
Optimal consumption and savings with
stochastic income and recursive utility

Chong Wang∗ Neng Wang† Jinqiang Yang‡

January 26, 2015

Abstract

We develop a tractable continuous-time consumption-savings model for a liquidity-
constrained agent who faces both permanent and transitory income shocks under in-
complete markets. We derive an explicitly-solved consumption function and show that
the marginal (certainty equivalent) value of liquidity measures the effects of financial
frictions on welfare. We further analytically characterize steady-state target savings
and demonstrate that risk aversion and inter-temporal substitution have very different
effects on savings and the dispersions of wealth and consumption.

Keywords: buffer stock; precautionary savings; incomplete markets; borrowing con-
straints; permanent income; non-expected utility

JEL Classification: G11, G31, E2

∗Graduate School of Business and Public Policy, Naval Postgraduate School. Email: cwang@nps.edu.
†Columbia Business School and NBER. Email: neng.wang@columbia.edu.
‡Shanghai University of Finance and Economics (SUFE). Email: yang.jinqiang@mail.sufe.edu.cn.



1 Introduction

Income shocks and borrowing constraints can have significant effects on households’ con-

sumption and savings decisions especially when markets offer limited opportunities for house-

holds to manage these uninsurable income shocks. The literature by now has a large class of

income-fluctuations and self-insurance models where the household maximizes intertemporal

utility by optimally saving in a risk-free asset paying a constant rate of interest r over time

to buffer against idiosyncratic income shocks subject to a no-borrowing limit, as analyzed in

Deaton (1991) and Carroll (1997).

In this paper, we revisit the classic self-insurance problem by developing an analytically

tractable continuous-time incomplete-markets model with the following important new fea-

tures. First, we choose the non-expected recursive utility developed by Epstein and Zin

(1989) and Weil (1990), as we will show that risk aversion and intertemporal substitution

have very different qualitative and quantitative effects on optimal consumption and sav-

ings. Recent asset pricing research provides arguments in support of separating risk aversion

from intertemporal substitution.1 Second, our model allows us to incorporate a range of

income processes with (a) permanent and transitory shocks, (b) diffusive/continuous and

discrete/jump shocks, and (c) mean-reverting income growth shocks. Our model’s flexibility

and tractability in dealing with income processes offer us advantages when analyzing dy-

namics and (long-run) steady-state consumption-income and wealth-income ratios. Third,

despite capturing a richer preference (than standard expected iso-elastic utility) and income

shocks, our model remains highly tractable and the model’s economic intuition is transpar-

ent. Additionally, our model can be readily used for quantitative exercises with plausible

parameter values in general equilibrium Aiyagari-Bewley settings.

By exploiting the homogeneity property (implied by preferences and the income process),

we characterize the optimal consumption-income ratio c(w) and the value function via the

effective state variable, denoted by w, the ratio between financial wealth and contemporane-

1See Bansal and Yaron (2004) and the long-run risk literature. In a representative-agent equilibrium
framework with recursive utility, Lustig and Van Nieuwerburgh (2008) show that the restrictions on the
joint distribution of financial wealth returns, human wealth returns, and consumption will depend only on
the elasticity of intertemporal substitution, not on the coefficient of risk aversion. Tallarini (2000) is an early
important application of Epstien-Zin utility to asset pricing with production. Also for related applications
of risk-sensitive preferences to asset pricing, see Hansen, Sargent, and Tallarini (1999).

1



ous labor income.2 Intuitively speaking, the larger this liquidity ratio w, the less financially

constrained the agent. Our model captures this insight by showing that the household’s

welfare, measured by the certainty equivalent wealth per unit of income p(w), is increasing

and concave in w, which further implies that the marginal value of wealth p′(w) is higher for

a lower value of w. Importantly, we show that this marginal value of liquidity p′(w) plays a

critical role in determining consumption and savings under incomplete markets.

Our continuous-time model offers several advantages. First, it gives an economically

intuitive closed-form formula for the optimal consumption-income ratio c(w) that depends

on both the level of the certainty equivalent wealth p(w) and also the slope of p(w), which we

refer to as the marginal value of liquidity p′(w). While it is straightforward to see the intuitive

result that consumption increases with certainty equivalent wealth p(w), it is less obvious to

see that the higher the marginal value of liquidity p′(w), the lower the agent’s consumption

c(w). The intuition for the latter result is that current consumption is more costly in terms

of forgone future consumption when the household’s marginal value of liquidity, p′(w), is

higher, ceteris paribus. Our paper is the first to explicitly show that the marginal value of

liquidity p′(w) plays a critical role determining optimal consumption.

Naturally, the next question is how we solve the certainty equivalent wealth p(w) and

its slope, the marginal value of liquidity p′(w). This leads to the second advantage of our

formulation. We show that the certainty equivalent wealth p(w) satisfies a simple nonlinear

ordinary differential equation (ODE), which is easy to solve with high numerical precision.

Third, whether the liquidity constraint w ≥ 0 binds or not only matters at the left

boundary w = 0 via a simple check on the optimal consumption at w = 0. If c(0) < 1,

then the liquidity constraint w > 0 never binds as the agent’s voluntary saving’s motive

is sufficiently strong at w = 0 inducing the household to stay away from the no-borrowing

constraint w ≥ 0 with probability one by choosing C < Y when W = 0. In this case, lifting

the borrowing constraint has no impact on consumption and p(w). However, it is possible

for a rational household with no liquid wealth to voluntarily choose to live from paycheck

to paycheck or hand-to-mouth with no savings, i.e., c(0) = 1. This is consistent with the

empirical findings in Campbell and Mankiw (1989). For these hand-to-mouth households,

w = 0 is an absorbing state, as predicted by our model. That is, whether the left boundary

2This homogeneity property is also exploited in the discrete-time expected isoelastic utility formulation
by Carroll (1997).
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of the ODE for p(w) binds or not informs us whether the household is hand-to-mouth (the

binding case) or not (the non-binding case.)

Finally, the boundary condition (as w approaches∞) for the ODE is a natural complete-

markets (CM) perfect risk-sharing case: When the agent’s liquidity w reaches infinity, self

insurance via savings achieves the first-best CM result, in that limw→∞ p
′(w) = 1.

In summary, we provide an explicit characterization of c(w) through a simple nonlin-

ear optimal consumption function and a tractable nonlinear ODE for the scaled certainty

equivalent wealth p(w) with intuitive boundary conditions reflecting the economics of the

borrowing constraint and CM perfect risk sharing limiting-case solution.3

Additionally, we show that intertemporal substitution and risk aversion have very differ-

ent effects on consumption and buffer-stock savings behavior, both qualitatively and quan-

titatively. For example, changing the coefficient of relative risk aversion (e.g. from two to

four) while holding EIS fixed leads to quantitatively very large increases in (1) the level

of buffer-stock savings and (2) the dispersions of both wealth and consumption (scaled by

income) distributions. In our baseline calculation, as we increase risk aversion from two to

four, the steady-state target for the wealth-income ratio increases significantly from 2.6 to

16.1.

Related Literature. Hall (1978) formalizes Friedman’s seminal permanent-income hy-

pothesis via the martingale (random-walk) consumption in a dynamic programming frame-

work.4 Zeldes (1989) and Deaton (1991, 1992) numerically solve the optimal consumption

rule for expected constant relative risk averse (CRRA) utility. Carroll (1997) notes the im-

portance of impatience and develops buffer-stock savings models for expected CRRA utility.5

While the expected CRRA utility is the most commonly used preferences in the litera-

ture, for tractability reasons, constant absolute risk averse (CARA) utility has also been used

largely for its tractability. Caballero (1990, 1991) solves the optimal consumption and saving

3Nonlinearity is important in both single-agent models such as ours and general equilibrium models. For
example, see Brunnermeier and Sannikov (2011) for an illustration on the importance of nonlinearity in a
macro equilibrium model with financial frictions.

4For early contributions on consumption and savings in stochastic settings, see Leland (1968), Levhari
and Srinivasan (1969), Sandmo (1970), Dreze and Modigliani (1972), and Schechtman (1976), among others.

5For other related work, see He and Pages (1993), Duffie et al. (1997), Koo (1998), Chamberlain and
Wilson (2000), Gourinchas and Parker (2002), Storesletten, Telmer, and Yaron (2004), Aguiar and Hurst
(2005), Guvenen (2006, 2007), Fernández-Villaverde and Krueger (2007), and Kaplan and Violante (2010),
among others.
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rules in closed form by assuming CARA utility and conditionally homoskedastic (autoregres-

sive and moving average) labor-income processes.6 Wang (2006) generalizes Caballero (1990,

1991) to allow for income to be conditionally heteroskedastic and obtains a closed-form op-

timal consumption rule.7 Unlike Caballero (1991) where precautionary savings demand is

constant, Wang (2006) finds precautionary savings to be stochastic and the MPC out of

human wealth to be lower than that out of financial wealth. Weil (1993) solves a discrete-

time precautionary-saving model in closed form under the assumption of a non-expected

utility with CARA and a constant elasticity of intertemporal substitution (EIS) and finds

a constant precautionary savings demand as Caballero (1990, 1991) due to the assumption

of atemporal CARA utility. Naturally, it is hard to calibrate the CARA coefficient in Weil

(1993). Unlike these CARA-based expected or non-expected utility models, our model cap-

tures wealth effects, includes both uninsurable income shocks and liquidity constraints, and

can be readily used for quantitative exercises.

2 Model

We consider a continuous-time environment where an infinitely-lived agent receives an ex-

ogenously given perpetual stream of stochastic labor income. The agent saves via a risk-free

asset that pays interest at a constant rate r > 0. There exist no other financial assets.8

Hence, markets are incomplete with respect to labor-income shocks.

A typical specification of a labor-income process in the literature involves both permanent

and transitory shocks.9 For expositional convenience, we first specify the labor income

process Y as one with permanent diffusion shocks only and leave the generalization to allow

for large jump shocks to Section 6 and the generalization to allow for both permanent and

transitory shocks to Section 7.

6Merton (1971) also solves an incomplete-markets consumption/portfolio choice model with CARA utility
and labor income process. Kimball and Mankiw (1989) use CARA utility and obtain an effectively explicit
consumption rule with a two-state Markov chain for the income in an incomplete-markets setting with taxes.

7See Cox, Ingersoll, and Ross (1985) for a seminal contribution and Duffie (2001) for a textbook treatment
on “affine” models in finance.

8Duffie, Fleming, Soner, and Zariphopoulou (1997) discuss the existence of the solution for an expected
utility model with a risky financial asset but do not analyze the impact on consumption.

9See MaCurdy (1982), Abowd and Card (1989), and Meghir and Pistaferri (2004), for example. Given
our focus, we also ignore life-cycle variations and various fixed effects including education and gender.
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First, we consider the following widely used labor-income process specification:

dYt = µYtdt+ σYtdBt , Y0 > 0 , (1)

where B is a standard Brownian motion, µ is the expected income growth rate, and σ

measures income growth volatility. The labor-income process (1) implies that the growth

rate of income, dYt/Yt, is independently, and identically distributed (i.i.d.).

We may also write the dynamics for logarithmic income, lnY , by using Ito’s formula as,

d lnYt =
(
µ− σ2/2

)
dt+ σdBt . (2)

Equation (2) is an arithmetic Brownian motion, which implies that lnY is a unit-root process.

The change of income ∆ lnY has mean (µ− σ2/2) and volatility σ per unit of time. While

income shocks are i.i.d. for the income growth rate, they are permanent in levels of Y .

The widely-used standard preference in the consumption/savings literature is the ex-

pected utility with constant relative risk aversion, which ties the elasticity of intertemporal

substitution (EIS) to the inverse of the coefficient of relative risk aversion. Conceptually, risk

aversion and the EIS are fundamentally different and have different effects on consumption-

savings decisions. We thus use the non-expected recursive utility developed by Epstein and

Zin (1989) and Weil (1990), who build on Kreps and Porteous (1978), which allows econom-

ically meaningful separation between risk aversion and the EIS. Additionally, we show that

the EIS and risk aversion have very different effects on optimal consumption. Specifically,

we use the continuous-time formulation of this non-expected utility developed by Duffie and

Epstein (1992a), and write the recursive utility process V as follows,

Vt = Et
[∫ ∞

t

f(Cu, Vu)du

]
, (3)

where f(C, V ) is known as the normalized aggregator for consumption C and utility V .

Duffie and Epstein (1992a) show that f(C, V ) for this recursive utility is given by

f(C, V ) =
ρ

1− ψ−1
C1−ψ−1 − ((1− γ)V )θ

((1− γ)V )θ−1
, (4)

and

θ =
1− ψ−1

1− γ
. (5)
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Here, ψ is the EIS, γ is the coefficient of relative risk aversion, and ρ is the subjective discount

rate. The widely used time-additive separable CRRA utility is a special case of the recursive

utility where the coefficient of relative risk aversion γ equals the inverse of the EIS, γ = ψ−1

implying θ = 1. For the expected utility special case, we thus have f(C, V ) = U(C) − ρV ,

which is additively separable in C and V , with U(C) = ρC1−γ/(1 − γ). For the general

specification of the recursive utility, θ 6= 1 and f(C, V ) is non-separable in C and V .

The agent’s liquid financial wealth W accumulates as follows

dWt = (rWt + Yt − Ct)dt, t ≥ 0 . (6)

We assume that the agent cannot borrow against future incomes, i.e. liquid financial wealth

is non-negative at all times,

Wt ≥ 0, for all t ≥ 0 . (7)

Despite being unable to borrow, the agent optimally adjusts the rate of wealth accumulation/de-

cumulation to partially smooth consumption over time.

In summary, the agent maximizes the non-expected recursive utility given in (3)-(4)

subject to the labor-income process (1), the wealth accumulation process (6), and the non-

negative wealth constraint (7). Before analyzing the incomplete-markets model, we first

present the complete-markets (CM) solution, which we will use as a natural benchmark for

comparisons with our incomplete-markets model.

3 The Complete-Markets (CM) PIH Benchmark

Friedman (1957) and Hall (1978) define human wealth H as the expected present value of

future labor income, discounted at the risk-free interest rate r, in that

Ht = Et
(∫ ∞

t

e−r(u−t)Yudu

)
. (8)

To ensure that human wealth is finite, which is necessary for convergence under CM, we

assume that the income growth rate µ is lower than the interest rate r, in that

Condition 1 : r > µ . (9)

Under Condition 1 given in (9), human wealth H is finite and is given by

Ht = hYt =
Yt

r − µ
. (10)
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Next, we define

m∗ = r + ψ (ρ− r) . (11)

As we will show, m∗ equals to the marginal propensity to consume for CM or Ramsey models.

To ensure that the problem is well posed under CM, we require the following:

Condition 2 : m∗ > 0 or equivalently, ρ > (1− ψ−1) r . (12)

Intuitively, the agent’s discount rate ρ needs to be sufficiently large for convergence.

Under CM, we use the Arrow-Debreu result to decompose the optimization problem

into two: “total” wealth maximization and utility maximization, and the “total” wealth

maximization is independent of the agent’s preference.10 We next summarize the CM results.

Proposition 1 Under CM with Condition 1 and Condition 2 given in (9) and (12), the

agent’s value V ∗(W,Y ) is given by

V ∗(W,Y ) =
(bP ∗(W,Y ))1−γ

1− γ
, (13)

where w = W/Y is the wealth-income ratio, the “total” wealth P ∗(W,Y ) = p∗(w)Y with

p∗(w) = w +
1

r − µ
, (14)

and

b = ρ

[
r + ψ(ρ− r)

ρ

] 1
1−ψ

. (15)

The optimal consumption-income ratio c = C/Y is given by

c∗(w) = m∗p∗(w) , (16)

where m∗ is the MPC under CM and is given by (11).

Intuitively, consumption is described by the PIH rule (16). Next, we characterize the solution

for the case where the agent faces both the borrowing constraint and uninsurable shocks.

10Technically, we introduce a tradable risky asset, which is subject to the same shock as the labor-income
process to complete markets. The Arrow-Debreu theorem implies that the agent maximizes the preference-
free market value of total wealth. See the Appendix for details.
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4 The Incomplete-Markets Setting

We first analyze the agent’s consumption policy rule in the interior region with positive

wealth, i.e. Wt > 0, and then discuss the boundary conditions. In the interior region, the

agent chooses consumption to satisfy the Hamilton-Jacobi-Bellman (HJB) equation,11

0 = max
C>0

f(C, V ) + (rW + Y − C)VW (W,Y ) + µY VY (W,Y ) +
σ2Y 2

2
VY Y (W,Y ) .(17)

The first-order condition (FOC) for consumption is given by

fC(C, V ) = VW (W,Y ) , (18)

which equates the marginal benefit of consumption fC(C, V ) with the marginal value of

wealth VW (W,Y ). For the special CRRA utility case, fC(C, V ) equals the marginal utility

of consumption U ′(C), which is independent of the agent’s continuation value V . More

generally, for a non-expected utility, fC(C, V ) depends on both current consumption C and

the agent’s continuation value V , as f(C, V ) is not additively separable in C and V .

We show that the agent’s value function is given by

V (W,Y ) =
(bP (W,Y ))1−γ

1− γ
, (19)

where b is given by (15). By comparing V (W,Y ) given in (19) with V ∗(W, 0) given by (13)

for the CM benchmark with no labor income, we may interpret P (W,Y ) as the certainty

equivalent wealth, the minimal wealth level for which the agent is willing to permanently

give up the labor income process Y and wealth W , V (W,Y ) = V ∗(P (W,Y ), 0). Certainty

equivalent wealth is a monotonic transformation of the agent’s value function expressed in

units of consumption goods rather than utils. It is more intuitive and also analytically more

convenient to express the agent’s welfare in P (W,Y ). As we will show, P (W,Y ) and its

sensitivity PW (W,Y ) naturally appear in the agent’s optimal consumption function with

intuitive interpretations.

With the Epstein-Zin utility and a geometric labor-income process, our model has the

homogeneity property as the expected CRRA utility does.12 We use the lower case to denote

11Duffie and Epstein (1992b) generalize the standard HJB equation for the expected-utility case, to allow
for non-expected recursive utility such as the Epstein-Weil-Zin utility used here.

12Carroll (1997) shows the homogeneity property for the CRRA utility case and numerically solves for the
optimal consumption rule in the discrete-time setting.
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the corresponding variable in the upper case scaled by contemporaneous labor income Y .

For example, wt = Wt/Yt denotes the wealth-income ratio, ct = Ct/Yt is the consumption-

income ratio, and p(w) = P (W,Y )/Y is the scaled certainty equivalent wealth. The following

theorem summarizes the main results. See the Appendix for details.

Theorem 1 The optimal consumption-income ratio c(w) is given by

c(w) = m∗p(w)(p′(w))−ψ, (20)

where m∗ as given in (11) is the agent’s MPC under CM and p(w) solves the following ODE:

0 =

(
m∗(p′(w))1−ψ − ψρ

ψ − 1
+ µ− γσ2

2

)
p(w) + p′(w) + (r − µ+ γσ2)wp′(w)

+
σ2w2

2

(
p′′(w)− γ (p′(w))2

p(w)

)
. (21)

The above ODE for p(w) is solved subject to the following condition:

lim
w→∞

p(w) = p∗(w) = w + h = w +
1

r − µ
, (22)

Additionally, the ODE (21) for p(w) satisfies the following constraint for c( · ) at the origin,

0 < c(0) ≤ 1 . (23)

Consumption c(w) depends on both the scaled certainty equivalent wealth p(w) and its

slope p′(w), the marginal (certainty equivalent) value of wealth. Uninsurable labor income

shocks and the borrowing constraint cause p(w) to be highly non-linear unlike in the CM

case. First, p(w) is lower than its first-best CM value p∗(w) = w + h. Second, the marginal

value of liquidity p′(w) is greater than unity, p′(w) > 1. Therefore, consumption c(w) given

by (20) is lower than the CM benchmark level, c∗(w), as p(w) < p∗(w) = w+h and p′(w) ≥ 1.

The ODE (21) describes the nonlinear certainty equivalent valuation p(w) in the interior

region w > 0. In the limit as w → ∞, wealth completely buffers labor income shocks.

Therefore, limw→∞ p(w) = w + h, limw→∞ p
′(w) = 1 , and limw→∞ c(w) = m∗(w + h). This

CM result in the limit serves as one natural boundary condition for the ODE (21).

For the borrowing constraint Wt ≥ 0, we only need to check whether it binds or not at

the boundary W = 0 as consumption is a “flow” and wealth is a “stock” variable. Therefore,
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the borrowing constraint Wt ≥ 0 is equivalent to Ct ≤ Yt when Wt = 0, which implies the

boundary condition (23) for the ODE (21).13

There are two sub-cases: c(0) = 1 and c(0) < 1.

• If c(0) = 1, the constraint W ≥ 0 binds permanently (once wealth reaches zero) and the

agent permanently saves nothing becoming “hand-to-mouth.” Campbell and Mankiw

(1989) find that about 50% of households in their sample do not save. We show

that these consumers’ behavior can be optimal in our model. For “hand-to-mouth”

consumers, relaxing the borrowing constraint can cause the consumption profile to

change and hence can be welfare-enhancing.

• If c(0) < 1, the borrowing constraint W ≥ 0 never binds. In this case, the agent’s

voluntary savings demand is sufficiently high so that wealth always remains positive

with probability one. Therefore, relaxing the borrowing constraint (e.g. by offering a

credit line) has no effect on optimal consumption and savings.

5 Quantitative Analysis

We now analyze our model’s predictions on consumption, savings, and the stationary distri-

butions for scaled wealth and consumption. Parameter values are annualized and continu-

ously compounded when applicable. We set the subjective discount rate ρ = 5.5% and the

risk-free rate r = 5%, which imply that the agent is relatively impatient (compared with the

market), with a wedge ρ− r = 0.5%. We choose the expected income growth rate µ = 1%,

the volatility of income growth σ = 10%, and the EIS parameter ψ = 0.5. We consider

three values for the coefficient of relative risk aversion, γ = 0, 2, 4 and we will show that the

quantitative effects of risk aversion on consumption and welfare are large. The case with

γ = 2 corresponds to the expected CRRA utility with ψ = 1/γ = 0.5. The case with risk

neutrality (γ = 0) and a positive EIS is proposed by Farmer (1990) and used by Gertler

(1999) in his study of social security in a life-cycle economy.

13Also technically speaking, there is an additional condition at w = 0:

0 =

(
m∗(p′(0))1−ψ − ψρ

ψ − 1
+ µ− γσ2

2

)
p(0) + p′(0) .

But this condition simply follows from the continuity of the ODE (21) for p(w) at w = 0. For expositional
simplicity, we do not include in the main text.
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Figure 1: Scaled certainty equivalent wealth p(w), marginal (certainty equivalent)
value of wealth p′(w), consumption-income ratio c(w), and the MPC out of wealth
c′(w). Parameter values are: r = 5%, ρ = 5.5%, σ = 10%, µ = 1%, and ψ = 0.5.

5.1 Marginal Value of Liquidity and Optimal Consumption

Panels A and B of Figure 1 plot p(w) and p′(w), respectively. Uninsurable labor income

shocks and the borrowing constraint cause p(w) to be concave in w. Because wealth buffers

labor-income shocks and mitigates the impact of the borrowing constraint on consumption,

the marginal (certainty equivalent) value of liquid wealth p′(w) is greater than one. Intu-

itively speaking, p′(w) decreases with w, as a wealthier agent is less concerned about unin-

surable labor-income shocks and the borrowing constraint, ceteris paribus. As w →∞, self

insurance achieves the first-best outcome, and hence p′(w) approaches one. The risk-neutral

agent (γ = 0 but with ψ = 0.5) with W = 0 values a unit of windfall wealth at p′(0) = 1.53,
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which is 53% higher than its face value reflecting the premium for liquid financial wealth

over illiquid human wealth.

Panels C and D of Figure 1 plot c(w) and the MPC out of wealth, c′(w), respectively,

and show that consumption is increasing and concave in wealth.14 The risk-neutral agent

with no wealth consumes all labor income, c(0) = 1, and wealth is permanently absorbed

at W = 0. The MPC out of wealth at W = 0 is c′(0) = 36.6%, which is much higher than

the CM benchmark value m∗ = 0.0525 and reflects the significant cost of the borrowing

constraint. With risk neutrality, γ = 0, the marginal value of wealth p′(0) is greater than

one, if and only if the agent is constrained.

For γ = 2, p′(0) = 1.19, and c(0) = 0.96. With no wealth, the agent consumes 96% of

labor income, saves the remaining 4%, and values wealth marginally at p′(0) = 1.19. The

MPC at the origin, c′(0), is 6.6%, which is slightly higher than m∗ = 0.0525, the MPC for

the first-best CM benchmark. Similarly, for γ = 4 (but again with ψ = 0.5), p′(0) = 1.28,

c(0) = 0.80, and the MPC c′(0) = 0.072. For both γ = 2 and γ = 4, the borrowing constraint

does not bind, c(0) < 1. Thus, relaxing the borrowing constraint and allowing the agent

to be in debt (W < 0) will not change the agent’s behavior at all. Our continuous-time

formulation clearly demonstrates the effect of the borrowing constraint as the corresponding

boundary behavior is explicitly characterized in our model.

Figure 1 shows that consumption decreases with risk aversion γ for a given value of w.

While seemingly intuitive, this result is in sharp contrast with the first-best CM result, where

risk aversion γ has no effect on consumption. In Figure 1, c∗(w) = m∗(w + h) = 5.25% ×
(w + 25) for γ = 0, 2, 4. With uninsurable income shocks and the borrowing constraint, the

quantitative effect of risk aversion on consumption is large. Panel C illustrates significant

variations of c(w) with respect to risk aversion γ. Even when wealth is 20 times current

income (w = 20), consumption c(w) is still 8.4% and 13.2% lower than the first-best CM

level for γ = 2 and γ = 4, respectively.

5.2 Buffer-Stock Savings

We next turn to the model’s implications on buffer stock savings. While the endogenous

wealth process is not stationary, the wealth-income ratio w = W/Y can be stationary and

14Carroll and Kimball (1996) show that the consumption function is concave under certain conditions for
the expected-utility case.
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may have a target as emphasized in the buffer-stock savings literature (Carroll, 1997).

Using Ito’s formula, we obtain the following dynamics for ln(w):

d ln(wt) =

[
r − µ+

σ2

2
+

1− ct
wt

]
dt− σdBt = µw(wt)dt− σdBt , (24)

where µw(w) denotes the expected change (drift) of w and is given by

µw(w) = r − µ+
σ2

2
+

1− ct
wt

. (25)

Because income Y is stochastic and wealth W (earning a constant rate of return r) is locally

deterministic, ln(w) has constant volatility σ. The negative sign for the diffusion term in

(24) indicates that w decreases as income Y receives a positive shock.

How much wealth should the agent accumulate? Since W is non-stationary, we measure

the target level of savings per unit of labor-income Y in the long-run sense. Let wss denote

the steady-state wealth-income ratio. Intuitively, around the steady-state savings target for

wss, we expect that w mean reverts; the agent increases w in expectation if w lies below

the target wss, and decreases w on average if otherwise. At the steady state, the expected

change of w, µw(w), equals zero, i.e. µw(wss) = 0, which in turn implies that the steady-state

consumption-income ratio, css(w), is given by

css(w) = 1 +

(
r − µ+

σ2

2

)
wss . (26)

Intuitively, the steady-state consumption per unit of income css(w) equals one plus a term

that is proportional to the steady-state savings target, wss, with coefficient
(
r − µ+ σ2

2

)
.

This coefficient is given by the interest rate r minus the expected income growth rate µ, plus

σ2/2, the Jensen’s inequality term.

There are two cases, wss = 0 and wss > 0. If wss = 0, the borrowing constraint binds and

c(wss) = 1. With no initial wealth, this agent lives from paycheck to paycheck, or “hand to

mouth.” Campbell and Mankiw (1989) find that many consumers behave in this way. We

show that these consumers may behave optimally. Panel A of Figure 2 shows that for the

risk-neutral case with γ = 0 and ψ = 0.5, the steady-state wss is at the corner (w = 0) and

hence households become wealth-less (i.e. w = 0) and “hand-to-mouth” permanently in the

limit. Note that wss = 0 is the intersection between the optimal consumption function c(w)

and the straight line (r − µ+ σ2/2)w + 1.
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Figure 2: The steady-state wealth-income ratio wss for γ = 0, 2, 4 and ψ = 0.5. Panel
A shows that for γ = 0, the steady-state wealth-income ratio wss = 0 corresponding to the
“hand-to-mouth” case. Panel B shows that wss = 2.6 and wss = 16.1 for γ = 2 and γ = 4,
respectively. Parameter values are: r = 5%, ρ = 5.5%, σ = 10%, µ = 1%, and ψ = 0.5.

If wss > 0, the wealth-income ratio w mean reverts. The following condition ensures that

the wealth-income ratio w is stationary:

ρ− r > −ψ−1
(
µ− σ2

2

)
, (27)

because limw→∞ µw(w) = limw→∞ 1 +
[
−µ+ σ2

2
− ψ(ρ− r)

]
w < 0 under the above condi-

tion. Intuitively speaking, (27) requires the agent to be sufficiently impatient.15

Panel B of Figure 2 graphically determines the steady-state target wss for the cases with

γ = 2 and γ = 4, again as the intersection of the corresponding optimal consumption rule

c(w) with the straight line (r − µ + σ2)w + 1. Note that wss = 16.1 for the case with

γ = 4, which is much higher than the savings target wss = 2.6 for the case with γ = 2.

The higher the coefficient of relative risk aversion γ, the stronger the savings motive and the

higher the steady-state target savings wss. This substantial increase of wss from 2.6 to 16.1

15Carroll (1997) provides a similar condition under discrete-time for the case of expected CRRA utility.
Interestingly, risk aversion γ does not determine the stationarity of w as we see from (27). This is because in
the limit, it is the CM PIH rule that determines the agent’s optimal consumption, and risk aversion plays no
role in the CM PIH-based consumption policy. The standard impatience condition ρ > r is neither necessary
nor sufficient to ensure that w is stationary.
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as γ increases from 2 to 4 indicates that risk aversion may have a first-order effect on the

dispersion of wealth in the long run.

5.3 Stationary distributions

We now analyze the long-run stationary distributions of w and c(w). (For space consider-

ations, we have chosen to leave out the transitional dynamics analysis.) We start from the

steady-state target wss and simulate two hundred sample paths for w by using (24). Each

path is 5,000-year long with a time increment ∆t = 0.05. Table 1 reports the mean, standard

deviation, and various quantiles for the stationary distributions of w and c(w) for γ = 2, 4.

The long-run average of w is 18.63 for γ = 4, which is about six times 3.13, the long-run

average of w for γ = 2. More risk-averse agents save more on average and are more likely

to be richer in the long run, consistent with our earlier findings via the steady-state savings

target wss. The long-run average of c(w) is 1.98 for γ = 4, which is 72% larger than 1.15,

the long-run average of c(w) for γ = 2. Intuitively, more risk-averse agents accumulate more

wealth to dampen the impact of income shocks on consumption. As a more risk-averse agent

accumulates more wealth in the long run, this agent also consumes more in the long run

on average. Again, the difference in target wealth and consumption is enormous despite a

moderate change of risk aversion from two to four.

Additionally, the entire distributions for both w and c(w) are also much more dispersed

for γ = 4 than for γ = 2. Quantitatively, the effects of changing risk aversion γ from 2 to

4 on the distributions of w and c(w) are very large. Given that both γ = 2 and γ = 4 are

commonly used levels of risk aversion and are sensible choices for risk aversion, our analysis

suggests that quantitative results about wealth distribution are highly sensitive to the choice

of risk aversion γ. Next, we analyze the impact of EIS.

5.4 Elasticity of Intertemporal Substitution (EIS)

We have shown that risk aversion has a first-order effect on consumption and welfare. We

next show that the EIS also matters but in a way that is quite distinct from risk aversion.

There are significant disagreements about a reasonable value for the EIS. For example,

Hall (1988) obtains an estimate of EIS near zero by using aggregate consumption data.

Bansal and Yaron (2004) show that an EIS greater than one (in the range from 1.5 to

15



Table 1: Stationary distributions for w and c(w)

This table reports mean, standard deviation, and various quantiles for the stationary distri-
butions of the wealth-income ratio w and the consumption-income ratio c(w) for γ = 2, 4.

γ mean std dev 1% 5% 25% 50% 75% 95% 99%

Panel A: w

2 3.13 2.91 0.8 1.0 1.6 2.4 3.6 7.5 13.7
4 18.63 19.59 4.0 5.3 8.6 12.8 21.1 57.5 171.1

Panel B: c(w)

2 1.15 0.17 1.00 1.02 1.06 1.11 1.18 1.42 1.78
4 1.98 1.42 1.06 1.15 1.35 1.61 2.08 4.09 10.2

2) is essential for consumption-based asset pricing models to fit empirical evidence. Thus,

choosing an EIS parameter that is larger than one has become a common practice in the

macro-finance literature. However, there is no consensus on what the sensible value of EIS

should be. The Appendix in Hall (2009) provides a brief survey of estimates in the literature.

We do not take a strong view on the value of EIS. Instead, we assess the sensitivities of

optimal consumption and welfare to changes in the EIS value from ψ = 0.1 (a low estimate

as in Hall (1988)) to ψ = 2 (a high estimate preferred by the macro finance researchers).

Panels A and B of Figure 3 plot p(w) and p′(w), respectively. Perhaps surprisingly, the

scaled certainty equivalent wealth p(w) barely changes as we vary EIS ψ from 0.1 to 2. Even

at w = 0 where it is most likely to find an effect of EIS ψ, p(w) changes little with the EIS

ψ, p(0) = 20.00 for ψ = 0.1, p(0) = 19.98 for ψ = 0.5, and p(0) = 19.91 for ψ = 2. The

marginal value of wealth p′(w) also varies little with the EIS ψ. At w = 0, p′(0) = 1.2 for

ψ = 0.1, p′(0) = 1.19 for ψ = 0.5, and p′(0) = 1.16 for ψ = 2. Compared to risk aversion,

the EIS ψ has much less significant effects on p(w) and p′(w).

Panels C and D of Figure 3 plot consumption c(w) and the MPC out of wealth c′(w),

respectively. As w →∞, consumption c(w) approaches the PIH benchmark where c∗(w) =

m∗(w + h) and the MPC c′(w) = m∗ = r + ψ(ρ − r). By continuity, for sufficiently high
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Figure 3: The effects of EIS ψ on p(w), p′(w), c(w), and c′(w). Parameter values:
r = 5%, ρ = 5.5%, σ = 10%, µ = 1%, and γ = 2.

w, c(w) and c′(w) must increase with the EIS ψ, as we see from Figure 3. This is in line

with standard intuition. The higher the EIS, the more sensitively consumption responds to

wealth and the higher the agent’s consumption.

In contrast, for low values of w, c(w) decreases with the EIS. The agent with a higher EIS

ψ is more willing to substitute consumption intertemporally and thus lowers consumption

c(w) more near w = 0. Reducing consumption is especially valuable in mitigating the impact

of the borrowing constraint for low values of w. At the high and low ends of w, EIS ψ has

opposite effects on c(w), which implies that c(w) rotates somewhere around a mid-ranged

value of w in a counter-clock-wise direction as we increase the EIS ψ.

We provide additional insights by observing the analytical formula for c(w) = m∗p(w)p′(w)−ψ.

17



Table 2: Stationary distributions for w and c(w)

This table reports mean, standard deviation, and various quantiles for the stationary distri-
butions of scaled wealth w and scaled consumption c(w) for ψ = 0.1, ψ = 0.5 and ψ = 2.

ψ mean std dev 1% 5% 25% 50% 75% 95% 99%

Panel A: w

0.1 1.35 2.42 0.2 0.3 0.6 0.9 1.5 3.4 7.4
0.5 3.13 2.91 0.8 1.0 1.6 2.4 3.6 7.5 13.7
2 5.17 3.02 1.8 2.3 3.3 4.4 6.1 10.4 16.2

Panel B: c(w)

0.1 1.06 0.13 1.004 1.01 1.03 1.05 1.08 1.19 1.42
0.5 1.15 0.17 1.00 1.02 1.06 1.11 1.18 1.42 1.78
2 1.25 0.21 1.02 1.06 1.13 1.21 1.33 1.63 2.01

Given the values of p(w) and p′(w), the EIS has two opposing effects on the optimal con-

sumption rule.16 On the one hand, consumption c(w) increases with the EIS ψ since the

MPC for the CM PIH consumption rule, m∗, increases with ψ. This CM PIH-based intu-

ition works well when the agent is effectively unconstrained, i.e. at high values of w. On the

other hand, c(w) may decrease with ψ especially for a wealth-poor (low w) agent reflected

by the power −ψ in the term p′(w)−ψ in c(w). These two opposing forces imply that the

comparative statics of c(w) with respect to the EIS ψ is non-monotonic. Indeed, c(w) rotates

counter-close wise as we increase the EIS.

Stationary distributions for w and c(w). We generate the stationary distributions for

w and c(w) using the same procedure as in Section 5. Table 2 reports the mean, standard

deviation, and various quantiles for the stationary distributions of w and c(w) for three values

of the EIS, ψ = 0.1, 0.5, and 2. As we increase the EIS ψ, the mean, standard deviation,

and various quantile statistics for the stationary distribution of w all increase. For example,

the long-run average of w equals 5.17 for ψ = 2, 3.13 for ψ = 0.5, and 1.35 for ψ = 0.1.

The EIS also influences the stationary distribution of c(w). The mean, standard devia-

16For simplicity and without losing key economic insights, we ignore the indirect effects of the EIS ψ on
p(w) and p′(w), as they are not significant as we have just noted.
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tion, and various quantile statistics for the stationary distribution of c(w) all increase with

the EIS ψ as well. For example, the long-run average of c(w) equals 1.04 for ψ = 0.1, 1.15 for

ψ = 0.5, and 1.25 for ψ = 2. Notably, the effects of the EIS on the distribution of c(w) are

weaker than those on the distribution of w. The optimal consumption-savings adjustments

mitigate the impact of wealth dispersion on consumption dispersion in the long run. An

agent with a higher EIS consumes more when w is high but consumes less when w is low as

shown in Figure 3. The opposite effects of the EIS, ψ, on consumption at the two ends of w

make consumption less dispersed than wealth in the long run.

We have shown that the quantitative results on the steady-state savings target wss and

the stationary distributions for w and c(w) critically depend on the choice of the EIS and the

coefficient of relative risk aversion. Moreover, the effects of risk aversion and the EIS are quite

different, both conceptually and quantitatively. It is thus desirable to separate these two

important parameter values when analyzing optimal consumption and buffer stock savings.

5.5 The Case with Long-Run Risk Parameters

Explaining asset pricing facts (e.g., high equilibrium risk premium and low risk-free rate)

is very challenging. One widely-used approach to match asset pricing facts (via various

moments) is to incorporate long-run risk (LRR) into a representative-agent model with

Epstein-Zin utility following Bansal and Yaron (2004). LRR models require both high risk

aversion and high EIS, e.g., γ = 10 and ψ = 2. Note that a combination of a high risk

aversion and a high EIS is feasible only in Epstein-Zin utility (not in expected utility.)

In this subsection, we analyze the implications of these parameter values on consumption

and savings in our incomplete-markets environment.

Figure 4 reports the results for the case with LRR parameter values (e.g., γ = 10 and

ψ = 2) and compares with the CM PIH case with ψ = 2. Panel A and B of Figure 4

plot the scaled certainty equivalent wealth p(w) and the marginal value of liquidity p′(w),

respectively. Compared with the CM PIH rule (dashed lines), for our case with γ = 10 and

ψ = 2, the certainty equivalent wealth p(w) is substantially lower and the marginal value

of liquidity p′(w) is substantially higher than unity (for the CM benchmark.) For example,

at w = 0, the certainty equivalent wealth is p(0) = 13.1, which is 47% lower than the CM

benchmark certainty equivalent wealth p(0) = h = 25, and the marginal value of liquidity is
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Figure 4: The case with long-run risk parameter values: γ = 10 and ψ = 2. Other
parameter values: r = 5%, ρ = 5.5%, σ = 10%, and µ = 1%.

p′(0) = 1.41, which is 41% higher than the CM benchmark result p′(0) = 1. Quantitatively,

uninsurable income shocks clearly have a first-order effect on certainty equivalent valuation

p(w) and the marginal value of liquidity p′(w).

Panel C and D of Figure 4 plot scaled consumption c(w) and the MPC c′(w), respectively.

For example, with w = 0, the agent consumes 39% of disposable income (c(0) = 0.39) and

saves the remaining 61% for the future. In contrast, the CM PIH agent consumes 50%

more than his disposable income by borrowing 50% against the future incomes. Also as

expected, the MPC c′(0) = 0.085 is higher than the MPC for the CM benchmark value

m∗ = 5% + 0.5%× 2 = 6%. Moreover, c′(w) decreases with w.

Table 3 reports the steady-state values and also stationary distributions of w and c(w).
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Table 3: Stationary distributions for w and c(w)

This table reports mean, standard deviation, and various quantiles for the stationary distri-
butions of scaled wealth w and scaled consumption c(w) for the case with ψ = 2 and γ = 10,
commonly used parameters in Bansal and Yaron (2004) and the long-run risk literature.

variable steady-state mean std dev 1% 5% 25% 50% 75% 95% 99%

w 30.3 32.9 30.1 9.7 12.5 18.6 25.7 37.3 73.4 147.2

c(w) 2.52 2.64 1.88 1.10 1.30 1.72 2.20 2.94 5.24 9.80

With γ = 10 and ψ = 2, the long-run average of w is 32.9 and the steady-state savings

target is wss = 30.3. That is, the agent’s target saving in the long run is very large, about

30-33 times of contemporaneous labor income. Recall that for our baseline case with γ = 2

and ψ = 0.5, the long-run mean of w is about 3.13 and the steady-state savings wss is about

2.6. That is, approximately speaking, the savings target is 10 times larger under the LRR

parameter values than under the baseline case (expected utility with γ = 2). In addition, the

long-run average of scaled consumption c(w) is 2.64, which is more than twice the long-run

average of c(w), 1.15 for the baseline expected utility case with γ = 2. Our table also reports

more skewed and fat-tailed distributions of scaled wealth and consumption under the LRR

parameter values than under the baseline expected utility case with γ = 2. In summary, risk

aversion and the EIS clearly have very strong effects on consumption and savings.

6 Large Income Shocks

We have so far specified the income process with diffusive permanent shocks. It has been well

documented that wages fall dramatically at job displacement, generating so-called “scarring”

effects.17 Wages may be low after unemployment due to fast depreciation of skills as in

Ljunqvist and Sargent (1998). Alternatively, specific human capital can be lost and it may

be hard to replace upon re-entry as in Low, Meghir, and Pistaferri (2010). To capture large

infrequent movements of income within a very short period, diffusive shocks may not be

sufficient and jumps may be necessary. We next incorporate large income movements.

17See Jacobson, LaLonde, and Sullivan (1993) and von Wachter, Song, and Manchester (2007), for example.
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6.1 Model Setup and Solution

We model large income shocks as stochastic jumps, which arrives with a constant probability

λ per unit of time (i.e. Poisson arrivals). When a jump occurs, the income is changed by

a stochastic fraction Z of the contemporaneous income Y , where Z follows a well-behaved

probability density function (pdf) qZ(z) with Z ≥ 0. There is no limit to the number of

jump shocks and a jump does not change the likelihood of another. We write the income

process, which is now subject to both diffusion and jump risks, as follows

dYt = µYt−dt+ σYt−dBt − (1− Z)Yt−dJt , Y0 > 0 , (28)

where J is a pure jump process. To ensure that human wealth for the case with jumps to

be finite, we impose the following condition:

Condition 3 : r > µ− λ(1− E(Z)) . (29)

This condition states that the expected income growth rate (with jumps) µ − λ(1 − E(Z))

needs to be lower than the rate of interest r for convergence.

Under Condition 3, the corresponding human wealth H, as defined by (8), is propor-

tional to the contemporaneous income Yt, Ht = hJYt, where hJ is given by

hJ =
1

r − [µ− λ(1− E(Z))]
. (30)

For each realized jump, the expected percentage loss of income is (1 − E(Z)). Since jumps

occur with probability λ per unit of time, the expected income growth is thus lowered to

λ(1−E(Z)) and hence the value of labor income scaled by current Y (using the risk-free rate

to discount), hJ , is given by (30). Moreover, jumps induce precautionary savings demand

as the agent is prudent, financially constrained, and faces uninsurable jump shocks under

incomplete markets, which we can quantify using the certainty equivalent wealth.

Similar to our analysis of the baseline model, we proceed in two steps. First, we analyze

the agent’s consumption policy rule in the interior region with positive wealth, i.e. Wt >

0, and then discuss the boundary conditions. In the interior region, the agent chooses

consumption C to maximize value function V (W,Y ) by solving the following HJB equation:

0 = max
C>0

f(C, V ) + (rW + Y − C)VW + µY VY +
σ2Y 2

2
VY Y + λE [V (W,ZY )− V (W,Y )] .(31)
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The expectation E ( · ) is with respect to QZ(z), the cumulative distribution function (cdf)

for Z. Other terms are essentially the same as those in the baseline model.

Proposition 2 The optimal consumption-income ratio c(w) is given by (20), the same as

in the baseline model. The scaled certainty equivalent wealth p(w) solves the following ODE:

0 =

(
m∗(p′(w))1−ψ − ψρ

ψ − 1
+ µ− γσ2

2

)
p(w) + p′(w) + (r − µ+ γσ2)wp′(w)

+
σ2w2

2

(
p′′(w)− γ (p′(w))2

p(w)

)
+

λ

1− γ
E

[(
Zp(w/Z)

p(w)

)1−γ

− 1

]
p(w) . (32)

The above ODE for p(w) is solved subject to the following conditions:

lim
w→∞

p(w) = w + hJ , (33)

0 =

[
m∗(p′(0))1−ψ − ψρ

ψ − 1
+ µ− γσ2

2
+

λ

1− γ
E
(
Z1−γ − 1

)]
p(0) + p′(0) . (34)

Additionally, we require 0 < c(0) ≤ 1 , the same condition as (23).

Jumps have two effects. First, the expected value of future labor incomes, hJ , depends on

jumps and hence influences the CM PIH solution, as we see from the boundary condition

(33). Second, the agent is prudent and financially constrained, jumps thus induce additional

precautionary savings demand since jump risk is not spanned (incomplete markets).

6.2 An Example

The solution presented above applies to any well-behaved distribution for Z. For the nu-

merical example, we consider the case where jumps lead to income losses, i.e. Z < 1. We

assume that Z follows a power distribution over [0, 1] with parameter α > 0. Thus, the cdf

is QZ(z) = zα and the corresponding pdf is

qZ(z) = αzα−1, 0 ≤ z ≤ 1 . (35)

A large value of α implies a small expected income loss of E(1−Z) = 1/(α+1) in percentages.

For α = 1, Z follows a uniform distribution. For any α > 0, (35) implies that − lnZ is

exponentially distributed with mean E(− lnZ) = 1/α.18

18We have also considered other distributions, for example, a log-normal distribution for Z. Due to space
constraints, we will leave out the details that are available upon requests.
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Figure 5: Large income shocks: The effects of the mean arrival rate λ. Parameter
value: r = 5%, ρ = 5.5%, σ = 10%, µ = 1%, γ = 2, ψ = 0.5, and α = 3. The expected
income loss in percentage upon jumps is E(1− Z) = 1/(1 + α) = 25%.

Figure 5 demonstrates the effects of the jump’s mean arrival rate λ on p(w), the marginal

value of wealth, p′(w), consumption, c(w), and the MPC, c′(w). The no-jumps case (λ = 0)

corresponds to our baseline case (see the dashed line). For the case with jumps, we set α = 3

so that the implied average loss E(1− Z) is 25% when a jump occurs.

With λ = 0.02, large income shocks occur on average once every fifty years. The expected

loss that is purely due to large income shocks is λE(1− Z) = 0.5% per year, which implies

that the human capital multiple hJ given in (30) decreases by about 11.1% from h = 25

with no jumps to hJ = 22.22 with jumps. The decrease is significant as jump shocks are

permanent. At w = 0, the inclusion of the jump risk causes consumption to drop by about

16% from c(0) = 0.96 for the baseline case to c(0) = 0.81. The strong consumption response
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for low values of w indicates the strong precautionary savings demand for a risk-averse agent

even when the jump shock only occurs on average once every fifty years.

With λ = 0.05, large income shocks occur on average once every twenty years. The human

wealth multiple, hJ , equals 19.04, which is about 23.8% lower than the multiple h = 25 with

no jumps. At w = 0, we have p(0) = 14.67, which is 26.6% lower than p(0) = 19.98 under

no jumps. Moreover, consumption c(0) = 0.67, which is about 30% lower than consumption,

c(0) = 0.96, under no jumps. In summary, large income shocks even occurring with low

frequency are very costly in terms of consumption as Figure 5 shows.

7 Transitory and Permanent Income Shocks

Empirical specifications of the income process often feature both permanent and transitory

shocks. Meghir and Pistaferri (2011) provide a comprehensive survey. We next generalize

the income process to have both permanent and transitory components. We show that

transitory income shocks also have an important effect on consumption, especially for the

wealth-poor.

We continue to use Y given in (1) to denote the permanent component of income. Let x

denote the transitory component of income. The total income (in levels), denoted by X, is

given by the product of Y and x, Xt = xtYt. Empirical researchers often express the income

process in logs, lnXt = lnYt + lnxt. In our model, the logarithmic permanent component

lnY given by (2) follows an arithmetic Brownian motion.

Let {st : t ≥ 0} denote the transitory income state. For simplicity, we suppose that st

is in one of the two states, G and B, which we refer to the good and bad state respectively.

The transitory income value x equals xG in state G and equals xB in state B, with xB < xG.

Over a small time period (t, t + ∆t), if the current state is G, the transitory state switches

from xG to xB with probability φG∆t, and stays unchanged with the remaining probability

1− φG∆t. Similarly, the transition probability from B to G over a small time period ∆t is

φB∆t. Technically, we model the transitory income state via a two-state Markov chain.19

Before analyzing the general incomplete-markets case, we first summarize the first-best

CM setting where the modified PIH consumption rule is optimal.

19Markov chain specifications of the income process are often used in macro consumption-savings literature.
Our model can be generalized to allow for multiple discrete states for the transitory income component.
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Human wealth and the PIH consumption rule. As before, we define human wealth

Ht under state st as the present discount value of future labor incomes, discounted at the

risk-free rate,

Ht = Et
(∫ ∞

t

e−r(u−t)xuYudu

)
. (36)

Note that transitory income {xu : u ≥ 0} follows a stochastic process. Transitory income

shocks affect human wealth in an economically relevant and interesting way. We denote by

ht the agent’s human wealth scaled by the permanent component Y , i.e. ht = Ht/Yt.

In the Appendix, we show that hB and hG have explicit forms given by

hG =
xG
r − µ

(
1 +

φG
r − µ+ φG + φB

xB − xG
xG

)
, (37)

hB =
xB
r − µ

(
1 +

φB
r − µ+ φG + φB

xG − xB
xB

)
. (38)

As the formula for hG is symmetric to that for hB, we only discuss hG. First consider the

special case where state G is absorbing, i.e. the probability of leaving state G is zero, φG = 0.

Transitory shocks become permanent and hG = xG/(r−µ). More generally, transitory shocks

(φG > 0) induce mean reversion between G and B, which we see from the second term in

(37) for hG.The higher the mean arrival rate φG from state G to B, the lower the value of

hG. Also, the larger the gap (xG − xB), the lower the value of hG.

With CM, consumption is given by the PIH rule, c∗s(w) = m∗(w + hs), which implies

that consumption is proportional to total wealth x + hs. As expected, the MPC is the

same as (11) for the baseline case. This is due to the Arrow-Debreu result that utility

maximization and total wealth maximization are separate under CM. We next solve for the

general incomplete-markets case with both permanent and transitory income shocks.

Incomplete-markets solution. Let V (W,Y ; s) denote the agent’s value function with

liquid wealth W , the permanent component of income Y , and the transitory income state

s. Using the principle of optimality for recursive utility, in the interior region with positive

wealth, i.e. Wt > 0, we have the following HJB equation,

0 = max
C>0

f(C, V ) + (rW + xsY − C)VW (W,Y ; s) + µY VY (W,Y ; s) +
σ2Y 2

2
VY Y (W,Y ; s)

+ φs [V (W,Y ; s′)− V (W,Y ; s)] , (39)
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where s′ denotes the other discrete state. Note that the total income flow is X = xsY . The

last term in (39) gives the conditional expected change of V (W,Y ; s) due to transitory income

shocks. Consumption satisfies the FOC, fC(C, V ) = VW (W,Y ; s). Using the homogeneity

property, we write the certainty equivalent wealth P (W,Y ; s) = p(w; s)Y. The following

proposition summarizes the main results for p(w; s) ≡ ps(w) and the consumption rule

c(w; s) ≡ cs(w).

Proposition 3 The optimal consumption-income ratio cs(w) is given by

cs(w) = m∗ps(w)(p′s(w))−ψ, s = G, B, (40)

where m∗ is given in (11) and ps(w) solves the following system of ODEs:

0 =

(
m∗(p′s(w))1−ψ − ψρ

ψ − 1
+ µ− γσ2

2

)
ps(w) + xsp

′
s(w) + (r − µ+ γσ2)wp′s(w)

+
σ2w2

2

(
p′′s(w)− γ (p′s(w))2

ps(w)

)
+ φs (ps′(w)− ps(w)) , s, s′ = G,B . (41)

The above system of ODEs is solved with the following boundary conditions. First,

lim
w→∞

ps(w) = w + hs , s = G, B, (42)

where hs is given by (37) and (38) for state G and B, respectively. Second, at w = 0,

0 =

[
m∗(p′s(0))1−ψ − ψρ

ψ − 1
+ µ− γσ2

2
− φs

]
ps(0) + xsp

′
s(0) + φsps′(0), s, s′ = G,B . (43)

Finally, consumption at the origin cannot exceed total income which implies

0 < cs(0) ≤ xs , s = G, B. (44)

We now have two inter-linked ODEs that jointly characterize pG(w) and pB(w). Liquidity

constraints in the two states are now different. In state G, cG(0) can possibly exceed one as

the transitory income shock xG > 1. In contrast, consumption at w = 0 in state B cannot

exceed its transitory component, i.e. cB(0) < xB < 1. Therefore, the borrowing constraint

is tighter in state B than in state G.

Figure 6 demonstrates the effects of transitory income shocks on optimal consumption

cs(w). We choose xG = 1.2 in state G and xB = 0.8 in state B. The mean transition rate
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Figure 6: The case with both permanent and transitory income shocks. Parameter
value: r = 5%, ρ = 5.5%, σ = 10%, µ = 1%, γ = 2, ψ = 0.5, φG = 0.5, φB = 0.5, xG = 1.2,
xB = 0.8, hG = 25.19 and hB = 24.81.

from state B to G is set at φB = 0.5 which implies that the expected duration of state B

is 2 years. Similarly, the expected duration of state G is set to 2 year as φG = 0.5. Using

the formulas for hB and hG, we obtain hB = 24.81 and hG = 25.19. Because φG = φB, the

probability mass for the stationary distribution is πG = πB = 1/2. Therefore, the long-run

average of human wealth is given by h = hGπG + hBπB = 25.

As w → ∞, self insurance is sufficient to achieve the first-best outcome and the CM

PIH rule is optimal. However, this convergence is rather slow. Even for large values of w,

transitory income shocks matter. For example, with w = 5, the certainty equivalent wealth

is pG(5) = 25.91, which is 14% lower than the CM “total” wealth, w+hG = 30.19. Similarly,

pB(5) = 25.49, which is 15% lower than the “total” wealth in the limit w+ hB = 29.81. For

consumption, cG(5) = 1.29, which is 19% lower than the CM PIH level, c∗G = 1.58. Even at

w = 20, cG(20) = 2.15, which is only 90.6% of the CM PIH level consumption.

Intuitively, one can view our exercise in this section as a dynamic “mean-preserving”

spread of transitory income shocks around the baseline case where x = 1. The precautionary

savings demand induced by this mean-preserving spread of transitory shocks generates large

curvatures for consumption rules cs(w) in both state G and B especially for low values of w.
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The agent becomes constrained at w = 0 in state B, cB(0) = xB = 0.8, and hence the

agent is a hand-to-mouth consumer in state B. Interestingly, when the transitory income

switches out of state B and transitions to state G, scaled consumption jumps from cB(0) =

xB = 0.8 to cG(0) = 0.93 and the agent is then no longer constrained and saves with a positive

target wealth-income ratio wssG . Specifically, in state G, the agent saves 0.27Y , which is much

larger than 0.03Y , savings in the benchmark case with permanent income shocks only. In

summary, transitory income shocks are critically important in understanding consumption

and savings for the poor and can generate very large precautionary savings demand in state

G for the wealth poor (low w).

8 Conclusions

We develop an analytically tractable continuous-time framework for the classic incomplete-

markets income fluctuation/savings problem. Key features include (1) recursive utility which

separates the coefficient of relative risk aversion from the elasticity of intertemporal substi-

tution (EIS); (2) the borrowing constraint; (3) permanent and transitory income shocks; and

(4) both diffusive/continuous and discrete/jump components for permanent shocks.

Our continuous-time model offers several advantages. First, it provides a simple charac-

terization of the optimal consumption rule through a closed-form formula and a numerically

easily solvable ordinary differential equation (ODE) with high precision. Second, the model

allows us to clearly identify the impact of liquidity constraints and uninsurable income shocks

by analyzing the appropriate boundary conditions.

Additionally, our model allows us to easily separate the effect of elasticity of intertemporal

substitution and risk aversion on consumption. We find that the separation of risk aversion

from the EIS is important to understand the economics of savings, both quantitatively and

conceptually. For example, changing the coefficient of relative risk aversion (e.g. from two

to four) leads to a quantitatively enormous increase of buffer-stock savings target wss (e.g.

from 2.6 to 16.1 in our baseline calculation) and quantitatively much more dispersed wealth

and consumption distributions.

Our tractable quantitative model can be used to build equilibrium models to analyze

wealth distributions in classic incomplete-markets Bewley economies.20 Permanent income

20See Aiyagari (1994), Huggett (1993), and Krusell and Smith (1998) for important contributions. This
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shocks (as opposed to transitory income shocks as in Aiyagari (1994) and Huggett (1993))

can lead to much larger precautionary savings demand and can potentially generate a skewed

and a more empirically plausible wealth distribution. Due to space considerations, we leave

the general equilibrium analysis of wealth distribution for future work.

incomplete-markets equilibrium framework is widely used in the literature. For example, De Nardi (2004)
evaluates the importance of bequest motives and intergenerational transmission of ability to explain wealth
distribution. Quadrini (2000), Cagetti and De Nardi (2006), and Buera and Shin (2011) show that en-
trepreneurship is critical in explaining the cross-sectional wealth distribution.
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Appendix

A Technical details

This appendix provides technical details for the main results of the paper.

The homogeneity property of the value function holds for all the cases in our paper.

Therefore, we conjecture that the value function is given by (19). Therefore, we have

VW = b1−γ(p(w)Y )−γp′(w), (A.1)

VY = b1−γ(p(w)Y )−γ(p(w)− wp′(w)), (A.2)

VWW = b1−γ(p(w)Y )−1−γ
(
p(w)p′′(w)− γ(p′(w))2

)
, (A.3)

VWY = b1−γ(p(w)Y )−1−γ (−wp(w)p′′(w)− γp′(w)(p(w)− wp′(w))) , (A.4)

VY Y = b1−γ(p(w)Y )−1−γ
(
w2p(w)p′′(w)− γ(p(w)− wp′(w))2

)
. (A.5)

A.1 Complete-Markets Solution

To complete the markets, we need to introduce an additional asset which is perfectly cor-

related with the labor income process. By assuming that this newly introduced asset earns

no expected excess return, we construct a benchmark case where idiosyncratic labor income

risk carries no risk premium under complete markets. That is, we assume the dynamics for

the value of this newly introduced asset is given by

dSt = St(rdt+ σSdBt) , (A.6)

where σS is the volatility parameter and B is the same Brownian motion driving the labor

income process (1). Let ηt denote the fraction of financial wealth allocated to this risky

asset. Then, liquid wealth W accumulates as follows:

dWt = (rWt + Yt − Ct)dt+ σSηtWtdBt . (A.7)

Using the standard principle of optimality, we may write the HJB equation as follows:

0 = max
C, η

f(C, V ) + (rW + Y − C)VW (W,Y ) + µY VY (W,Y )

+
η2σ2

SW
2

2
VWW (W,Y ) + ησSσWY VWY (W,Y ) +

σ2Y 2

2
VY Y (W,Y ) . (A.8)
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Substituting (19) and (A.1)-(A.5) into (A.8) and using the FOCs for consumption and

portfolio allocation, we obtain the following decision rules:

c(w) = m∗p(w)(p′(w))−ψ , (A.9)

η(w) =
σ

σS

(
1− γp(w)p′(w)

w(γ(p′(w))2 − p(w)p′′(w))

)
. (A.10)

After simplifying, we have the following ODE for p(w):

0 =

(
m∗(p′(w))1−ψ − ψρ

ψ − 1
+ µ− γσ2

2

)
p(w) + [(r − µ)w + 1] p′(w) +

γ2σ2p(w)

2
(
γ − p(w)p′′(w)

(p′(w))2

) . (A.11)

With CM, p∗(w) = w + h is the solution to the ODE, which makes intuitive sense. Con-

sumption c(w) is given by (16). The optimal hedging portfolio η is given by

η(w) =
σ

σS

(
1− p∗(w)

w

)
= − σh

σSw
. (A.12)

The total amount of wealth in the hedging portfolio is then η(w)W = −σhY/σS , which is

proportional to income Y . Using Ito’s formula, we obtain

dwt = d
Wt

Yt
= Wt

(
−dYt
Y 2
t

+
1

2

2(dYt)
2

Y 3
t

)
+
dWt

Yt
− dWtdYt

Y 2
t

= [
(
r − µ+ σ2

)
− c(wt)](wt + h)dt− (wt + h)σdBt . (A.13)

We may thus write w + h as a geometric Brownian motion,

d(wt + h)

wt + h
=

[
σ2 − µ− ψ(ρ− r)

]
dt− σdBt . (A.14)

Since wt + h > 0 , we have ct > 0 for all t.

A.2 Model Solution: Incomplete Markets

Proof of Theorem 1. We conjecture that the value function is given by (19). Using the

FOC (18) for C and letting P (W,Y ) = p(w)Y , we obtain the following:

c(w) = m∗p(w)(p′(w))−ψ. (A.15)

Substituting the above results into the normalized aggregator (4), we have

f(C, V ) =
ρ

1− ψ−1

(
(bp(w)Y )1−γ(bp′(w))1−ψ

ρ1−ψ
− (bp(w)Y )1−γ

)
. (A.16)
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Substituting (A.15), (A.16), the value function (19), (A.1), (A.2), and (A.5) into the HJB

equation (17), and simplifying, we obtain the ODE (21) in Theorem 1.

Next, we turn to the boundary conditions. When w approaches infinity, the certainty

equivalent wealth approaches the CM benchmark value, i.e. limw→∞ p(w) = p∗(w) = w+h =

w + 1/(r − µ) . And then substituting w = 0 into the ODE (21), we have (13). Finally,

borrowing constraints imply 0 < c(0) ≤ 1.

Proof of Proposition 2. We extend the methodology for the baseline model to account

for jumps. We substitute the value function V (W,Y ) given by (19) into the HJB equation

(31) and using (A.1), (A.2), and (A.5), we obtain the ODE (32) for the scaled certainty

equivalent wealth p(w) and the same consumption rule (20) for c(w) as in the baseline case.

Similarly, in the limit as w →∞, we conjecture p(w) takes the following form

lim
w→∞

p(w) = w + hJ , (A.17)

and then substituting it into ODE (32), and after some algebras we obtain (30).

Proof of Proposition 3. We conjecture that the value function is given by

V (W,Y ; s) =
(bP (W,Y ; s))1−γ

1− γ
, (A.18)

where b is given in (15) and P (W,Y ; s) is the certainty equivalent wealth. Using (A.18)

and the consumption FOC, we jointly solve ps(w) and the consumption cs(w) via (40) and

the interrelated ODEs (41) for G and B. As w → ∞, ps(w) → w + hs, where hs is the

corresponding human wealth under state s. Substituting ps(w) = w + hs into (41), we

obtain (37) and (38) for hG and hB, respectively. At w = 0, we have (43). Using the

consumption constraint C(0, Y ; s) ≤ X = xsY , we have (44).
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