic sanity check in that the regret (4.3) is finite in the long run.
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Formally, at any ¢ > 0, the greedy ranking policy G displays a position assignment drawn from the
probability distribution I1°(t) € A(Z¥) such that

I1°(t) = argmax E [Zpkdk ’q ] :argmaXZpk Z Ty cZk(Q(t),z), (4.5)

HeA(2K) b—1 ea(zK) 5 Jp

where Ej; denotes the expected value with respect to the probability distribution II. In fact, solving
(4.5) is equivalent to finding the solution of a combinatorial optimization problem over the space of

possible deterministic position assignments Z% (Lemma C.2); formally, for ¢ > 0, we have

EHG(t) [Zpk Jk (q(t), I ()

Specifically, under the greedy policy, II°(¢) is a degenerate probability distribution that assigns

= max > pudi(a(t). 2). (46)

maximal probability to the position assignment z¢(t) = (28(t),...,2%(t)), which is the solution of
the combinatorial optimization problem on the right-hand side of (4.6), hereafter referred to as the
Multinomial Logit Positioning Problem (MNLPP).

Even if the number of permutations of {1,..., K} grows super-exponentially with K, Abeliuk
et al. (2015) showed that MNLPP can be solved in polynomial time, and that any optimal position
assignment 26(t) for (4.6) and the corresponding optimal revenue r6(t) == S | prdi(q(t), 28(t))

are such that
() <zp () = (oo — rC(t))ed =Pk > (p — rC(t))elk2 () Pha (4.7)

for all ki, ks € {1,..., K}. Notice that if there exist kj # ko such that py, = py,, then (4.7) implies
that only estimated qualities matter for determining the relative position of products k1 and ks, i.e.,
zg (t) < zg (t) if and only if Gy, () > Gk, (t). In particular, if prices are all equal, then z¢(t) simply

displays products in decreasing order of their current estimated quality, i.e.,
K
pr=pforall ke{l,...,. K} = 28t Z 1{G(t) <g;(t)} forall ke {1,...,K}.  (4.8)

We assume that in case of ties the platform ranks products in alphabetic order, i.e., when there exist
two products ki # ky such that py, = pi, and Gk, (t) = g, (t) then 2§ < zp if and only if k < k.
Worst-case regret for the greedy policy. The analysis of this section will be conducted under the

following assumption.
ASSUMPTION 4.1. (a) Byo= DBy forallk=1,...,K.
(b) pr=p foralk=1,..., K.

(¢) Gr.0<gqx for each k#1.
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Assumption 4.1(a) is needed for clarity of exposition. Assumption 4.1(b) simplifies the analysis,
but it has no bearing on our qualitative insights. It is appropriate for products such as smartphone
apps and movies, whose price is typically fixed at a level common to the industry. Moreover, the
assumption is approximately true for quality-differentiated products for which customers are more
sensitive to quality than price. Our extended analysis for the case of different prices is provided in
Section B.2. Finally, Assumption 4.1(c) ensures that the prior estimate of the best product (i.e.,
product 1) is sufficiently low, so that it is initially ranked low under the greedy policy; we focus on
this setting that is more adversarial to the greedy policy than the one with high ¢, o. As we will see,
this assumption is not restrictive in our worst-case analysis since §; o is equal to zero in the worst
case for sufficiently large K (Proposition 4.2).

For worst-case analysis, it will be useful to focus first on the set of configurations Q% () C O,

which, given some constant n € (0,1), is defined as

Q% (n) = {(a.4)

that is, @ (n) contains configurations where the highest quality is greater than the second-highest
quality by 7. Note that Q% ={J, . ,,,Q" (1)
For fixed n € (0,1), let RE(n) = sup{Rs(Q) : Q € Q¥(n)} be the worst-case regret under the

greedy policy. The worst-case configuration, if it exists, is difficult to characterize precisely, but can

@<l and g1 —nN=q@>qg>->qx >0, qoe[O,l]K}, (4.9)

be approximated when the number of products is sufficiently large, as is formalized in the next
proposition.

To make this asymptotic analysis with respect to K precise, we need to define nested markets.
Recall the definition of market S* = {(py,qx,Gr0) : k=1,...,K}.
DEFINITION 4.1 (NESTED MARKET). For any K > 1, we say that S¥ is nested in S¥*! if SK+1 =
SEU{(Pr+1,K11,Gr41,0) }-
The nested market structure ensures that the consecutive markets differ only by one product, which
allows us to capture marginal effects when one more product is added to the market. For any quality
configuration with K products Q¥ = (q,q,) € [0,1]¥ x [0,1]¥, for the sake of convenience the
qualities will be reordered nonincreasingly: q; > go > -+ > qx. We let O be the set of all possible

configurations Q¥.

PROPOSITION 4.2. Fiz n € (0,1) and suppose that Assumption 4.1 holds. Then, as K — oo,

Re(QF (n))

R 1, (4.10)

where QX (n) == (q*, q}) is such that
q*:(lal_n,,l_n)
682(071—77771—7”

(4.11)
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Figure 1 The regret of the greedy policy under randomly generated configurations.
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Note. The normalized regret, B¢ (Q% (n))/RE, is plotted as a function of ) = g1 — ga. The box plot for each 7 shows the
minimum, maximum, median, and the first and third quartiles of the normalized regret over 300 randomly generated

configurations.

The preceding proposition implies that the worst-case regret for the greedy policy is achieved,
approximately, when (i) the best-quality product has the lowest-possible prior expectation (i.e.,
q; =1 and ¢;, = 0), (ii) customers have perfect prior on the non-best products (i.e., g; = gi o for
k #1), and (iii) the qualities of the non-best products are as high as possible (i.e., ¢, =1 —n for
k #1). Therefore, when the number of products is sufficiently large, the worst-case regret for the
greedy policy reduces to that of configuration QX (n).

This result is illustrated in Fig. 1. Specifically, for each n € {0.1,...,0.9} we randomly generate
300 configurations Q% (n) € Q¥ (n) as follows: for the quality, set ¢; =1 and ¢ =1 — 7, and draw
qr ~ Beta(3,1) for k£ # 1,2; and for the prior belief, set ¢; o =0 and draw g o ~ Uniform(0,1) for
k # 1. In all cases, we assume a linear search cost g(k) = 0.5k. For a small number of products (K =
3), observe that Q¥ (n) may not be a worst-case configuration; that is, Re(Q* (1)) > Re(QX (1))
for some configuration Q¥ (n). For a large number of products (K = 20), Q¥ (n) is a worst-case

configuration for which R¢(Q* (1)) <Re(QX(n)) for any random configuration Q* (n).
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Figure 2  The growth of the worst-case regret of the greedy policy.
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Note. The worst-case regret RE is plotted as a function of K in log-linear scale. In all cases, the regret is estimated

over the same selling horizon [0,T] for a large T'.

In configuration Q% (n), the regret can be characterized in a tractable form, which is given in the
theorem that we now present. Before stating the result, for x1, x5 <0, we define the function ¢ as
Y(xy,x2) ::/ —dy. (4.12)
T4
THEOREM 4.1. Fiz n € (0,1). Under Assumption 4.1, consider the (asymptotic) worst-case config-
uration QX (n) characterized in Proposition 4.2. Then, as K — oo,

el=p _ gl=p—n) (9(K) _ 1
Ro(@ ()~ )i O ST L)
1+el-r 4 el-p-n Z_j:Q e—90)

Y(=1,-n), (4.13)

where ME (n) is non-negative, continuous, and quasi-concave in n € [0, 1] with ME (0) =ME (1) =0.

The dotted lines in Fig. 1 illustrate the (normalized) regret Re(QX(n)) ~ ME (n) as a function of
7. The quasi-concavity of 9ME (n) implies that the regret Re(QX (1)) is maximized at a unique n* =
argmax, ., 1{Me(QF (1))} for sufficiently large K. Combined with Proposition 4.2, the preceding
theorem provides an approximate characterization of the worst-case regret (4.4) under the greedy

policy, which is formalized in the following corollary.

COROLLARY 4.1. Under Assumplion 4.1, the worst-case regret under the greedy policy satisfies
e9(K)
RE=O(———] as K— 0. (4.14)
Zk:l e—g(k)

As alluded to earlier, the greedy policy puts little emphasis on learning and more on exploiting
profit. Therefore, although the greedy policy achieves a finite regret for given K, the platform may
incur significant loss of revenue as the number of competing products grows large. In particular,
Corollary 4.1 indicates how fast the revenue loss in the worst case increases with K due to such

under-exploratory behavior. Concretely, consider the following examples:
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e (Linear cost function) If g(k) =~(k — 1) for some 7 > 0, then the worst-case regret increases at
an ezponential rate with K; that is, RE = ©(e”).

e (Logarithmic cost function) If g(k) = vlog(k) for some > 0, then the worst-case regret increases
at most at a linear rate with K; that is, RE = O(K/log(K)).

These observations are generalized in the following corollary.

COROLLARY 4.2. Suppose that Assumption 4.1 holds. If g(k) = Q(k®) for some « >0, then the

regret grows exponentially with K ; formally,

K41
o G
llKrrE&f RE > 1. (4.15)

If g(k) = O(k*) for any a >0, then the regret does not grow exponentially with K ; formally,

K41

limsup =& — =1. 4.16

Corollaries 4.1 and 4.2 suggest that the platform should consider the implications of the search cost
on the design of the ranking system. Several comments are in order.

First, our findings identify the parametric regimes of market environments that are favorable (and
not favorable) to the greedy policy. Specifically, if the platform wishes the regret to be subexponential
in K, the greedy policy can be a desirable solution only when the search cost is subpolynomial
(Corollary 4.2); in such circumstances, even if the platform places a “good” product at a low rank,
consumers sufficiently explore such a product and help the platform eventually raise its rank. In
contrast, if consumers incur significant search cost that is polynomial with product position, then the
platform essentially shades the low-ranked products from consumers (i.e., preempts the consumers’
opportunity to learn), thereby suffering from an exponential revenue loss as the number of product
increases. In such circumstances, an important managerial implication is that the greedy policy
alone cannot be a desirable approach and the platform should consider, for instance, a market
segmentation strategy (Berbeglia et al., 2021): instead of showing a ranking of all products, the
platform may segment consumer population and show a ranking of products that are relevant to a
specific segment.

Furthermore, firms display a different number of products to customers on different platforms. For
example, mobile phones have smaller screens than do PCs, which increases the cognitive cost associ-
ated with information gathering (Ghose et al., 2013). Thus, it is typical to display a smaller number
of products on mobile versions of the platform than on PC versions (e.g., Amazon and Netflix). Our
analysis provides a rough guideline for choosing how many products to display. Specifically, if the
platform employs the greedy policy and aims to achieve the regret due to the ranking effect less
than a constant C > 0, then the platform should display O(g~*(log(C))) products to customers.
Concretely, in the case of the linear cost function, the desired number of products is O(log(C)),

whereas in the case of the logarithmic cost function, the desired number of products is O(C).
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4.4. Regret Analysis for the Semi-greedy Ranking Policy

The semi-greedy ranking policy. Our regret analysis of the greedy ranking policy indirectly empha-
sizes the value of ezploration, as it suggests that the platform has a strong incentive to discover
the high-quality products especially when the growth of search cost is polynomial with the prod-
uct position. To improve the (worst-case) performance of the greedy policy, we now consider the
semi-greedy ranking policy, denoted by SG, which is structured around the implied belief process

{Gr(t) :t >0} defined as

u

n . 417
By(t) + Bio (417)

(1) = Gu(t)
where u > 0 is the parameter of the policy that controls the level of exploration;® note that the
implied belief G, () may exceed one. It is easily seen that

By.(t)

qe(t) = m(% —qr(t)), (4.18)

which means that the implied belief process G(t) is increasing (decreasing) at ¢ if g(t) < qp (if
Gr(t) > qi). For each t, the semi-greedy policy ranks the product based on the implied belief g(t) =
(@1(t), ..., qx(t)); that is,

2°¢ € argmax {Zpkdk(c}(t), z)} . (4.19)

zezK |1

The above problem can be framed as another instance of MNLPP, whose optimal solution can be
characterized as in (4.7), with §x(¢) being replaced with Gy (¢). Because of the additional term in
(4.17), the semi-greedy policy puts more emphasis on exploration than the greedy; for instance,
although the estimated quality of product k is lower than that of k¥’ (i.e., ¢x(t) < i (t)), product k
can be ranked higher if it is under-explored compared to product k" (i.e., By(t) < B/ (t)).

Worst-case regret for the semi-greedy policy. For fixed n € [0,1], let RE () :=sup{Rsc(Q): Q €
Q% (n)} denote the worst-case regret under the semi-greedy policy. The following proposition sug-
gests that the worst-case scenarios for the semi-greedy and greedy policies coincide, although the

corresponding regrets may differ significantly.

THEOREM 4.2. Fiz ne€ (0,1). Under Assumption 4.1, consider the semi-greedy policy parametrized
by a positive constant u < @ := By(1—n). Then, RE.(n) ~Rsc(QX () as K — oo, where Q¥ (n) is
characterized in (4.11). Furthermore, as K — oo,

(' —el=P71) (e9F) 1) " (_1’ nBo > ’

Rsc(QL (1)) ~ Mg (n) = " By—u

o 14el—p 4 el-p—n Zfﬂ e—9(d)

(4.20)

where ME.(n) is non-negative, continuous, and quasi-concave in n € [0, 1] with ME (0) =ML (1) =0

and 1 is defined in (4.12). Additionally, ME.(n) < ME(n), where ME (n) is defined in Theorem 4.1.
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In the preceding theorem, the condition u < % ensures that the estimated quality of the best product
is initially low such that ¢;(0) < gz for k # 1. As in Assumption 4.1(b), this condition is imposed
to ensure that the worst-case regret is characterized in a tractable form, but we remark that the
semi-greedy policy admits the parameter u > « in general settings. Theorem 4.2 implies that, as in
the greedy policy, the worst-case regret under the semi-greedy policy grows with K in the order
equivalent to ed(%)/ Zszl e 9%) However, it is important to note that the worst-case regret under
the semi-greedy policy increases at a slower rate than under the greedy; namely, MM (n) < ME (n).
Several comments on this relation are in order.

The comparison of Theorems 4.1 and 4.2 suggests that the semi-greedy policy can significantly
reduce the worst-case regret by changing the exploration-exploitation balance; specifically, whereas
the greedy policy gives priority to the product with high estimated quality, the semi-greedy policy
puts more emphasis on learning the quality of products that are less explored. Concretely, recall
from Theorems 4.1 and 4.2 that the worst-case regrets RE () and RE(n) for the greedy and semi-
greedy policies are approximated by 9ME (n) and IME. (n), respectively, which satisfy, for any K > 2

and v € (0, ),

MEMm) ~ w(-L—m

where the function v is the exponential integration function defined in (4.12). This ratio represents

mige) _ v(-L-B)

(4.21)

the efficiency of the semi-greedy policy relative to the greedy; in particular, as the ratio is close to
zero, the semi-greedy policy is considered more efficient relative to the greedy. The ratio is equal
to one for u =0 (in which case the greedy and semi-greedy policies are identical) and is decreasing
with u € [0,4]. In other words, the performance of the semi-greedy policy improves as the level of
exploration, u, increases in the worst-case configuration. However, note that the preceding arguments
are made based on the worst-case analysis, and it may not be always beneficial to increase the level
of exploration u in general configurations; see Section 5 for the effect of u on the performance of
the semi-greedy policy for general configurations.

Fig. 3 illustrates these observations when the (linear) search cost function is given as g(k) =
0.1k. The figure depicts the worst-case regret of the semi-greedy policy as a function of K for
different values of the parameter u € {0,20,40,60,80}, where @ > 80 in all cases. As is anticipated
by Theorems 4.1 and 4.2, one can observe that under the semi-greedy policy, the worst-case regret
RE is of order e, or, equivalently, log(RE.) is approximately linear in K. Surprisingly, as a simple
modification from the greedy, the semi-greedy policy can reduce the regret by orders of magnitude,

highlighting the benefit of balancing between exploration and exploitation.
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Figure 3  The growth of the worst-case regret of the semi-greedy policy.
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Note. The worst-case regret SR?G is plotted as a function of K in log-linear scale. In all cases, pr =1 and B0 = 100 for
all k=1,..., K, and the search cost function is g(k) = 0.1k. Note that the semi-greedy policy with u =0 is identical
with the greedy.

5. Numerical Analysis

Whereas our theoretical analysis in Section 4 focuses on the worst-case regret of the proposed
policies, this section numerically investigates the regret in a wide spectrum of scenarios for the
platform’s ranking problem.

Benchmark policy. In addition to the greedy and semi-greedy policies discussed in Section 4, we
consider the explore-then-exploit ranking policy, denoted by EtE, which consists of two stages: an
initial systematic exploration stage, where products are sequentially displayed in the top-position
until a sufficient number of reviews are accumulated for each product, and then a full exploit stage,
where the platform myopically chooses the ranking to maximize the immediate revenue rate. The
EtE ranking policy is parametrized by B, the minimum number of purchases for each product at
the end of the exploration stage, which is summarized as follows.

e (Exploration) The exploration stage consists of K phases indexed by i =1,..., K. For phase i,

products are displayed according to 2B (t) := (2F€(#), ..., 2EE(¢)), where

2 (t) = (5.1)

k—it+K+1 if k<i,
k—i+1 it k>,

until B;(t) < B. Whenever B;(t) = B, the policy moves to the next phase i + 1. Note that phase
i+ 1 can be skipped if B,,(t) > B at the end of phase i.

o (Exploitation) After the exploration stage, products are displayed according to z°(t) by the greedy
policy.

Notice that after product ¢ is displayed in the top position during phase ¢, it occupies the last

position in the (i + 1)th phase, the second last in the (i 4+ 2)th phase, etc. The idea behind the EtE
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Table 1 Regret under linear search cost.
K=10 K =50
R (QF)
G SG EtE G (-10*)  SG (-10*) EtE (-10%)
Min. 0.00 0.00 26.37 0.02 0.12 0.25
1% 0.03 7.49 54.90 0.31 0.15 0.33
25% 36.95 31.10 107.45 50.33 0.18 0.49
50% 98.07 55.09 150.45 390.60 0.22 0.62
75% 216.06 100.93 215.62  1969.81 0.33 0.86
99% 859.49 315.96 492.73 49576.21 2.56 3.80
Max. 1731.92 912.81 1343.02 394392.12 69.70 25.68
Average 158.42 77.06 173.95  3286.82 0.37 0.82
Std. dev. 182.22  67.87 93.20 12098.21 0.88 0.81

Notes. Tn all cases, we set g(k) = 0.5(k — 1). The numbers are summary

statistics of the regret calculated in 10° random scenarios.
policy is to guarantee a sufficiently long exploration phase for each product by displaying it at the
top position, so that in the exploitation stage, the estimated quality of each product is not too far
from the true quality.

Ezperimental settings. In this numerical study, we fix p;, =1 and By ¢ = 100 for all £ and consider
randomly generated quality configurations. Specifically, the quality ¢, is generated from a uniform
distribution on [0,1]. Then, the prior belief ¢ o is generated from Beta(ag,bx), where ay and by
are chosen such that E[y o] = ¢x and Var[gyo] = 0.4%. Note that Assumption 4.1(c) is relaxed in
our numerical study. We consider two types of search cost: the linear search cost g(z) =0.5(x — 1)
and the logarithmic search cost g(z) = log(z). For each K € {10,50}, we consider 10° randomly
generated quality configurations. For each configuration Q¥ we calculate the regret Ry (Q¥) for
each policy II € {G,SG, EtE}. The performance of the EtE and SG policies depend on the tuning
parameters B and u, respectively. For fair comparison of these policies, for each K, we calculate the
regret for different tuning parameters B € {20,40,...,200} and u € {20,40,...,100} and choose the
ones that give the smallest median regret among the 10° random configurations: in the case of linear
cost, we choose (B,u) = (20,60) for K =10 and (B,u) = (180,80) for K = 50; and in the case of
logarithmic cost, we choose (B, u) = (20,60) for K =10 and (B,u) = (20,20) for K =50. These are
by no means optimal choices in general circumstances, but we have found that the key qualitative
conclusions do not depend on these choices.

Results and discussion. In the case of linear search cost, the estimated values of the regret are
summarized in Table 1. As anticipated by Theorems 4.1 and 4.2, the regrets under the greedy
and semi-greedy policies grow exponentially with K in scenarios that are near the worst case; in
particular, for the 99th percentile, the regret for K = 50 is more than 103 times greater than that
for K =10 for both greedy and semi-greedy policies. Although both policies exhibit exponential
growth, the semi-greedy policy significantly reduces the growth rate of the regret; in particular,

as K increases from 10 to 50, the regret under the greedy policy increases by a factor of 10* in
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Table 2 Regret under logarithmic search cost.
K=10 K =50
R (QF)
G SG EtE G SG EtE
Min. 0.00 0.00 11.80 T7.17 14.04 177.22
1% 0.00 1.65 25.16  31.12 38.15 213.47

25% 8.10 10.47 4721 90.65 91.50 278.23
50% 21.62 18.40 58.64 136.10 131.56 312.98
5% 50.34 35.69 76.94 200.42 188.38 357.77
99% 171.12 105.09 148.49 444.45 400.88 517.67
Max. 255.67 166.83 223.19 711.72 637.03 677.04

Average 36.37 26.92 63.63 156.55 149.26 323.96
Std. dev. 40.12 23.82 27.27 90.62 79.82 64.88

Notes. n all cases, we set g(k) = log(z). The numbers are

summary statistics of the regret calculated in 10° random

scenarios.
the median case, whereas the regret under the semi-greedy policy increases only by a factor of 40.
For overall scenarios, the semi-greedy policy judiciously balances the trade-off between exploration
and exploitation, and thus exhibits robust performance compared to the greedy. Note that the EtE
policy also exhibits robust performance across the wide spectrum of scenarios. However, since EtE
blindly puts all products into exploration, even some product whose quality is obviously low, its
performance is poor relative to the semi-greedy policy (except for some extreme cases).

In the case of logarithmic search cost, the estimated values of the regret are reported in Table 2.
Compared to the circumstances with linear search cost, low ranked products are only moderately
penalized, so that the performance of the greedy policy is not severely bad. Concretely, recall from
Corollary 4.2 that the regret grows only linearly with K under the greedy policy in the worst case.
In contrast to the case of linear search cost, where the regret increases by orders of magnitude as
K increases from 10 to 50, one can observe from Table 2 that the regret is comparable between the
cases with K =10 and K = 50. Since the greedy policy is favorable in this market environment with
logarithmic search cost, the semi-greedy policy does not make a significant improvement from the
greedy. The EtE policy, however, performs poorly in most scenarios; because of the (relatively) low

search cost, there is less need of forced exploration, making the EtE policy overly conservative.

Endnotes

1. Recall that, the probability density function gge. of a beta with shape parameters a,b is given
by

JBeta(T) := Ww“(l —x)°, z €10,1], (5.2)

where I'(z) is the gamma function.
2. Although our model focuses on the Bayesian updating based on the beta-Bernoulli pair, this

assumption has no bearing on our results. Our mathematical analysis can be easily extend to
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commonly used prior-posterior conjugate pairs such as normal-normal, beta-binomial, and gamma-
Poisson pairs.

3. We say that Il = {II,,: n=1,..., Ny} is non-anticipating if II,, is only allowed to depend on
past information I,,.

4. The impact of partial information regarding the underlying demand function has been studied
in detail in the revenue management literature in the setting where the demand function is unknown
but constant over time; see, e.g., den Boer and Zwart (2014), Keskin and Zeevi (2014). In contrast, in
our problem setting, the demand function itself evolves over time in conjunction with the perceived
qualities of the offered products. Although the demand function is known at each time point, the
platform cannot anticipate how it evolves over time because of the lack of information about the
products’ true quality.

5. The quantities wy and w; depend on K through the K — 1 (strictly positive) summands in
Z#k exp(gq; —p;) and Z#k exp(q;0 — pj) respectively.

6. To guarantee that z., is unique, it suffices to assume that when there are ties between products,
it is optimal for the platform to rank products, for instance, in alphabetic order, i.e., z, < 2, iff
ky < ka.

7. For instance, recalling (3.4), if € is small enough, so that ¢ <|qx, —qy,| for all ki, ko =1,..., K,
then this assumption holds when T > max;, 7% (¢).

8. Our analysis easily extends to the case where the parameter u depends on the product index k,

but we suppress the dependence to simplify analysis and exposition.
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Appendix A: List of Symbols

The following table contains the symbols that have been used throughout the paper.

Bk,n
By(t)

Cn,

Cék (Qna Z)
dk (qna Hn)

Lk,n + Dk,n

amount of purchases of product & in the interval [0,¢] (in the fluid approximation)
product that maximizes consumer n’s expected utility

P(c,=k|4q,,z), defined in (2.2)

> rezk Tzndi(q,,2), defined in (2.5)

S 1{c, =k and x4, = D}

amount of unfavorable reviews for product & in the interval [0,¢] (in the fluid approx-
imation)

search cost function

greedy ranking policy

{(Lgn,Dy.n): k=1,..., K}, whole information available to consumer n
information state at time ¢ (in the fluid approximation)

product index

number of products

S 1{c, =k and 24 .= L}

amount of favorable reviews for product k in the interval [0,¢] (in the fluid approxi-

mation)
(elfp_elfpfn)(eg(K)_l)

l+el—Ptel—p—1n Z]K:2 e—9(3)

consumer index

index of the last customer in a selling horizon of length T > 0

price of product k

quality of product k

estimated quality of product k evaluated by consumer n

((jl,rw s 7(2K,n)

estimated quality of product k at time ¢ (in the fluid approximation)

(g,q,) €10,1]% x [0,1]%, quality configuration with K products

maximizer of (4.4)

set of all possible configurations Q%

defined in (4.9)

Ziilpkdk(q,zm), defined in (4.2)

revenue achieved by the oracle platform

T-period revenue achieved by the ranking policy II under @

limr_, ., {R5(Q) — R}(Q)}, long-run regret, defined in (4.3)

maxgeor {Rn(Q)}, defined in (4.4)

{(Pk, Qx> o) : k=1,..., K}, market with K products

semi-greedy ranking policy

time (continuous)

horizon

level of exploration

product k occupies the j-th highest position in the ranking

argmax, . z {Zle pkdk(q,z)}, defined in (4.2)

(21y...,2K) € ZK

set of all permutations of {1,..., K}

(28(t),...,2%(t)), the solution of max,czx 1, pr di(q(t), 2), in (4.6)
index of the outside option

¥(—1,—n), defined in (4.13)
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Qo consumer n’s preference for product &
0 positive constant such that, dy(q,z) > 9, defined in Assumption 2.1
A(Z%K)  space of all probability distributions over Z¥
A rate of the Poisson process
Vi consuter n’s experience after buying product k
Tem Plo,=2)
I1,, (g ms Tagms e Tapeyn)
I, {II, :n=1,..., Nr}, ranking policy
I1(¢) randomized ranking at time ¢ (in the fluid approximation)
IL(T) {I1(¢) : t € [0, T}, ranking policy (in the fluid approximation)
1°(¢) argmax Ep {Zszl prdi(q(t),10) | (j(t)}, defined in (4.5)

MeA(zK)

platform’s share of every payment that takes place on its website
p°(t) optimal profit
Ok =] product k is displayed in position j to consumer n
o(t) (01(t),...,0k(t)), position assignment observed at time ¢
o, (O1my---,0Kn), position assignment observed by consumer n
Tn random arrival time of consumer n
&(e) inf{t > 0:|Gx(t) — qx| < e}, e-time-to-learn for product k& when the market contains

K products, defined in (3.4)
(1, x0) f;f e ¥ /y?*dy, defined in (4.12)

Appendix B: Additional Theoretical Results
B.1. Worst-Case Analysis for the Time-to-Learn

In the absence of search cost, we characterize the configuration under which consumers experience
the longest time to learn a product’s quality. For fixed e € (0,1), this quality configuration can be
identified as the solution of

max {7, (¢) s.t. |gko — x| <€}, (B.1)
Qeok

where Q¥ represents the set of admissible quality configurations defined as

QK::{(qaqo)12%2(]22“'2(1}{20}- (B.2)

QO S [07 1]K

ProposITION B.1. Fiz e € (0,1) and assume that |q, — §xo| > €. Consider the fluid model approzi-
mation in (3.1). Then, e-time-to-learn for product k is mazimized under quality configuration Q¥ =

(q,q,) such thatq=(1,...,1) and @x0 =0 and §;o =1 for j #k. In this configuration, we have that

75(e) = Byy (1 “E (-1, —e)em ! (1 DO el_”j)> . (B.3)

€
Proof of Proposition B.1. Using Theorem 3.1, we know that the time-to-learn is maximized when
Gjo=gq; =1 for j#k and |gx — x| is maximal. Hence, we only have to check the quality con-

figurations g0 =0, ¢y =1 and G0 =1, gx =0 to find the maximum time-to-learn. Call these two
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configurations A, and B, and let 7',5( 4 and T,f % be the e-time-to-learn for A and B respectively; in
this proof, we fix £ and suppress it in function arguments for a clear exposition.

Consider configuration A initially, and notice that, for all j € {1,..., K}, ¢;0 = ¢q; implies ;0 =
q;(t) = g, for all 0 <t < 7" Then, defining C_j =1+ > €xp(g; —pj) =1+ exp(l—p;),

we have

1—¢
Bk(T;f{’A) = B -
- / T ha / - I dt
0 * o 1+, .exp(g;—p;) +exp(Ge(t) —pi)
KA _ /T’?A dt
=T T =0_ N )
o 14X exp(g(t) —py)

where the first equality follows from (3.3) and the fact that Gy(7") =g —e =1 — . Using
Lemma C.1 with g =0, this leads to

1—

€
. + C_yBroexp(pr — D)Y(—¢,—1),

K,A
Tk = Bk,O

where 1 is defined as in (4.12). Using a similar logic, we can obtain

1

K,B
Tk = Bk’()

— + O Bupexp(p) (e, D)

Notice that the desired result follows if we prove T,f{ B _ T,f{ # >0, which is equivalent to show that

exp(—1)ih(—e, —1) +b(e,1) = /1 exply = Uy; XP(Y) 45 .

To prove the above inequality, observe that there exist a constant ¢ > 0 such that

/E exp(y — 1) —exp(—y)
1 y?

e
dy > C/1 exp(y —1) —exp(—y) dy

=c[l+exp(—1) —exp(e — 1) —exp(—¢)].
It is not difficult to show that the last term in the above series of inequalities is positive for every
e €(0,1), which proves T,f(’B — T,f(’B > (0 and concludes the proof. [

Proposition B.1 states that 7/<(g) is maximized for a quality configuration under which product
k is the least attractive product (in terms of estimated quality) throughout its learning transient.
In this worst-case scenario, the value of the intrinsic quality of product k is the highest possible
(g =1), but consumers initially estimate its quality at the lowest possible level (g0 =0). In other
words, the initial estimation bias ¢; — gro for product k is maximal. At the same time, in this
worst-case scenario for product k, the estimated qualities of all the K — 1 competing products are
at the highest possible level for all 0 <t < 7 (e), which slows down the convergence of the learning

transient for product k£ (Theorem 3.1).
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Furthermore, when prices are all set equal to p, using the fact that ¢¥(—1,—¢)~1/e as € = 0, it

can be seen that
Bk.70(ep_1 + K)

) -

as € —0. (B.4)

That is, for sufficiently small € > 0, the worst-case 7% (¢) is roughly linear in the number of products

K, consistently with the intuition discussed in Section 3.

B.2. Worst-Case Regret with Different Prices

Here we consider the more general setting where prices may be different. In this case, recall from
(4.7) that the product ranking at any given time is determined by an index that depends both on
the quality and price of each product. As such, the (worst-case) regret of the greedy policy does not
admit a closed form. For the purpose of characterizing a lower bound of the worst-case regret, and
in light of Proposition 4.2, it is reasonable to consider a product configuration where prior beliefs
are gi o = qx for all £# 1 and §¢; o =0. The regret in this configuration would serve as a lower bound

for the worst-case regret, which is characterized in the following theorem.

THEOREM B.1. Consider the fluid model approzimation in (3.1). Assume By o= By for each k=

1,...,K. Consider the product configuration Q* € QX such that §yo=qx for all k#1 and G, 0 =0.

Let qx41:=0. Without loss of generality, assume z;, . =k for all k=1,...,K. Then, as K — oo,
J

K
Re(Q") ~ Y D (o1 = rac)vr = (o — 7o )ve) (e 79FD — D90 (g 41 — g1, g5 — 1) (B.5)

=2 k=2

Proof of Theorem B.1. Without loss of generality, we assume that 1 =¢q; > q2 > - -+ > qx. Define
sj=inf{t >0:2,(t) =7 — 1} for each j=2,..., K with sx;1 :=0; that is, s; is the first time when
the perceived quality of product 1 is the (j — 1)-st highest. For the product configuration Q¥ defined
in the statement of the theorem, it is trivial to check that 0 =sg 1 <sxg <--- < s5. In the proof,

we consider a sufficiently large T > s5. To simplify the exposition, we define

b = {w(%ﬂ—%a%—(ﬁ) for k=2,...,K —1;

w(_Q17q1€_Q1) for k=K. (B-G)

The proof of the theorem will be done in three steps. In the first step, we characterize the revenue
under the greedy policy. In the second step, we characterize the revenue under the optimal policy.
Finally, we derive the expression for the regret and the revenue gap between the greedy and optimal
policies.

Step 1. We characterize the revenue under the greedy policy. Observe that

0

R =Y p, / d;(@(t), =(t)) dt = py / di(@(). 2(0) dt+p, / 4@ =0 g

Ay AJ



36

The first integral on the right-hand side of the preceding equation can be written as

m:lfummam&+/cumm4mw

g2 — G1(0) (B)

L — +/ di(q(t), 2(t)) dt,

where the second equality follows from the definition of s,, so that

A ) B a0
G(s2)=@=q+(G0)—q) o = B1(82):BOQQ G ( )

- B.9
Bi(s2) + Bo 41— q2 (B-9)

Furthermore, the term A; in (B.7) for j # 1 can be written as

A= [ a@ozoas [ Caao.sone [ aa@osoe.

J

"
A A7

We now derive expression for the individual terms in (B.10). First, A} can be written as

Al = ti—Pi—9(—1) ’ dt — % —Pi—90(—-1) ’ B (t)e_‘il () +p1+9(=1(1) q¢
Z K (&) —pr—2k (1) '
o 1+ Zk: 1 edk Pk —Zk 0
(B.11)

— %P —90(— 1)2/ Bl —ql(t)+p1+g(k) dt — Yj BOZeg —9(j—-1) ¢k7

Sk41 k=j

where the last equation follows from Lemma C.1 and the definition v; :=e%~Ps. Using the similar

logical steps, the second integral A in (B.10) can be written as

59 52
A;-/ — o4i—Pi—9() / 1 dt = e%i—Pi—90) / Bl (t)e—tf1(t)+p1+g(n(t)) dt
o 1+ Zk edr(t)—prp—2 (1) s

J J

— 9 —Pi— 9(])2/ Bl Je a1 () +p1+9(k) ¢ — UJB Zeg g(])(;g]~C

Sk41

(B.12)

In the third integral A7" of (B.10), note that z(f) = 2z, for ¢ > s,. Combining these observations,

we obtain
RE @ Z Yo edWmalbg, Z .
By - G —q2 ! j:zp +Z] ) GQ(k) 99) ¢y, 2P /s 8(t), 2oo) . (B.13)

To derive an expression for 7, observe that

52 ed1()—pP1—g(=1(?)
Bulss) = Bop 2= [ G at

1 — Qo o 14+ Zk:l ek (t)—pr—9(2k (1))
e /52 1 + ZJK:2 e(Ij*ijg(Zj(t) it (B14)
o 140K ei-piatz)

*
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Observe that
145K eqj*pj*g(zj'(t))
= Z / i a
| _|_Zk edk () —pr—9(zx (1))
Sk 1+ Zj—2 et —pj—9(i—1) 1+ Z i €9 9() 4 Z et —pj—9(i—1)
= = dt + dt.
/SK+1 1+ Zle elk(t)—pr—9g(zx (1)) Z /Z+1 1+ 2k:1 elrx(t)—pr—g(k—1)
(B.15)
The first integral in (B.15) can be written as
s K aj—pj—9(G-1) K s
/ © +ZKJ’:2? L dt= |1+ Zvje9<K>—9<j—1> / " e~ B (1) dt
sk 1+ Zkzl ek (t)—pr—9(2x (1)) = SK41
K (B.16)
B .
= 70 (1 + Zvjeg(K)—g(J—l)> bx,
1 ,
j=2

where the first equality follows from the definition v; = e% ™7 and the second follows from
Lemma C.1. Following the similar steps, the second integral in (B.15) can be written as
K2:1 /-51- 1+ ZJK— e%i—Pi—90) 4 Zj‘:z e4i—Pj—9(i—1)
Sit1 1 +Zk edr (1) =pr—g(k—1)

K-1 K ) —g(y S
_ <1+Zij=i+1vj‘eg“‘g“’>/ P01 B, (1) dt (B.17)

i 1
+Z_2Ueg() g(] ) i1

& (1+27 i Ujeq() a(1)> p

v; e9())—g(i—1)

dt

Therefore, we deduce that

K
S2 q2 1 K)—g(j—1
22 T i § v.e9(K)—9(i—-1)
By qgi—q2 U1 < ! Px

j=2

1 B 1+Z - Ujeq() 9(7)
+7 = ¢z
+2 0y ved el

Step 2. Consider the optimal policy such that z*(t) =z = (1,2,...,K) for each ¢t > 0. Define

(B.18)

=inf{t: ¢;(t) > q.}. Using similar steps as Step 1, one can derive the expression for the revenue

under the optimal policy. Specifically, one can write

Rr _ 9(1)—g(j ’ (G (¢t dt B.19
By +ZZP e ¢k+2p]/ d;(§"(t), z0) dt. (B.19)

CI1—(J2 2 j—2

To derive the expression for s3, observe that
. q s3 edi (—p1—g(1)
Bi(s3) =By 2 :/ T kdt
q1 — 42 o 1+ Zk:l ek () —pr—g(k)
G142, enriel) (B.20)
S5 — / = —dt,
o 1+, edx ) —pr—g(k)

!

*
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where

0

B K K
= 70 (1 + Z Ujeg(l)g(j)> Z brs
1 ,
j=2 k=2

and the last equality follows from Lemma C.1. Thus, we obtain

53 q2 1 1
2= 1+ ) ves—9U B.22
By ¢1—q Ul ( jzz ) Zd)k ( )

Step 3. We characterize the difference in revenue between the greedy and optimal policies, char-

K _ 53 .
* = (1 + Zvje9(1)9(7)> / exp(p1 — Gi(t)) B (t) dt
j=2

(B.21)

acterized in (B.13) and (B.19), respectively. First, it is trivial to check that s} < s, because 2} (t) =1
for all ¢ under the optimal policy while z;(¢) > 1 until ¢ < s, under the greedy policy. Also, observe
that d;(4(t), zeo) = d;(G*(t — s3+83), 2o ) for all ¢ > s,. That is, the revenue under the greedy policy
during [ss, s + s] is identical to the revenue under the optimal policy during [s},s; + s| for any
s <T — so. Therefore, the difference between the last terms in (B.13) and (B.19) can be written as

K T
o [ a@ dt—zpj/ 4 (a(t), 2 d

S

S ' B.23
=3, / 4 (1), 2.0 (8.2

1 T—sg-&-sg

ﬁz T‘

(52 82)7
where 7o, ~ 7, as K — oo and 7, is defined in (4.2). (To see this, note from (B.18) that s, — 0o as

K — oo, which, by construction, means T > s, also grows large as K increases.) To bound s, — s3,

observe from (B.18) and (B.22) that
_|_Z V. eg(K) 9(7)
(K)—g(j—1) i+1 Ui
et (1S o 3 (R e
()

Recall the definition R¢ = limy_, o { R% — R$}. Combining these into (B.13) and (B.19), we have, as

K — o0,

K g(k)—g(i—1)
~ 9(1)—g(4) ;€ o
BO/Ul Zzp vi® Pr ijv] < Zf 1eg(k) qj)¢k>

k=2 j=2

(B.24)

<eg + Zj:2 vjeg(K)*g(jfl))> bx (B.25)
T S (eg<k> Y v a) Lk .egac)fg(jfl)) O
K
_ (egu) + K, vjes-al > K én
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By changing the order of summation, one can write
eg(k) 9(j— 1)¢k K E _ K .
_ (k)—g(i—1) 9(k)—g(7)
p v, 1 = pjv;e’ o + piv;e or- (B.26)
Plugging this into (B.25) and recalling that g(1) =0, we deduce
Bo/v szp vje 9(1)¢k _Zzp v; (k) —g(i— 1)¢ Z Z Pv; e9(k)— 9(3)¢
k=2 j=2 k=2 j=2 k=2 j=k+1
(e9<K>+Zf:2 0,90 =06~ 1))) b (B.27)
tre | (eg<k) b 0yt 9G) Ly ol >—g<j—1>> b
K ol K
—_ (1 + ijg v,e g(J)) Zk:Q o
Rearranging terms, one can write
K-1 K
ST ) MU 95 DD D) DR
0/ %1 j—2 j=2 k=2 j=2 k=2 j=k+
Kk
+7”oozeg ¢k+rwz Z Ueg =9 p, + 1o ZZ =91 g (B.28)
k=2 j=k+1 k=2 j=2
RO WIS ) S
k=2 j=2

Collecting terms using factors e9¥)=90) and e9(¥)=9G~1 as K — oo, the above can be reformulated

as

K &
WNTWZZ v.eIF)—9(— 1)¢k_Z:2:pjvjeg(k)*g(j*1)@C
0/V1

k=2 j=2 k=2 j=2
K-1 K K-1 K
+7’ooz Z vjeg(k)*g(j)qsk_z Z pjvjeg(k)*g(j)(ﬁk
k=2 j—k+l k=2 j=k+1
SO NI W) DITETET ST 1
k=2 j=2 k=2 j=2
K k
:ZZ(TO" p;)v; e9(k)—g(i— 1)¢ +Z Z — veg (k)— g(a)¢
k=2 j=2 k=2 j=k-+1

K K K K
- Z Z(Too —pve Ve +ro Zeg(k)d)k- —Too Z Pr-
j k=2 k=2

(B.29)
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Using the relation ro, = S35 (p; — roo Jv;e799), the above reduces to

K K-1 K
DD (ree=pve®® 0 g £ 3N " (ro — vy gy
k=2 j=2 k=2 j=k+1
K K K K
=22 (e =p)ueT 00+ Y Y (1 —pi)uieT Y (B.30)
k=2 j=2 k=2 j=1
K K
_ ZZ(T“ ;) e9(M)=90) g,
k=2 j=1

Rewriting the last two summations, we obtain

K
Z(Too—pj) e9(k)—g(i— 1)¢k+z Z J— ec(k) 9D g,
k=2 j=2 k= 23 k+1
K K
_ZZ( —p;)ve ¢k+zz —pj)vse? j)¢k+z —p1) vy (B.31)
k=2 j=2 k=2 j=2
K-1 K K
— Z(r‘” —p;)v;e9W =9 g, Z(Too — p;)v;e9 =9 g
k=2 j=1 j=1

k
Z( p;)“ e9(k)=g(i— 1)¢ _|_Z (Foo —Dj) veg( )— g(jfl)d)K

k=2 j=2 j=2
K K
_ZZ( —pj)ue ¢k+zz (Teo — pj)v e gj)(bk‘f‘z (Too = P1)V1k (B.32)
k=2 j=2 k= 23 1
K-1 k
— Z( p;)v;e9W =90 g, Z ;e =90
k=2 j=1

Rearranging terms, the preceding expression further reduces to

ii(rm p;)ved™=9U=Dg, ZZ Foo — p;)0;e9®) =90

N Ko o (B.33)
+ Z(Too —P1)v1dk — Z(roo _pl)vleg(k)_g(1)¢k-
=2 k=2

Thus, we establish that, as K — oo,

K K k

Re N—g( —g(i—
Bofor ™ S e —p)ui (1= )y — 37N (1o — py)uy (990 — goBI=9l—1)y g,

k=2 k=2 j=2

K k&
ZZ I —Too)ih (p —?”oo)v )(eq(k) 9(=1) _ q9(k)— q(?))¢ ks
k=2 j=2

(B.34)

where the last equality follows from the fact that Z (€9 =9G=1) _ 09(k)=9()) = 9(k) — 1. This
completes the proof of the theorem. [
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An immediate corollary of Theorem B.1 is that the R¢(Q¥) is proportional to /%), To see this,

observe that

K
DD (1 = roe)vr = (pr — Too)i) (7D IETD — @m0 4h (g, g — 1, g5 — 1)

=2 k=2
K )
> ((p1 = 7oo)v1 = (P2 —Toc)2) D e D(gi1 —qn,q5—q1) D (e 7* D —e79W)
s £ (B.35)
K
> ((p1 = Too)v1 = (P2 = Toc)2) D W(gj41 — @1, — @1) (7979 —1)
=2

> ((p1 = ro0)v1 — (P2 — Too)02) Y(—q1, g2 — @) (€79 — 1)
where the first inequality follows from the fact that (p; —re)v1 > (P2 — Too)U2 = - > (Pr — Too )UK
from the characterization of z,, in (4.7). Since Rg(Q™) serves as a lower bound for the worst-
case regret, we deduce that the worst-case regret SRX is at least of order e9). Note that these

observations are consistent with Theorem 4.1 in the case with equal prices.

Appendix C: Proofs for the Main Theoretical Results
In the proofs, we define v, :=e% Pk for each k=1,..., K to simplify notation.
C.1. Proofs for Section 3

Proof of Theorem 3.1. In the proof, we fix € > 0 and omit in function arguments to improve
clarity of exposition. Recall from (3.3) that ¢, () = ¢x — (qr — Gr.0)Br.o/(Br,o + Bi(t)). By Assump-
tion 2.1, we have that By (t) — 0o as t — oo, and therefore, it follows that ¢, (t) — g, for each k as

t — 0o. We will next prove that 7/ is strictly decreasing in g o for gx o < gx. To this end, consider

the following control problem:

9k (T
oy BT
subject to B;(t) =d,;(Q(B(t))) foreach j=1,...,K (C.1)
A By.o
B —a — (g — k0
Qi(Bk(t)) = qx — (g U(t))Bk,OJer(t)a

where gy and g are arbitrary constants such that gy < gy < gx. The desired result would follow
if we show that the static policy u*(t) = gy, t € [0,7], is optimal for an arbitrary T > 0. Notice
that a solution to (C.1) exists because the objective function, being independent of u, is trivially a
concave function of the control variables, and because the control space [QO, Qo) is a compact set. This
shows that the conditions of Theorem 1 in Cesari (1966) are satisfied, and that a solution to (C.1)
exists. To characterize the solution of (C.1), define the Hamiltonian function H(B(t), u(t),u(t)) ==
Zszl e (t)di (Q(B(t))), where the costate vector pu(t) satisfies the transversality condition; that is,
w;(T) =0 for j#k and

B o

(1) = Qu(BU(T)) = (e~ (T)) (g s

(C.2)
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Note that the Hamiltonian is constant over time under the optimal solution, so we define a constant

~

h:=H(B*(t),u(t),u*(t)), t € [0,T]. This implies that for t =T, h = p,(T)d(Q(B"(T))) such that

—h=—_h . . . .
ue(T) — h I QET) h > 0. Furthermore, according to the Pontrygin Maximum Principle

(PMP), the costate variable must satisfy, for each j=1,..., K,

1) =~ (B (0. tt). (1)

= —Q(B; (1) (u;(t) = ).
Note that p;(t) cannot cross h; specifically, when p;(t) = h for some t, then fi;(¢t) =0 and hence

(C.3)

the costate variable is fixed to A till the end of the horizon, violating the transversaility condition.
Recalling the fact that pg(7") —h > 0, we have that p(t) —h >0 for all ¢ € [0,T]. Moreover, from
PMP, the optimal solution must satisfy that u*(t) = argmax,¢, 4{H(B"(t), u*(t),v)}. From the
fact that ug(t) —h >0 for t € [0,T], we deduce 7
QH(B(t)vu(t),v) = Adk(Q(B(t)))(uk(t) —h)>0. (C.4)
O v=u(t)  Byo+ B(t)
This implies that u*(t) = go for each ¢ € [0,7] and the desired result follows. To show that 7/ is
strictly increasing in §x o for gy 0 > gx, one may consider the minimization (instead of maximization)
in (C.1). Moreover, the above proof strategy can be easily adapted to prove the strict monotonicity
of 7 with respect to ¢ (considering the cases g, > gio and g, < gx o separately), py, Br.o, @5, 4j.05
pj, and B; o for j # k. We thus omit the details of these proofs for the sake of space.

It remains to prove that 7/ is strictly increasing in K. To this end, consider two nested markets
S% and SE*! and let 7 and 7™ be respectively the time-to-learn for product k in Sk and Sk,
respectively. Now, notice that Sk is equivalent to a (K + 1)-dimensional market Sk41 where the
price pg 41 of the (K +1)-th product is set equal to +00. Suppose now that & < K and let %,f“ be
the time-to-learn for product k < K in Sk; notice that 7 = 7K1 The desired result then follows
because, as we proved in the first part of the proof, 7} is strictly decreasing in px,; and we clearly
have 7€ = 75+ <751 This proves that the time-to-learn for product k is strictly decreasing in
K, and concludes the proof of Theorem 3.1. O

The following lemma will be useful for the proofs of our main theoretical results. For the proofs
for Section 3, one may apply the following lemma with zero search cost; that is, g(z) :=0 for all

z>1.
LEMMA C.1. Let q(t) = (¢i(t),...,4x(t)) be the vector of quality estimates in the fluid approzima-
tion in (3.3). Then, for any vector z = (z1,...,2x), 0<t, <ty, and any k=1,..., K, we have

2 dt
/t1 1+ Zszl e () —p;j—g(z;)

where the function ¢ (-) has been defined in (4.12).

= By o(qr — @k,o)ep’“Jrg(Zk)_q'“%Z)(Qk(751) — Qi Qi (t2) — ar), (C.5)



Maglaras, Scarsini, Shin, and Vaccari: Social Learning from Online Reviews with Product Choice

43

Proof of Lemma C.1. Using the definition of the demand function in (3.3), we obtain

to dt to .
/ — PeT9(zk) / e—fik(t)Bk(t) dt. (C.6)
4 1+ Z eqj (t)—pj—9(z5) t

The above equality holds for all k=1,..., K. Fix any k and notice that we can write

to . t2 —(ah—dn.0) B0 .
epk+9(2k)/ eék(t)Bk(t)dt:ePk+9(Zk)/ oIk T kTR 0By 6 By () By(t)dt
t1 3]
By (t2) ( N Bk,0
— epk+g(2k)/ ek~ U= k.0) By o F3 dzx
By (t1)
k(t2)=ar -y
= By.o(qr — G 0)ePk TICER) =0 / dy, (C.7)
dr(t1)—ax y?

where we used the substitution y = (qx — Gx.0) Bk.o/ (B0 + ) in the second equation. This completes
the proof of the lemma. [

C.2. Proofs for Section 4
C.2.1. Proofs for Section 4.2.

Proof of Proposition 4.1. First, we reformulate the platform’s optimal control problem, rewriting

it in terms of the vector of purchases B(t). Define Q(B(t)) := (Q1(B(t)), ..., Qx(B(t)), where

Qu(B(1) =0 — (s qko)zﬂ%

Then, we can see that solving (4.1) is equivalent to solving the following optimal control problem

m%ﬁlgl}lze Z Zz ZK/ 7Tz dk ()) )dt

subject to  Bj(t ):ZzEZK 7.(t)dr(Q(B(t)), 2)
> .., (=1 te[0.T).

Note that the quality estimate vector g(t) no longer appears in the above formulation of the plat-

(C.8)

(C.9)

oyl
1
>

form’s optimal control problem.
Having said that, we now prove that an optimal solution to (C.9) exists. Observe that the reachable
set at any time ¢ is bounded as By/(t fo Bk )ds < t for all k, and that the set of admissible

velocities

V(t,B)= {(Bl(t),BQ(t), o Be():0<m () SLVREP,Y . m(t)= 1} ,

is convex. The set V (¢, B) can indeed be seen as the set of all convex combinations of the vectors

dl(Ql(B(t)>Zl) dl(@l(B(t)7z2) dl(Ql(B(t),zK;)
da(Q2(B(1),21) da2(Q2(B(1), 22) da2(Qa2(B(), zk1)

zZEZK

0k (Ox(B(t).2)) \dx(Qx(B(t).2) dx (Ox (B(t), 2x0)
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Moreover, notice that By(t) < 1+ |B(t)| holds trivially as Bj(t) =3 m.(t)dp (B(t),z) is a
probability. In particular, this implies that the hypotheses of Theorem 5.1.1 of Bressan and Piccoli

(2007) are satisfied, and that there exist an optimal solution for (C.9).

z€Z

Now we proceed with the characterization of the optimal solution of (C.9). To do that, we define
the vector of costate variables p(t) :== (p1(t), ua(t),. .., ux(t)), which satisfies the transversality
condition ux(7") =0 for all k € Pg. The Hamiltonian function is defined as follows

K

H((0), B(t),p() = 7(t) ) (px+ () dr(Q(B(1)), ).

#€2K =1

An optimal solution is denoted by (B™(t),II*(¢), u*(t)). By the Pontryagin Maximum Principle

(PMP), we know that any optimal solution satisfies the first order conditions

T (t) = arg max e a2y H(IL B (t), 1 (1)) (C.10)
fi(E) = =5 = H T (1), B (1),0°(1) (€1)
k
Bi(t) = o —H(IT(t), B (1), (1) (€.12)
i
for all k=1,..., K. Moreover, the PMP guarantees that the Hamiltonian function, when evaluated

in any optimal solution (B*(t),II*(t),u*(t)), is constant over time, i.e., there exists h € R such
that H(IT*(t), B*(t),pu*(t)) = h for all 0 <t <T. In the remainder of the section, for notational
convenience, we omit the dependence from t. We now analyze the conditions (C.10), (C.11), and
(C.12) separately.

Condition (C.10). We can use the result of Lemma C.2 to find that, for all ¢ € [0, 7], we have

K
argmax e azx)y H(IL B",p") = argmax, . zx Z(Pk + 1) de(Q(B), 2).
k=1
Let p
Z =argmax,_zx Z(pk + 1) di (Q(B), 2).
k=1

Then, it is easy to see that any probability distribution such that

>0 ifzeZ,
I = B (C.13)
0 ifz& Z,

where ), . =1, is a candidate solution of (C.10). Moreover, by the the transversality condition,
evaluating the Hamiltonian in ¢ =T yields
K K
h =maxm ZzeZK Tz Zpkdk (@(T),z) =max.cz, Zpkdk(Q(T)a z)
= = (C.14)

=Y pedi(@(T), 20).
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Since the Hamiltonian is constant over the optimal path, from (C.14) we can conclude that
K K
Z Pr+ 1) di(Q(B), 2') =max, . zx Z(pk + ) di(Q(B), 2)
k=1 k=1
K
= " pdi(@(T), 20)) = b, (C.15)
k=1
for any 2’ € Z.
Condition (C.11). For j # k we have
0 A . . o -
5 (Q(B). 2) = ~dh(Q(B), 2)0,(Q(B). 2) 5 Qs (B).

0 A . . 0 -
9B, 4;(Q(B),z) = dj(Q(B),z)ﬂ—dj(Q(B),z))afBij(Bj)-

Then

0

K
0
aBjH(H’B’”)_ZZGZKﬂ-Z; pk"f‘:uk)

(Q(B), =)

K
X . o -
- { ONNLA(DRVARD B +uk>dk<Q<B>,z>] } (@(B).2550B). (€19
Plugging (C.13) and (C.15) into the above relation, we can see that, when evaluated over the optimal
path, (C.11) can be reformulated as follows

0

.k * * * * * 6 A * A *
ujz—aBjH(H B, pw*) =—(p; + 11 — h) B} — 9B, Q;(B;) =—(p; + 1 —h)Q;(Bj),

which, rewritten as —f5/(p; —h+p;) = Qj(B;f), can be integrated over [0, 7] on both sides to obtain

Py 125() = h+ (p; — h) exp [ Q5 (B} (7)) = Q3 (B; ()]

where we restored the explicit dependence on time. The instantaneous optimal ranking z(t) for

t €10,T] then satisfies

z<t>—argmaxz{h+ pi— ) exp [Qu(BL(T)) — Qu(Bi()] } d(Q(B (1),2).  (CT)

z€EZ K

The above combinatorial optimization problem can be seen as a MNLPP where the profit for product
k at time ¢ is pj,(£) = h+ (pp — h) exp [Qk(B,j (T)) - O(B: (t))]. Using Theorern 1 in Abeliuk et al.
(2016), we can show that the optimal any position assignment z* and the corresponding optimal

profit p* must satisfy the following condition for all ¢ € [0,T:

2, (1) <25, (8) == (pry (8) — p7) exp(Qu, (By, (1)) > (piy () — ) exp (@ (By, (1)) (C.18)
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Notice that the optimal profit p* for (C.17) is given by the value of the Hamiltonian function, which
is constant when evaluated over the optimal solution, i.e.,

K

p'=max >~ {h+ (=) exp | Qu(BLT)) — Qu(Bi(D)] } d(Q(B' (1)), 2) = b,

zZEZ
K4~

Hence, condition (C.18) translates into
20, () < 2, (1) <= (i, — ) exp | Qu, (B, (1)) = by | > (pry = B exp | Quy (B, (T)) iy |

Notice that the above condition implies that Z(t) = z,, and that the r.h.s. does not depend on ¢.
This implies that the above condition holds for all ¢ € [0, 7], which implies that the solution to the
optimal control problem is static throughout the selling horizon and assigns maximum probability
to the asymptotically optimal ranking z... O

C.2.2. Proofs for Section 4.3. For the proofs in Section 4.3, we use the asymptotics with
respect to the number of product K. Hence, most variables depend on K, but we suppress the
dependence to improve clarity.

The following lemma will be used for the proofs in this section.

LEMMA C.2. Consider the fluid model approzimation in (3.1), and define 11 as in (4.5). Then,
(4.6) holds true for all t > 0.

Proof of Lemma C.2. Recall that 7,(t) :=P(o(t) = z). Then,

= ZZEZK 72 (t) Zpkdk(Q(t)a z).

Suppose that there exists zZ € Z such that Zkl,(:lpkdk(Q(t),z) < Zi{:lpkdk(Q(t), z) for all z € Zk.

Eng [ZPkdk(Q(t)a I1(2))

Then, since }__., 7.(t) =1 for all ¢, we have

ZZGZK m2(8) Y pedi(@(t),2) <Y prdr(@lt), 2) ZZGZK m.(t) =Y pedr(a(?), 2),

which gives the desired result and concludes the proof. [

LEMMA C.3. Suppose that Assumption 4.1 holds. Fiz a quality configuration Q¥ € QK and consider
k# 1. Then, under the greedy policy, there exists s >0 such that (i) ¢1(s) = G (s), (i) ¢1(t) < @x(t)
for all t <s, and (ii1) ¢ (t) > G (t) for all t > s.

Proof of Lemma C.3. By Assumption 4.1, we have that ¢;(0) < gx < g1 If gx < §,(0), then the

desired result immediately follows from the fact that §x(t) and §,(¢) are monotonically decreasing

and increasing, respectively. Therefore, it suffices to consider g > 1. (0). We consider two cases: (i)

Gx(0) > 1(0) and (i) ¢x(0) < ¢1(0).



Maglaras, Scarsini, Shin, and Vaccari: Social Learning from Online Reviews with Product Choice

47

In case (i), toward a contradiction, suppose that there exist multiple crossing points. This implies
that there exist s; < s, < s3 such that ¢;(s) = gx(s) for s = s1, 82, s3. By construction, it follows that
Gr(t) > G, (t) if and only if t € [0, s1) U (s, 53). By continuity of the paths, we have that g (s1) < G1(s1)
and (jk(sg) > él(sz). Let ¢1 :=Gx(s1) =¢i(s1) and @2 := @x(S2) = G1(sk).

From (3.3), it can be seen that ¢;(t) = %

By (t) > By(t) because B;(t) = d;(q(t),z(t)) for any j=1,...,K, where d;(-) is defined in (2.3)
and G, (t) < qx(t) and g(21(t)) > g(zx(t)) under the greedy policy. By the continuity of the path, we

for any j =1,..., K. Also note that for ¢t < s,

deduce that By(s1) > By (s1). Combining these observations, we establish

(n —q@)? S ¢ —G:1(0)

(s —@)* " g —Gu(0) (C.19)

G (t) > qu(t) =

Likewise, it can be seen that, for t € (s1,s2), Bi(t) < B, (t), because G¢i(t) > Gr(t) and g(z1(t)) <
g(2(t)) under the greedy policy. By continuity, we have By(s,) < Bi(s,). Combining these obser-
vations, we deduce that

—7,)2 —4
(¢ ?2)2 < G qu(O). (C.20)
(@ = @2)* ~ ar — qr(0)
However, f(x)=(q1 —x)/(qx — x) is increasing with x € [0, g]. Therefore, (C.19) and (C.20) lead to

Q) < @u(t) =

a contradiction from the fact that q; < gs.

In case (ii), multiple crossing implies that there exists at least two switching points, s; < sa,
such that §.(t) > ¢1(¢) if and only if ¢ € (s1, s2). First, suppose that ¢; — §1(0) < gx — ¢x(0). Recall
that ¢;(t) = % for any j=1,..., K. Under the greedy policy, B;(t) > By(t) for t < s,
because B;(t) =d;(q(t), z(t)) and ¢ (t) > ¢x(t) and g(z1(t)) < g(2x(t)). Combined with the fact that
G —G:1(s1) =q1— @1 > qr. — G = qx — Gr (1), we have G (t) > (jk(t) for ¢ sufficiently close to, but smaller
than s;. This leads to a contradiction because near the crossing point s;, ¢x(t) must be increasing
faster than ¢ ().

Now, suppose that ¢; —§(0) > g — G(0). Observe that
Bi(s1)(q — @)? < Bi(s1) (g — @)

Chi—qu(O) t @ — Gx(0) (C.21)

(0 —q)? <O 4:(0)
(@ —@1)* ~ ax — 4x(0)

61(31) < ék(sl) —

—

Y

where the second line follows from the fact that B (s;) > By(s;). However, observe also that

(n—q1)? S Q1 —q1 S ¢ —¢:1(0) S ¢ —G:1(0)
(e —0)? " @—a @—G(0) " g —qr(0)’

(C.22)

where the first inequality follows from the fact that (¢ — q1)/(qx — @1) > 1, the second follows from
the fact that f(z) = (¢1 — x)/(qx — ) is increasing with z € [0,¢;], and the third follows from
the construction that ¢;(0) > ¢(0). Comparing (C.21) and (C.2.2) leads to a contradiction. This

completes the proof of the lemma. [
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For j > 2, define s; :=inf{t > 0:¢,(t) > ¢;(¢)}. If G1,0 < §j0, then there exists a unique crossing
between ¢, (t) and ¢;(t) by Lemma C.3 and s; € (0,00). If §1,0 > g0, then we have s; =0.

LEMMA C.4. Suppose that Assumption 4.1 holds and fix j > 2 such that ¢, o < §;0. Then, under the

greedy policy, for each j >2, ¢1(s;) = q; as K — oco.

Proof of Lemma C.4. 1In this proof, some variables depend on the quality configuration Q*
but we suppress the dependence in function arguments for clarity of exposition. Without loss of
generality we assume that s, > s3> -+ > sg; the proof can be easily extended to general cases by
re-indexing products. In what follows, we consider two cases: (1) ¢;(0) > ¢; and (ii) ¢;(0) < g;. (If
4;(0) = g;, then the proof would be trivial since §;(t) = ¢; for all ¢ >0 such that ¢;(s;) =g¢;.)

Case (i). Suppose that ¢;(0) > g;. Towards a contradiction, assume that the iminfx_,.. §;(s;) >
q; + ¢ for some £ > 0. From (3.3), it follows that as K — oo,

limsup B;(s;) :Bom. (C.23)

K—oo 3

Since ¢;(t) € [0,1] for all j, observe further that

B S5 e(i] (t)—p—g(zj (t)) d
J( J) /0 1+ leil edi(t)—p—g(= ()

85 1 1+ edi(®)—p—g(z:(t)) 1
:Sj—/ . ( 2i T 4 (0 —p—g(=:(1)) dt
o 143K ea-p-gta() > s el i
85 1 14 e—P—9(z:(1) 1
<8 _/ K - ( Z —p—g(z;(t)) dt
o 1+ 35 edr®-p-g((0) > Je i

1 ) —p—g(i—1)
=5 _Z/ K - <1+Zz<ke_p_g(i) +)dt
1+ 217 edi(t)—p—g(z (1)) Zbk e

Sk41

Q1 q1.0) R 145 e9k)—gli=1) 1
% Z¢ (k1) — 1,41 (sk) — q1) ( %Kk e9(k)—g(9) )
i>k

(C.24)

where the inequality follows by replacing §;(t) € [0,1] with zero in the numerator of the integrand.

We deduce that

s —§ R 14+ —9(i=1)
B2 By(s;) + IOZw G1(s641) = @1, G2 (58) — @1) % <k> a(i) :
0 z>l<:

=Jj

Note that the last term in the preceding equation can be bounded as

, k—1
145", e9(k)—gli=1) i
( Rt R ED SEL R LA (C.25)

=2
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where the first inequality follows from the fact that g(i) > g(i — 1) and by dropping positive terms.

To find a lower bound of s; in a more tractable form, observe that

© .
R A 145, e9R)—g(i=1)

> (G (sk41) — a1, @1 (sk) — q1) ( %5’“ 09(k) =g (i)

py >k

> Zw(dl(sk-i-l) —q1,41(sk) — ql)(eg(k:) —1) -
k;iﬁl,o—ql K
= (Go—01)? kz_;(q}(s;c) — G (841))(€7® — 1),

where the last inequality follows from (z1,25) = f;f e Y/ y?dy > e *2 f;f 1/y*dy for x; < xy < 0.
Furthermore, there exists a constant ¢ such that §;(si) — ¢i1(sgs1) > ¢/ K for all k < K; otherwise,
ZkK:j((jl(sk) — G1(Sk+1)) = Gq1(sj) — G1(0) = 0 as K — oo, but this would lead to a contradiction
to the fact that §,(s;) — ¢1(0) > ¢; — ¢:(0) > 0 by Assumption 4.1(c). Let Gi(n) =Y ,_ e 9%
and Gy(n) == >, _, 9%, The preceding observations imply that s; = Q(Go(K)/K) as K — oo.
Furthermore, since z;(t) < j for t <s; and ¢;(t) € [0,1], it can be seen that there exists a constant
¢ >0 that is independent of K such that

. edi (1) —p—g(z;(t)) c

d(a(t). z) = 14008 eai®=p=g(z() = +el-rG(K)’

(C.27)

from which we deduce that d,(g(t),z) = Q(1/G1(K)) as K — oo for any z, and therefore, we have

Gq(K)

B;(s;) :/Osj d;(q(t), z(t))dt > Q <KC¥1(K)> —o00 as K — oo, (C.28)

where the inequality follows from (C.27) and the fact that s; = Q(G2(K)/K) as K — oo and the
limit follows from the definitions of G;(-) and G5(-). This leads to a contradiction to the assumption
that limsup,_, . B;(s;) < Bo(G;(0) —g;)/e < oo for some € > 0.

Case (ii). Now suppose that ¢;(0) < g;. Note that if §;(0) < ¢;(0), then ¢;(t) < ¢ (t) for all ¢ such
that there is no crossing point between ¢, (t) and ¢;(t). Hence, it suffices to consider ¢;(0) € (41(0), g;)-
Note that, without loss of generality, we may assume that §;(0) > G,(0) 4 ¢ for an arbitrarily small
§ > 0 for each configuration Q¥, K > 2. (If this is violated for some K, then we may consider a
subsequence K; < K, < --- for which the condition ¢;(0) > ¢;(0) + ¢ holds for all K,,, m € N.) The
rest of the proof follows from the same logical steps as Case (). To avoid repetitions, we only remark
that in (C.26), there exists a constant ¢’ > 0 such that ¢(sx) — ¢1(sg+1) > ¢’/K for all k < K;
otherwise, Zszj G1(sk) — q1(sk4+1) = G1(sj) —q1(0) — 0 as K — oo, which violates the assumption
that ¢i(s;) > §;(0) > §1(0) 4+ 6. This implies that s; = Q(G2(K)/K) as K — oo. Using (C.27) and
(C.28) once again, we derive a contradiction to the assumption that B;(s;) < co. This concludes

the proof of the lemma. O
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Proof of Proposition 4.2. TFor simple exposition, we fix Q% € @ (n) and suppress the argument

n. For the greedy policy, the revenue over time horizon [0,7] can be characterized as

/ Zd )dt=T / 1—Zd
o (T fsj-fl B(t)e” At (C.29)
_|_fT By (t)e~t1+r+a(l) q¢
$2

_ By 5 P eg(j)¢(4?1(3‘+1)6]1,@1(8‘)Q1)>
=T —2q, — j=2 AN ! J )
vy (@1 = d10) ( +e9M1p(G1(s2) — q1, 41 (T) — q1)

For the optimal policy, using the similar logical steps, one can show that

R B . s
p =T— To(ql q1,0) (eg(l)w((h,o —q1,4;(T) - (h)) : (C.30)

Combining these expressions, we deduce

Ko@) ah(d (g .) — A(g.) —
R RS B (¢1 — Gro) ijze w(fh(sj—&-l) 6{1,6]1(3]) )
Tp T _ 0 11)1 0 +eg(1)¢(Q1(52)_Q1aQ1(T)_Q1) : (0'31)
—eg(l)¢(Q1,0 — {1, QT(T) - 91)

Recalling the definitions of the regret R :=limy . {R; — RS}, and using Lemma C.4, it follows

that as K — oo,

B K
Re(Q) ~ Bop(g1 = G10) Z (99 —es W) ), (C.32)
j=2

where ¢; is defined in (B.6).
Since the (asymptotic) regret, characterized in (C.32), does not depend on the prior belief §; ,
j #1, it suffices to consider the quality configuration such that §; o = ¢; for each j # 1. That is, we

may restrict our attention to the set of quality configurations QF C Q% (n) such that

= {(q,fzo)

To show that Re(Q) for Q € QK is increasing with ¢; <1 —n for j # 1, consider Q = (q, q,) € Q¥
and Q' = (q',q;) € QF such that ¢; > ¢j forall i=1,..., K and g; > ¢} for some j # 1. From (C.32),

7 <1 and ql—n:quqSZ---ZqKZO}, (C.33)

G10=0 and ¢jo=¢q; for j>1

under the configuration Q)’, the regret can be written as

K

By(
mG(Q/) 0 qu Z eg(J) eg(l) j as K—)OO, (034)

where ¢/ is defined in (B.6) with g; being replaced by ¢j for each j # 1. Furthermore, observe that

S )  (090) 0D o N () oy [ [T € 0o
Z —e’ j—Z(e‘” —e’ )qﬁj:Z(e‘” —e?W) / 2dy—/ ?dy >0,
q

. !
j=2 j=2 j=2 45+1 41
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where the inequality follows from the fact that g; > ¢ for each j # 1 with at least one strict
inequality. Thus, we deduce that R¢(Q) > R®(Q’). Finally, note that the limit in (C.32) is increasing
with ¢;. Therefore, we establish that for sufficiently large K, the regret in (C.32) is maximized in
configuration QX (n) € Q. This concludes the proof of the proposition. [

Proof of Theorem 4.1. Define ¢ :=1)(—q1,1 —n — q,), where the function 1) is defined in (4.12).
Let s be the switching time such that ¢;(t) > 1 —n if and only if ¢ > s. We fix Q = Q¥ (1) defined
in the statement of the theorem and suppress Q¥ in function arguments for simple exposition. We
prove the result in two steps. We first derive the expression for the regret in (4.13). Then, we prove
the properties of the function IME (n).

Step 1. To derive the revenue for the greedy policy, observe that

RS Z/ @ dt_/o dy (G(t dt+2/ (q(2), 2(t)) dt . (C.35)

A1 A]

It can be checked that

AlZ/Sdl(é(t),Z(t))dH/ dl(é(t),z(t))dt:Bol_”+/ dy (G(t), z(t)) dt. (C.36)

Also, for j # 1, we deduce from Lemma C.1 that
s T
A= [ a0+ [ a0
0 s

s T
:e%‘—P—g(j—”/ By (t)e 11®0+p+o(K) dt+/ d;(q(t),2(t))dt (C.37)
0 s

B _ . T
:ﬁvjeg“)*g(f*lw / d;(q(t), z(t)) dt.

U

Combining these into (C.35), we deduce

G B
Re _pl-n, 0¢Z K)gjl)_|_2/ (40, 2(1)) dt. (C.38)

p

To derive an expression for s, observe that
1— s ed1(t)—p+g(K)
Bi(s) = By— / dt
n o 1+ Z e'In (t)—p+zn(t)

s 1+Z , €% 7P 9(j—1)
_/0 1+Z eqn —p—zn(t)

dt

, (C.39)
—(1+ Zeqrpfg(jfl)) / Bl(t)eﬂh(t)ﬂwg(K) dt
; 0

K _
—(1+ Zvjefg(jfl))@eg(m,
=2

(%1
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from which we have

1— K By
s=By— 1 ¢ <1 + Zvje—g“—”) 0T oK), (C.40)
n

j=2 U1
To derive the expression for the optimal revenue, one may follow the similar steps as above, from

which it can be seen that

IZT B0 0 Bv“bzvegﬂ J>+Z/ Z*(t)) dt. (C.41)
1 j=2

Also, the switching time s* can be written as

(1—I—Zv e_g(”> BoS ) (C.42)

Finally, since s* < s and d;(§(t), 200) = d;(§*(t — 5 + 5%), zo0) for all ¢t > s, it follows that the

s*B

revenue under the greedy policy during [s,s + u] is identical to the revenue under the optimal
policy during [s*,s* + u] for any u > 0. Furthermore, observe from (C.40) that s — oo as K — oo.
Therefore, it can be easily seen that §;(t) ~ ;(t) ~ q; for each j #1 as K — oo, and hence that the
instantaneous revenue ijil d;(q(t),z(t)) szjlil d;(q*(t),z*(t)) ~re as K — oo for t > s. (The
constant 7., depends on K, although we suppress the dependence in notation.) Recall the definition

of the regret R® :=lims_, . {R% — R$} and it can be seen that, as K — oo,

Re 1) 1)
~ oo (s +p¢ v; eI(M—9() _ Pd’ v; I(K)—9(j—
Bolon Z Z

3 (1+Zj=2%’eg(m_g(]_l))_ Z < ;000=90) .
(1+Z]I,(:2'Ujeg(1)_g(j)) +pd) Z eg(K) g(5—1) .

:TOO

B (e’](K) — e’J(l))+
=\ (p—r) (Zfzz ORI Ujeguofg(jfl)) )
where the first equality follows from (C.40) and (C.42). Using the fact that ro = (p —
rOO)EJ Lvjexp(—g(j)), we further deduce that

K _ .
mG N(Z)( oy ) (eg(K) _eg(l))Zj:1 ije g(])+
Boju, PP TR SO pesal) K4 eatK)=gG-1
j= j=
- 2112 v;(e9K) =900 — ca(K)—a(i-1)) (C.44)
=¢p—re) | 7 FoyesF)—a(D) _ 4y

=o(p—7w0) (eg(K) - 1) (v1 — vg),

where the last equality follows from the fact that g(1) =0 and v, = v3 = --- = vg. Therefore, we

obtain the desired expression by letting IME (1) == ¢(p — 70 ) (v1 — v2).
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Step 2. We show the properties of 91X () stated in the theorem. For simplicity, let h; := e P~9()

and hy =3, e P790~1_ To show that ME (n) is quasi-concave in 1, observe that

S etir9G-1) 1
=P < Il{ q;—p—g(i—1) =p(1- K qj-p—9(G-1) |’ (C.45)
1+Zj:1eJ 1+ijle]

j#1

T'oo

from which we deduce that p— 7., =p/(1+eh; +e*~"hy). From the definition of ¢, it is easy to see
that ME (n) is non-negative, continuous, and equal to zero for =0, 1. To show the quasi-concavity,

recalling the expression IME () = @(p — roo) (V1 — vy), it suffices to check that

~K( e_elfn

m= 1+ehy +el="h, (C.46)
is quasi-concave for n € [0,1]. To this end, observe that
OM* (n) _ _el7(1+ehy +ehsy) <(e —e" (1 +ehs +ehy) e gE) (C.47)
on (1+ehy +e'="hy)? \ (1+ehy +el="hy)el=m (1 —n)?
Note that the sign of M (n)/dn is determined by that of
1—
740 = @iﬁfiiﬁfhz(gf?) 1 inn)Q —¢ (C.48)
After some straightforward algebra, one can deduce that
0Z% (n) :i <2(1+eh1+el_"h2)(el_”—qe)) ' (C.49)
on n3 (1+ehy +ehy)el—n

Since e'=" — ge > 0 for all n € [0,1], we deduce that dZ% (n)/dn > 0. Since Z¥(0) < 0, we obtain
that there exists some 7 € (0,1) such that Z¥(n) < 0 if and only if n < 7. This, in turn, implies
that dM* (n)/0n > 0 if and only if n < 7. These observations imply that M* (n) is quasi-concave in
n € [0,1], which completes the proof of the theorem. [

Proof of Corollary 4.1. The proof of the corollary follows from the expression of the regret in
(4.13) and will be omitted. O

Proof of Corollary 4.2. Recall from the proof of Theorem 4.1 that maximizing 9ME (n) over n e
[0,1] is equivalent to maximizing M* (n) defined in (C.46). Note that M*(n) < (e —e'~")¢ and
¢ =1(—1,—n) does not depend on K. Therefore, it is easy to check that MK(n) is uniformly
bounded in the sense that there exists a constant M < oo such that M (n) < M for any n € [0,1]
and K > 2. This implies that the sequence {M*(-): K > 2} is uniformly convergent to M>(-), and
therefore, the maximizer nX = arg maxne[O’l]{MK ()} also converges to 12° = arg max, (o ) {M>(n)}

as K — oo; that is,
Re(QF (12.))

R (QE () —1 as K — 0. (C.50)
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Further, we have from Proposition 4.2 that as K — oo,

Ne ™ N (QE ()
RE Re(QK (nk))
_ Re(QH(02°)) R (I (1)) Mo (QF (12°)) (C.51)
Re(QE (%)) Re(QET () Re(QE(nE))

The second and third terms on the right-hand side of the preceding equation converges to one as

K — oo by (C.50). Thus, the desired conclusion follows by applying Theorem 4.1, which concludes
the proof of the theorem. [J

C.2.3. Proofs for Section 4.4. As in Section C.2.2, we use the asymptotics with respect to
the number of product K for proofs in this section. Hence, most variables depend on K, but we
suppress the dependence to improve clarity. Moreover, we adopt the notation sk <sg <--- <59

introduced in Section C.2.2. The following lemmas will be useful in proving Theorem 4.2.

LeMMA C.5. Suppose that Assumption 4.1(a)-(b) hold. Fiz a quality configuration Q¥ € Q¥ and
consider k < K. Then, under the semi-greedy policy with u < u, there exists s > 0 such that (i)

G1(s) = qr(s), (i) qi(t) < @e(t) for all t < s, and (iii) Gi(t) > Gi(t) for all t > s.

Proof of Lemma C.5. Note that the implied belief process G, (t) satisfies Gy (t) = %(qk —
(1)), just like the original belief process which satisfies ¢ (t) = %(qk — qx(t)). For this

reason, the proof of the lemma follows immediately from that of Lemma C.3 with the belief process

{Gx(t) : t >0} replaced by {qx(t) :t > 0}. We omit the detail of the proof to avoid repetition. [

LeMMA C.6. Suppose that Assumption 4.1 holds. Fix j > 2 such that ¢;(0) < G;(0). Then, under

the semi-greedy policy with w<wu, ¢1(s;) — ¢; as K — oo for each j > 2.

Proof of Lemma C.6. In this proof, we assume that ¢;(0) > g¢;; the case with ¢;(0) < ¢; follows
from identical steps and will be omitted to avoid repetition. Moreover, some variables depend on
the quality configuration @ but we suppress the dependence for clarity of exposition. Define s, :=
inf{t > 0:¢G(t) > q;(t)}, which is well defined by Lemma C.5. Without loss of generality, we let
S9 > 83> -+ > sg; the proof can be extended to general cases by re-indexing products.

Towards a contradiction, assume that liminfg . §;(s;) > g; + € for a sufficiently small ¢ > 0.

From (3.3) and the fact that ¢;(t) = ¢;(t) +u/(B;(t) + By), it follows that
_ Bo(4(0) —¢;) +u

lim sup B;(s;) (C.52)
K—oo €
Taking K — oo on both sides of inequality in (C.24), we deduce that
55 5 (45(0) = g) +u/Bo
Bo i (C.53)
q — 4. d . . 145 e9(k)—gli=1) 4 ‘
+ 1@7110 Z¢(Q1(Sk+1) —q1,G1(s1) — q1) ( %ZZ co(k)—g(i) .

k=j
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We can find a constant ¢ such that §;(sx) — Gi(sks1) > ¢/K for all k < K and K > 2; otherwise,
Zf:j (G1(sk) —G1(Sk+1) =G1(85) —¢1(0) — 0 as K — oo. This leads to a contradiction because ¢; (s;) —
d1.0 > q; — {10 and g; is the jth largest quality in configuration @, which can only increase with K.
Now, from (C.26) and the fact that ¢;(si) — G1(Sk4+1) > ¢/K for all k < K and K > 2, the third term
on the right-hand side of (C.53) increases to oo as K — oo. This implies that s; = Q(G2(K)/K)
as K — oo, where Gy(n) = Y_1_ /™. Furthermore, d;(g(t),z) = Q(1/G,(K)) by (C.27), where
Gi(n) =Y, _, e 9" Therefore, we have

Bj(s;)= /Sj Jj(i](t),z(t))dt >Q (GQ(K)> —00 as K — o0, (C.54)
0 KG\(K)
where the limit follows from the definitions of G(-) and Ga(+). This leads to a contradiction to the
assumption that B;(s;) = (Bo(¢;(0) — ¢;) +u)/e < oo for fixed € > 0. This concludes the proof of
the lemma. [

Proof of Theorem 4.2. We prove the theorem in three steps. First, we prove that Q% (n) is asymp-
totically the worst-case configuration in Q% (n) as K — oo. Second, we characterize the regret in
the configuration QX (n) to (4.20). Third, we prove the properties of the function M (n,u) defined
n (4.20).

Step 1. We show that QX (n) is a worst-case configuration in Q% (n) asymptotically as K — co. The
proof of this step follows from exactly the same logical steps of that of Proposition 4.2. Concretely,
note that the expression of the revenue under the semi-greedy policy is equivalent to the right-hand

side of (C.29). Thus, from (C.32), it can be seen that as K — oo,

pBo

K
Rse(Q) ~ —G1) Z 7 — J¥(G10— @145 — @), (C.55)

where we use the fact that ¢;(s;) = ¢; as K — oo (Lemma C.6). Since the regret characterized on
the right-hand side of (C.55) does not depend on the prior belief §; ¢, j # 1, it suffices to consider
the quality configuration such that ¢, = ¢; for each j # 1. That is, we may restrict our attention to
O c 9F  where QF is (C.33). Note that Rsg(Q) in (C.55) has the same functional form as R¢(Q)
n (C.32). Thus, using the same logical steps as in the proof of Proposition 4.2, one can establish
that QX (n) € QF maximizes the regret for sufficiently large K.

Step 2. Fix Q% = QX (n). First, we derive the expression for the T-period revenue under the semi-
greedy policy. Define 7 :=inf;{q;(t) > ¢2} and 7 :=inf;{¢,(¢) > ¢2}. By definition, 7 < 7. Observe
that

SG T
szz / d;(q(t), (1)) dt = / d(d(1) dt+Z / i(4(t), 2(t)) dt. (C.56)

Aq AJ
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For k=1, we have

Q>

T T 1oy T .
Al_/o dl(q(t),z(t))dt—i—/T (). 2(0)dt = B +/T dy((t), »(1)) dt. (C.57)

For k # 1, observe

where
/ d;(G(t), z(t)) dt = e¥ —p—9(i—1) / B1 (t)efé1(t)+p+g(K) dt
0 0

. e K)fg(jfl)'lp(qu,O_q17qu(7Z1)_ql)
1

Bav.: .
= ﬂeg(l)fgu)l/}(@l (F)—ai,1—n—q).
Furthermore, observe that at t =7

(Gr0—q1)Bo+u

(Gro—q1)Bo+u
B, (7) + By '

¢+ =¢1(7) <= Bi(7)+ By = ) —a (C.58)

Lemma C.6 implies that ¢;(7) = g2 =1 —n as K — oo, from which we obtain that as K — oo,

. U
% -
w0 e B e TR, .59
— gy — (I-n—q)u (C:59)
? (Gro—q1)Bo+u’

Combining these into (C.56), and recalling that ¢, 0 =0 and ¢, =1 in configuration QX (n), we

deduce, as K — o0,

RS 1-n [T
BBt Ty [ daam)ar
P ~J
Zv T %( 15 ) (C.60)
= BO —Uu
By & nB
0 V—qg(j 0
+ = v.e9M)—9() (_ — ) )
o JEQ J d) BO —u n

To derive an expression for 7, observe that
T ed1(t)—p+g(K)
B1 (7’) :/ dt
o 14+ Z e‘hl(t —p+zn(t)

7 1_|_E._2eqj—p—g(j—1) T _|_Z e —P—9(5)
:T—/ J= )dt—/
0 7

1+ fo:l eln () —p—2n(t 1+ Zn eln () —p—2n(t)
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Thus, the second and third terms satisfy, as K — oo,
7 K aaj—p—g(-1) K 7
/ LT Z 27 dt=(1+ Zeqrp*g(jfl)) / Bl(t)e*‘h(t)“’*g(m dt
0 1 + Zn eQn —p—2zn(t) T 0
K
-1 e—9(i—1)) 20 1. 0
( + JZ; 'U]e ) o 1/) ) BO —u ’
T 14 , el P=90) R
/ 1+ZZ — (t) 1_‘_Zeq1 —p— g(] / B1( )efq1(t)+p+g(1) dt
F nel edn Zn
. B eg( ) 7]B
=(1 PR 6) A by A o ).
Combined with the fact that By(7) = By 1;", we have that as K — oo,
1-7 XK: (G—1) Boeg(K) nBy
L. Ny G B
0 'I’] ( = J ) /Ul /l/} BO —u
(C.61)

. BnedD
+(1+Zv'e*9(”) o°

S ;w _ nBo _
=t v By—u' ")
Jj=2

To derive the expression for the optimal revenue, one may follow the similar steps as above, from

which it can be seen that

b

R; 1—n  Be(—1,-1) — o [T
T :BO ; n + 01/’(” 77) E Ujeg(l)*g(ﬂ) + § / dj(é*(t),z*(t))dt (062)
1 j=2 j=1Y7"

Also, the switching time 7* can be written as

1—
T*:BO

T4 (1 +§;vje-gm> B‘W(;l’_")eg(”. (C.63)

Since 7 < 7 and d;(G(t), z00) = d;(G*(t — T + 7*), 20) for all ¢t > 7, it follows that the revenue
under the greedy policy during [7, 7+ s] is identical to the revenue under the optimal policy during
[7*,7* + 5] for any s > 0. Furthermore, observe from (C.61) that 7 — oo as K — oco. Therefore, it can
be easily seen that g;(t) ~ §;(t) ~ q; for each j # 1 as K — 0o, and hence the instantaneous revenue
Zﬁil d(q(t), z(t)) ~ Z;ich(q*(t),z*(t)) ~ 7o as K — oo for t > 7. (The constant 7., depends on

K, although we suppress the dependence in notation.) Recalling the definition of the regret SR5¢ =
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limy o { R} — R5°}, we have as K — oo,

. ( +Zj o VeI =90 )w( ,—];’OBOH)Jr
Rse <
~ T eg(l) 'U eg(l g(])) ( ’/BO _ )
By /i +Z Bo—u’
(egu) + K vjes)- gm) W(—
K
P(—1,-n) Zj:2vjeg(1) 9(d) _
+p 'l/} ( ]_ _BnOBOu) ZJI{:Q rUjeg(K)_g(j_l)_
K _ .
" (_ gOBou,_n> S vjed(D=al)

Y(-1, ;17) Zj}? Uje”(l):(j)f 1 Ky (21, —é’fj’u> +
= (pra) | ¥ (LB ) S0 | ) -
K —o(i o—u’
(C.64)
To simplify the expression above, note that 7o, = (p — o) Z]K:1 v;e790) from which we deduce that,
as K — oo,
RE nu K o as o
BO;S;I ~(p—roo)t <_1’ —n— o u) <Z v;edF=9l=1) _ Zvjeg(K) 9(9)
j=2 j=2 (C.65)

— oo (1m0 <),

where we use the fact that 7o —r.« — 0 as K — oc.

Step 3. We prove the properties of the function 9 (n). The non-negativity and continuity of
IME.(n) is trivial from the definition in (4.20). Moreover, note that 9 (n) in (4.20) differs from
IME () in (4.13) only by the terms ¢ (—1, —20) and )(—1, —n). From the chain rule, we have

Bou

0 nBy _ B, 0
" <_1’_Bo—u>_Bo—uan (=L, (€69

from which we deduce that 9 (n) increasing in 7 if and only if ME (n) is increasing. Combined
with the fact that R|E(n) is quasi-concave, the preceding observation implies that RE;(n) is also

quasi-concave. Lastly, the relation RE () < RE (n) follows from the fact that ¥(a,b) = fa r - dy

and that ¢ (-1, — "OBO ) is the integral of the function 5 over the smaller interval than ¢ (—1,-n).
This completes the proof of the theorem. [

Appendix D: Derivation of the Fluid Approximation

The derivation generalizes to the multi-product case the approach of Crapis et al. (2017). Con-
sider a sequence of systems indexed by m =1,2,..., where the m-th system describes a market
where consumers arrive according to a Poisson process with parameter A™ = mA. The symbols

L (t), Dy (t) and Bj*(t) denote the numbers of likes, of dislikes, and of purchases for product k
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before time ¢ in system m, respectively. The corresponding scaled state variables for product k are
denoted by I(t) = (L (), D (1)) = (L () /m, D (t)/m) and I"(t) == (I (6), I (2), ..., TR (1))
is the total information available at time ¢ in the m-th system. The following lemma establishes
that, if the arrival rate of consumers grows unbounded, there exist two deterministic processes Ly (t)
and Dy (t) that approximate with arbitrary precision the scaled state variables Ly*(t) and D}*(t). In
particular, defining By (t) := Ly (t) + Dy (t) and i (t) = (Ly(t) + Lx,0) /(B (t) + By0), this determin-
istic approximation allows us to describe the learning trajectories as the continuous time solution
q(t) = (4:(t),qa(t),--.,dx(t)) of the ODE (3.1).

LEMMA D.1. For every t >0 and every k=1,...,K we have supy<,<, |Ly'(s) — Ly(s)] = 0 and
SUPg<,<; |D}(s) — Di(s)] — 0 for n — oo almost surely. Moreover, for allk=1,..., K, the processes

Li(t) and Dy (t) are deterministic and satisfy the differential relations

Li(t) = A P(ri(t) = L| I(t) = Adi(@(1)) (D.1)
Dy(t) = A P(r.(t) = D | I(t)) = Adw(@(t)) (1 - a), (D.2)

where I(t) = (I1(t), I5(t),...,Ix(t)) and I (t) = (Ly(t), Di(t))-
Proof of Lemma D.1. The proof consists in verifying the conditions of Theorem 2.2 of Kurtz
(1977/78). First, observe that I"™(t) € {z/m | z € Z2X}, where Z% denotes the d-dimensional integer
lattice. To validate the remaining hypothesis of the theorem, we first need to show that the scaled

number of likes and dislikes L}*(¢) and D}*(t) can be expressed as a suitable Poisson processes with

time-dependent rate, and then we must prove that the following inequalities hold

V() <TY(L+|z]), 0 (z) <TP(1+]z|), (D.3)
(@) =y W) <Tlz—yl, (@) =y )| < T2z —yl, (D.4)

for some positive constants I'l, TL T'P and I'?, and for all k € Pg for all z,y € R?K.

We define, for k € Pk, the following functions:

(LX) =P(re(t) = LII(t)), 7 (I(t):=P(re(t)=DI]I(t)),

Furthermore, let A™ be a Poisson process with parameter A™ and let N} (a), NP (a) be independent
Poisson processes with arrival rate a. Then we can write:

_ 1 rt _ 1 t _

Ly (t) = / 1{r(s) = L| T™(s)} dA™(s) = — N} (Am/ P(ri(s) =L |T"(s))ds), (D)

m J, m o

where in the last equality we used a Poisson thinning argument to replace the counting process of
consumers who liked product k with a Poisson process whose arrival rate is proportional to the prob-
ability of observing a like for product k. Similarly, one can show that D} (t) = L N? (Am fot P(ri(s) =
D] Im(s))ds).
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It remains to prove the inequalities (D.3) and (D.4). Since 7 and v} are probabilities, the
inequalities in (D.3) hold with ¥ =T =1 for all k € Px. Moreover, from (D.1), we observe
that 7 depends on I(t) only through the quality estimates ¢ (¢),da(t), ..., qdx(t). We now show
that the quality estimate G (t) = (Lx(t) + Lxo)/(Bk(t) + Bko) is Lipschitz continuous in I(t). In
fact, since G (t) does not depend on L (t) and Dy(t) if k # it is trivially Lipschitz continuous in
I (t) = (Li(t), Di(t)) if k # i. Moreover, defining 1(t) = (Ly(t) + Li0)/(Bi(t) + By,o) and I}.(t) =
(L3, (t) + Lio) / (Bj,(t) + Br.o), for all I.(t) = (Li(t), Di(t)) and I;(t) = (L (t), Dy (t)) we have

Li(t) + Lo Lj(t) + Lo _ ‘ (L (t) + Li,0)(Dy,(t) + Dy o) — (L3, (t) + Li0) (Dy(t) + Di o)
By (t)+ Bro Bj(t)+ Bko (By(t) 4+ Bk o)(Bj.(t) + Bro)
Dj,(t) + Dyo) = (L5, (t) + Li0) (D (t) + Dro)
(Bi(t) + By,o) (B (t) + Byo)
(

‘(Lk( )+ Lio)(

)
N (L3,(t) + Lio)(Dy,(t) + Di o) — (L. (t) + Lio) (Di(t) + Dio)
(Bi(t) + Bo)(By(t) + Bko)
1—1.(t) U, (1) )
< W’Lk( ) — L. (1)] +W‘Dk(t) —Di(t)]

< o IT(0) ~ (o)

k,0

for all k € Pg. Noticing that di(-) € C>([0,1]¥) and that [0,1]¥ is trivially a compact convex set,
we conclude that v/ is Lipschitz continuous for all k£ € Pg. A similar proof can be provided for v/
for all k € Pk, so this proves the inequalities in (D.4).

To conclude the proof, observe

d Ly(t) + Lo _  Li(t) (Li(t) + Lio) Be(t) _ Bi(t)lax — Gu(t)]
B

_ (
a(t) = dt By(t) + By B By, (t) + By (By(t) + By o)? w(t)+ Bro
from which we derive (3.1). O
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